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PREFACE 



This volume completes the plan of a course in mathematics out- 
lined in the preface to the first volume. 

The subject of integration of functions of a single variable is 
treated in the first eight chapters. Emphasis is here laid upon the 
fundamental processes, and the conception of the definite integral 
and its numerous applications are early introduced. Only after the 
student is well grounded in these matters are the more special 
methods of evaluating integrals discussed. In this way the student's 
interest is early aroused in the use of the subject, and he is drilled 
in those processes which occur in subsequent practice. A new 
feature of this part of the book is a chapter on simple differential 
equations in close connection with integration and long before the 
formal study of differential equations. 

With the ninth chapter the study of functions of two or more 
variables is begun. This is introduced and accompanied by the use 
of the elements of solid analytic geometry, and the treatment of 
partial diflferentiation and of multiple integrals is careful and rea- 
sonably complete. A special feature here is the chapter on line 
integrals. This subject, though generally omitted from elementary 
texts, is needed by most engineering students in their later work. 

The latter part of the wcrk consists of chapters on series, the 
complex number, and differential equations. In the treatment of 
differential equations many things properly belonging to an ex- 
tended treatise on the subject are omitted in order to give the 
student a concise working knowledge of the types of equations 
which occur most often in practice. 
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iv PREFACE 

In conclusion the authors wish to renew their thanks to the 
members of the mathematical department of the Massachusetts 
Institute of Technology, and especially to Professor H. W. Tyler, 
for continued helpful suggestion and criticism, and to extend 
thanks to their former colleague, Professor W. H. Roever of 
Washington University, for the construction of the more difficult 
drawings particularly in space geometry. 

Massachusetts Institute of Technologt 
February, 1909 
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A COURSE IJSr MATHEMATICS 



CHAPTER I 

INFINITESIMALS AND DIFFERENTIALS 

1. Order of infinitesimals. An infinitesimal is a variable which 
approaches zero as a limit. The word " infinitesimal " in the mathe- 
matical sense must not be considered as meaning "very minute." 
For example, the size of an atom of matter is not a mathematical 
infinitesimal, since that size is regarded as perfectly definite. That 
a quantity should be infinitesimal it is essential that it can be 
made smaller than any assigned quantity. In operating with in- 
finitesimals it is not, however, necessary to think of them as 
microscopic or of negligible size. They are finite quantities and 
obey all the laws of multiplication, division, etc., like finite 
quantities. It is generally the last step in a problem involving 
infinitesimals to determine the limit of some expression, usually 
a quotient or a sum, when the infinitesimals contained in it 
approach zero. 

Ex. 1. To find the velocity of a moving body (I, § 106)* it is necessary to 

As 
find the limit of the quotient — , as As and A^ approach zero as a limit, where 

At 
As is the space traversed in the time At. Here As and At are infinitesimals and 

the velocity is the limit of the quotient of two infinitesimals. 

Ex. 2. To find the area of a circle it is customary to inscribe in the 
circle a regular polygon of n sides and to divide the polygon into n tri- 
angles by radii of the circle drawn to the vertices of the polygon. When 
n is increased without limit, the area of each triangle is infinitesimal, and 
the area of the, circle is the limit of the sum of the infinitesimal areas of 
an indefinitely great number of triangles. 

* References preceded by I refer to Vol. I. 
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INFINITESIMALS AND DIFFEEENTIALS 



In a mathematical discussion involving infinitesimals there will 
usually be two or more infinitesimals so related that as one ap- 
proaches zero the others do also. Any two of these may be com- 
pared by determining the limit of their ratio. We have accordingly 
the following definitions : 

Two infinitesimals are of the same order when the limit of their 
ratio is a finite quantity not zero. 

An infinitesimal fi is of higher order than an infinitesimal a 

. h . 

if the limit of the ratio — is zero. 



a 



Ex. 3. Let j3 = sin a and y = \ — cos a, where a is an infinitesimal angle. 

_- _. /3 _. sina ^ 

Then Lim — = Lim = 1, 

a a 

- = 0. (I, § 151) 



a 



a 



Hence /3 is of the same order as a, and 7 is of higher order. 

Ex. 4. Let the arc AB (fig. 1) be an arc of a 
circle of radius a with center at O, the chord AB 
the side of an inscribed regular polygon of n 
sides, and CD the side of a regular circumscribed 
polygon. Also let 

a = the area of the triangle A OB^ 
p = the area of the triangle COD^ 
7 = the area of the trapezoid ABDC. 

Then if n is indefinitely increased, a, j8, and 7 are 
infinitesimal. To compute their values, draw OE 
perpendicular to AB and CD. Then 




Fig. 1 



ZAOB = —, ZEOB = -, OE = aco8-, EB=a8m-y FD = atan 



n 



n 



n 



n 



n 



From this it follows that 



a = OE ' — = OE ' EB =z a^ sin- C08-, 
2 n n 

^ = OF '^^=: OF' FD = a^ t&n-, 
2 n 

y = ^ 'EF = (EB + FD)(OF-OE) 



= a2 (sin - 4- tan -) ( 1 — cos - ) = o^ 
\ n n/ \ n/ 



sin^ 



w 
n 



IT 

cos — 
n 
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B 1 

Hence Lim — = Lim = 1, 

a -TT 

cos2~ 

n 

8in2 — 

Lim — = Lim — ^ = 0. 
a „7r 

cos2 — 
n 

Therefore j3 is of the same order as a, and 7 is of higher order. 

2. Particular importance attaches to the case in which the limit 
of the ratio of two infinitesimals is unity. Suppose, for example, that 

lim — = 1. 
a 

Then, by the definition of a limit (I, § 53), 

where € approaches zero as a approaches zero. Hence 

=:a + ae. 
Now the term ae is an infinitesimal of higher order than a, for 

Lim — = Lim € = 0, so that B and a differ by an infinitesimal of 
a 

higher order than each of them. 

Conversely, let /3 and a differ by an infinitesimal of higher 
order than either of them, i.e. let 

7 
where, by hypothesis, Lim - = 0. Then 



Lim- = Lim(l + -)=l. 
a \ a/ 



We have accordingly proved that the two statements, "Two 
infinitesimals /3 and a differ by an infinitesimal of higher order" 

and ** lim — = 1 " are equivalent. 



a 



Ex. 1. The infinitesimals a and sin a differ by an infinitesimal of higher 
order (I, § 151). 

Ex. 2. The areas of the triangles AOB and COD (Ex. 4, § 1) differ by an 
infinitesimal of higher order, namely, the area of the trapezoid ABBC. 



4 INFINITESIMALS AND DIFFERENTIALS 

3. Fundamental theorems on infinitesimals. There are two im- 
portant problems which arise in the use of infinitesimals, namely: 

1. A quotient problem : to find the limit of the quotient of two 
infinitesimals as each approaches zero. 

2. A sum problem : to find the limit of the sum of a number of 
infinitesimals as the number increases without limit and each in- 
finitesimal approaches zero. 

Each of these problems has been illustrated in § 1 ; for each 
there is a fundamental theorem as follows: 

1. If the quotient of two infinitesimals has a limit, that limit is 
unaltered by replacing each infinitesimal by another which differs 
from it by an infinitesimal of higher order, 

2. If the sum of n positive infinitesimals has a limit, as n increases 
indefinitely, that limit is unaltered by replacing each infinitesimal 
by another which differs from it by an infinitesimal of higher order. 

To prove theorem 1, let a and /3 be two infinitesimals and let 
«! and /3j be two others which differ from a and ^ respectively by 
infinitesimals of higher order. Then we have (§2) 

a . )8 

Lim — = 1, Lim -5- = 1, 

whence a = a^ + e^a^, /3 = ^^ -h e^fi^, 

where e^ and €3 approach zero as a and /3 approach zero. Then 

y8 /3,+ eA /3, 1 + 6, 



a a^-\-e^a^ a^ l + ^j 
Therefore 



A 



Lim ^ = Limf^ • 1^)= lim ^^ Lim i±^ = lii. ^ 
a \a^ 1 + V ^1 1+^1 ^1 

Ex. 1. Since the sine of an angle differs from the angle by an infinitesimal 

of higher order, . ^ 00 

^ ' ^. 8in3a^.3a3 

Lim = Lim — = - • 

sin 2 a 2 a 2 

To show this directly, we may write 

sin 3 a 3 sin a - 4 sin^a 3 2 sin2 a 

sin 2 a 2 sin a cos a 2 cos a " cos a 

sin 3 a 3 



Therefore Lim 



sin 2 a 2 
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To prove theorem 2, let a^, a^, «„••-,«» ^ ^ positive infini- 
tesimals so related that, as n increases indefinitely, each of the 
infinitesimals approaches zero and their sum approaches a limit ; 
and let /S^, /S^, /3,, • • • , /3^ be ti other infinitesimals such that 

Lim — = 1, Lim — = 1, lim — = 1, • • • , Lim — ^ = 1. 
(X cc oc cc 

We wish to show that 

Lini(/3i+ /32+ /3,+ • • • + /3J = Lim(a,+ a^^ 0^3+ • • • + «,). 

n= oo n= GO 

Now (§2) /3,= a,+ €,a„ 

/Sg = ag + e^a^, 



/3„= «,+ €,«„; 

whence Lim(/3,+ P^-\- 0^+ • • • + /3j 

= Lim(ai+ a2+ a^-\ h aj 

+ lim {€^a^ + e^a^ + Cga, H + €„aj. 



ns oo 



ns= oo 



n= oo 



Now let 7 be a positive quantity which is equal to the largest 
numerical value of the quantities e^, e^, fj, • • • , e^. 

Then — 7 ^ e^ ^ 7, 

whence — ya^ ^ e^a^ ^ 7^^, 

since by hypothesis a^ is positive and may multiply the inequality 
without change of sign. Similarly, 

— 7^2 = €2^2 ^ 7«^2> 

. - 7«8 ^ €3^3 ^ 7^3, 



-7«n^fn«^«^7«n; 



whence 

- 7(«1+ «2+ 0^8+ • • • + a„)^ ^1^1+ €2^2+ «8«S+ • • • + ^n«^« 

^7(«l+«2+«3+-" + «^«)- 



6 INFINITESIMALS AND DIFFERENTIALS 

As n increases indefinitely, a^-\- a^^ a^-\ f- «» approaches a 

finite limit by hypothesis, and 7 approaches zero. 

Therefore lim (e^a^ + e^a^ + €^a^ + • • • + €„«,) = 0, and hence 



n= 00 



lim (/3i+ /S,+ /8,+ . . • + /3,)= Liiii («,+ «,+ «,+ ••• + «,)• 



n= 00 n= 00 



The theorem is thus proved for positive infinitesimals. 

Ex. 2. The limit of the sum of the areas of n'triangles such as A OB (fig. 1) 
is the same as the limit of the sum of the areas of n triangles such as COD, 
when n is indefinitely increased. 

The theorem is also true if the infinitesimals are all negative, 
since to change the sign of each infinitesimal is simply to change 
the sign of the limit of the sum. If the infinitesimals are not all 
of the same sign, however, the theorem is not necessarily true. 

Ex. 3. Let 

1 11 1 , 
ai = —-j ag = —i as = ——, a^= — » etc., 

vn Vn Vn vn 

/3i = OTi + - , fi2 = a2-\--, /Sa = «8 + - 1 184 = 0^4 + - » etc. 
n n n n 

Then «i + ^a + «» + ••• + Q'n = 0, or = — — , 

Vn 

/3i + /32 + /38 + • • • + /3n = 1, or = 1 -I- -— , 

vn 

according as n is even or odd ; and 

Lim (ai + a2 + as H \-cCn) = 0, 

ns 00 

Lim (/3i + jSa + /38 + • • • + /3„) = 1. 



n=: 00 



4. Differentials. The process of differentiation is an illus^ 
tration of the quotient problem of § 3. For if y =/(^) is a 
continuous function of x which has the derivative f\oc), and 
Ax and Ay are the corresponding infinitesimal increments of 
X and y, then, by definition, 

Iimg=/(x). (1) 
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It appears from (1) that Aa? and Ay are infinitesimals of the same 
order, except in the cases in which f{x) is or oo. Moreover, (1) 
may be written * . 

|f=/(.) + e, 

where lim € = 0, and hence 

Ly=f{x)Lx-{-eLx. (2) 

It appears, then, that f'(x)Ax differs from Ay by an infinitesimal 
of higher order than Ax, and f{x)/^x may therefore be used in 
place of Ay in problems involving limits of quotients and sums. 
The quantity f{x)/^x is called the differential of y, and is rep- 
resented by the symbol rfy. Accordingly 

dy =f{x)Ax. (3) 

Now in the special case in which y = x, formula (3) reduces to 

dx^Lx, (4) 

Hence we may write (3) as 

dy^f{x)dx. (5) 

To sum this up : The differential of the independent variable is 
equal to the increment of the variable; the differential of the 
function is equal to the differential of the independent variable 
multiplied by the derivative of the function, and differs from the 
increment of the function by an infinitesimal of higher order. 

From this point of view the derivative is called the differential 
coefficient \ 

The use of differentials instead of increments is justified by the 
fundamental theorems of § 3 in many problems which are eventu- 
ally to involve the limit of a quotient or the limit of a st^jji. 

It is to be emphasized that dx and dy are finite quantities, sub- 
ject to ail the laws governing such quantities, and are not to be 
thought of as exceedingly minute. Consequently both sides of (5) 
may be divided by dx, with the result 



8 
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That is, the derivative is the quotient of two differentials. This 
explains the notation already chosen for the derivative 

m 

Ex. 1. Let y = aj*. 

We may increase x by an increment Ax equal to dx. Then 

Ay = (X + dx)* - x« = 3x2dx + Sx(dx)^ + (dx)*. 

On the other hand, by definition, 

dy = 3 x^dx. 

It appears that Ay and dy differ by the expression Hx(dx)^ + (dx)*^ which is 

an infinitesimal of higher order than dx, 

Ex. 2. If a volume v of a perfect gas at a constant temperature is under 

k 
the pressure p, then o = - , where fc is a constant Now let the pressure be 

P 
increased by an amount Ap = dp. The actual change in the volume of the 

gas is then the increment 



Av = 



kdp 




p-\-dp p p(p-\-dp) 

The differential of v is, however, 

, kdp 
dv = f, 

which differs from Av by an infinitesimal of higher order. The differential dv 
may, accordingly, be used in place of Av in problems which involve the limit 
of quotients or sums of this and other infinitesimals. 

5. Graphical representation. The 

distinction between the increment 
and the differential may be illus- 
trated graphically as follows: 

Let the function be represented 
by the curve y=f{x) (fig. 2). Let 
F{x, y) be any point of the curve, 
and Q{X'\- Ax, y + /Ay) a neighboring 
X point. Draw the lines PR and RQ 
parallel to the axes, the chord PQ, 
and the tangent PT, Then 




Fig. 2 



and 



lAx=^dx = PR, ^y=zRQ, f{x) = tan RPT, 
dy =f{x) dx = (tan RPT) PR = RT. 
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Hence the increment and the differential differ by QT. That QT is 
an infinitesimal of higher order than FB may be shown as follows: 

T-. QT T. RT-RQ RT ^. RQ 

Lim-^ = Lim - = Lmi--^ 

PR FR FR FR 

= tan RFT — lim (tan RFQ) = 0. 

6. The formula 

dy=f\x)dx (1) 

has been obtained on the hypothesis that x is the independent 
variable and y =f(x). 

Consider now the case y=/(a?), where x=:<l>{t) and t is the 
independent variable. By substitution we have 

Then, by (1), dy = F'(t) dt. (2) 

But by I, § 96, (7), F'{t) =f{x) • f (<). 

Substituting in (2), we have 

dy=f(x).<l>'{t)dt. (3) 

But since t is the independent variable and x = ^(t), we have, 

fr«°^(i)' dx = 4>'(t)dt. 

Substituting in (3), we have 

dy=/'(x)dx. 

This is the same form as (1). Therefore (1) is always true 
whether x is the independent variable or not. 

7. Formulas for differentials. By virtue of the results of the 
preceding article, the formulas for differentials can be derived 
from the formulas for the corresponding derivatives. 

For example, since the derivative of i^" with respect to w is 7ii^""\ 

d{u*')=^nu''~^du, 

whether u be an independent variable or the function of another 
variable. 
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Proceeding as in the above example, we derive the following 
formulas : 

d(u-\- c) = du, (1) -I 1 ^ du ,^ .. 

^ ^ ' ^ ^ ctcos"^^6 = ^ — > (14) 



d (cu) = c du, (2) Vl — 



u^ 



d{u + v) = du-{-dv, (3) ^tan-^^ = -^, (15) 

d{uv)=-udv'{-vdu, (4) ^+'^ 

fill 
,/u\ vdu — udv .^. dctjr^u= -> (16) 

%r — ^ — ' ^^ ^"^"^ 

d{u') = 71%'-^ du, (6) dsec-^u = ± — ^ (17) 

a sm M = cos i* du, (7) 

du 
dQX)^u — — BYiiudUy (8) rfcsc'"^i^ = T — « (18) 

^Vi^^ — 1 
de'' = e''du, (19) 

2* 



6^ tan t* = sec i* du, (9) 

rf ctn i^ = — csc^i^ die, (10) 
6^ sec 2* = sec 2^ tan t^di^, (11) dlogu = —> (20) 

c^ CSC t^ =- csct* ctni^ du,{12) ^ ^u ^ aMoga du, (21) 

^ sin-^2* = ± -7=^==' (13) . ^ W^ = We — . (22) 

"^l — U u 

8k Differentials of higher orders. By definition 

dy=f'{x)dx. (1) 

But dy is itself a function of a;, and may, accordingly, have a 
differential, which will be denoted by d^y ; i.e. d (dy) = d^y, and, 
in general, d{d''~^y) = d'*y. The differentials d^y, d^y, • • •, d"y are 
called differentials of the second, the third, • • • , the Titli order 
respectively. 

When X is the independent variable, its increment dx may be 
taken as independent of x. With this assumption, applying our 
definition of a differential to (1), we have 

d^y = d[/'(x)dx]=z[/'\x)dx]dx=f\x)da?, 

where doi^ is written for convenience instead of (dx)\ 
In like manner, 

d''y^f\x)d^, 

and, in general, dJ'y =f^''^{x)dQ(^. 
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The reason for the notation used for derivatives of the second, 
the third, • • •, the nth. orders is now apparent. * 

If X is not the independent variable, the expressions for the 
differentials become more complex, since dx cannot be assumed as 
independent of x. We have, then, 

d'y = dlf'{x)dx] =/'(^)d^ +f{x)d% (by (4), § 7) 

where, it x = <l>{t), dx = <l>'{t)dt, and d^x = <l>''{t)dt'^, t being the in- 
dependent variable. It appears, then, that the formula for the 
second differential is not the same when written in terms of the 
independent variable as it is when written in terms of a function 
of that variable. This is true of all differentials except the first 
(see § 6). 

Hence the higher differentials are not as convenient as the first, 
and the student is advised to avoid their use at present. 



CHAPTEE II 
ELEMENTARY FORMULAS OF INTEGRATION 

9. Definition of integration. The process of finding a function 
when its differential is known is called integration. This is evi- 
dently the same as the process of finding a function when its 
derivative is known, called integration in I, § 110. 

In that place integration was performed by rewriting the deriv- 
ative in such a manner that we could recognize, by the formulas of 
differentiation, the function of which it is the derivative. But this 
method can be applied only in the simpler cases. For the more 
complex cases it is necessary to ha.ve formulas of integration, which 
can evidently be derived from the formulas for diflferentials (§ 7). 

Using the symbol Jto denote integration, it is evident from the 

definition that if f^^)ax = dF{x), 

then I f{x) dx = F{d^, 

The expression /(aj) dx is said to be under the sign of integration, 
and/(i») is called the integrand, F(x) is called the integral of /(re) dx, 

10. Constant of integration. Two functions which differ only 
by a constant have the same derivative and hence the same differ- 
ential ; and conversely, if two functions have the same differential, 
they differ only by a constant (I, § 110 ; II, § 30). 

Hence if f{x) dx — dF(x), (1) 

it follows that f{x) dx^d [F{x) + C], (2) 

where C is any constant. 

Rewriting (1) and (2) as formulas of integration, we have 

ff{x)dx = F(x) (3) 

and ff(x) dx = F{x) + C. (4) 

12 
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It is evident that (3) is but a special case of (4), and hence that 
all integrals ought to be written in the latter form. The constant C 
is called the constant of integration and is independent of the form 
of the int^rand. For the sake of brevity it will be omitted from 
the formulas of integration, but must be added in all integrals 
evaluated by means of them. As noted in I, § 110, its value is 
determined by the special conditions of the problem in which the 
integral occurs. 

11. Fundamental formulas. The two formulas 

j cdu = c I du (1) 

and I {dtt -\-dv-\-dw-\- - --)= j du^ j dv -\- j dw -\ (2) 

are of fundamental importance, one or both of them being used in 
the course of almost every integration. Stated in words, they are 
as follows : 

(1) -4 constant factor may be changed from one side of the sign 
of integration to the other, 

(2) The integral of a sum of a finite number of functions is the 
sum of the integrals of the separate functions. 

To prove (1), we note that since cdu = d(cu), it follows that 



I cdu= I d(cu) =:cu = c I du. 



In like manner, to prove (2), since 

du-\- dv-i- dw ■i--''=d(u-\-v + w-] ), 

we have 

/ {du + dv^ dw + • ' •)= I d{u -{- v -\- w -\- ^ - -) 

= j du-\- j dv + j dw^ ' ' '. 

The application of these formulas is Ulustrated in the following 
articles. 
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12. Integral of u". Since 

it follows that / mu"'~^du=u"'. 

But by §11(1), if m^O, 

vP"' du = — 
m 

Placing m = 71 + 1, we have the formula 



m 



/ 



i^" + ' 



-z^^cii^ = (1) 

71 + 1 ^ ' 

for all values of % except 7i = — 1. 

If 7i = — 1, the differential under the integral sign in (1) becomes 

dv, 

-^ — y which is recognized as d(^ogv). 

Therefore C^^iogu. (2) 

In applying these formulas, the problem is to choose for u some 
function of x which will bring the given integral, if possible, under 
one of the formulas. The form of the integrand often suggests the 
function of x which should be chosen for u, 

Ex. 1. Find the value of Clax^ + bx-\ h -rjda;. 

Applying § 11 (2) and then § 11 (1), we have 

i lax^ -hbx -\ \-—\dx= iax^dx + jhxdx+ T-dx -f f -2^ 

= a jx^dx -\-b jxdx + c j \- e jxr^dx. 

The first, the second, and the fourth of these integrals may he evaluated 

by formula (1), and the third by formula (2), where u = x, the results being 

11 e 
respectively -ax*, - ftx^, , and c logx. 

Therefore 

C(ax'^'{-hx -}- - + — )dx = -ax8 + -6x2 + c logx- - + C. 
J \ X xV S 2 X 
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Ex. 2. Find the value of C{z'^ + 2)xdz. 

If the factors of the integrand are multiplied together, we have 

f(z^ 4 2)xdx=f(x^ + 2z)dz, 

which may be evaluated by the same method as that used in Ex. 1, the result 
being J x* + x^ + C. 

Or, we may let as^ + 2 = m, whence 2xdx = du, so that xdz= ^ du. Hence 

j {z^ + 2)zdx= j^udu = }^judu 

1 y!^ 

2 2 

= i {x2 + 2)2 + C. 

Instead of actually writing out the integral in terms of u, we may note that 
X dx = ^ d(z^ -{■ 2), and proceed as follows : 

J{x2 + 2)zdx=f(z'^ + 2)id(x2 + 2) 
= if(x^ + 2)d(z^-\-2) 
= J (aj2 + 2)8 + C. 

Comparing the two values of the integral found by the two methods of 
integration, we see that they differ only by the constant unity, which may 
be made a part of the constant of integration. 

Ex. 3. Find the value of C(ax'^ + 2 hz)^(az + h)dx. 

Letax8+2lte = u. Then{2ax + 26)(i« = du, sothat (ax + 6)cte= Jdw. Hence 

f(ax^ + 26x)8(ax + b)dz = TjuSdw 

2 J 2 4 

= J(ax2 + 2 6x)*+C. 

Or, the last part of the work may be arranged as follows : 

C{ax^ + 2 hxY{ax + 6)da; =f(ax^ + 2 hxY^d(ttX^ + 2 6x) 

= lif(ax^ + 2 6x)8d (0x2 + 2 6x) 
= ^{ax2 + 26x)* + C. 
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Ex.4. Find the value of ri(?i±^)^. 

J ax2 + 2te 



As in Ex. 3, let 0X^+2 &x=u. Then (2 ax-\-2b)dx=du, so that (ax-{-b)dz=^du. 

Hence 

/4 (ox ■^h)dx _ r2du _ rdu 
0x2 + 2 6x ~ J "IT ^ J ~u 

= 21ogu + a 

= 21og(ax« + 2 6z) +C 

= log(ax2 + 2 6x)2 + C. 

4{ax + h)dz /• 2 d (oa^ + 2 6x) 



' J ax2 4- 2 6x J 



ax2 + 2 6x ./ 0x2 + 2 te 

d(ax2 + 2 6x) 



-/ 



ox2 + 26x 
= 21og(ox2-f 26x) + C 
= log (0X2 + 2 6x)2 + C. 



Ex. 6. Find the value of C(e^ + b)^e^dx. 
Let c«* + 6 = M. Then c«^o dx = du. Hence 

f(€!^ + 6)2c«*dx = Cu^ — 

a J 



2du 



3o 

oO 



Or, r(e«^ + 6)2e«*dx = f - (e«^ + &)2d(e<« + b) 

= - r(e«^ + 6)2d (6«* + h) 



o O 



Ex. 6. Find the value 



«■/ 



sec2 (ox + 6) dx 



tan (ox 4- 6) + c 
Let tan (ox + 6) + c = m. Then sec2 (ax + h)adx = dw. Hence 

sec2(ox 4- &)dx rl du 



/sec* (ox 4- o)ax _ /•! du 
tan (ox + 6) + c Jo u 

_ 1 rdu 
~ aJ u 
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= -logtt + C 
a 

= - log[tan(a« + 6) + c] + C. 



^ r sec2 (ox + 6) dx _ /• 1 d [tan (ox + 6) 4- c] 

J tan(ax+6) + c t/ a tan(ax + 6) + c 

_1 r d [tan (ax + &) + c] 
a •/ tan (ox + h)-\- c 

= - log[tan (ax + 6) + c] + C. 
a 

The student is advised to use more and more the second method, 
iUustratfed in the preceding problems, as he acquires facility in 
integration. 

13. Integrals of trigonometric functions. By rewriting the 
formulas (§ 7) for the differentiation of the trigonometric func- 
tions, we derive the formulas 






cos udu^sin u, (1) 

siiiudu='- cos u, (2) 






sec^ udu = tan u, (3) 

I csc^u du=— ctn u, (4) 

sec u tan udu = sec u, (5) 



CSC u ctn u du =— CSC u. (6) 
In addition to the above are the four following formulas : 

I tan udu=^ log sec u, (7) 

I ctn udu = log sin u, (8) 

I sect^c?t* = log(seci^ + tani^) = log tan(---h-)» (9) 

u 

CSC udu = log (esc u — ctn u) = log tan - • (10) 



I 
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sin u 
To derive (7) we note that tan u = and that — sin u du 

a (cos u). Then 



/ 



tsixiudu 



-J 



d{GOSU) 



In like manner, 

I Qinudu 



= — log cos u 
= log sec u. 



/cos 
si 



cos i^ rfi^ 



sint^ 



= log sin u. 



Direct proofs of (9) and (10) are given in § 68. At present they 

may be verified by differentiation. For example, (9) is evidently 

true since n^ , . ^ -, 

d log (sec u -h tan u) = sec u du. 

The second form of the integral may be found by making a 
trigonometric transformation of sect^ + tani^ to tan (■-- + - )• 

Formula (10) may be treated in the same manner. 

a 

Ex. 1. Find the value of fcos (ox^ + hx) (2 ox + 6) dx. 
Let ax^ + 6x = M. Then (2 ox + 6) (ix = du. 

Therefore Tcos (ox^ + 6x) (2 ox + 6) dx = fcos (ox^ + hx) d (ox^ + bx) 

= sin (0x2 _j. 5aj) + C. 

Ex. 2. Find the value of fsec (e^ + 6) tan (e^ + 6) e^x dx. 
Let e*«* + 6 = u. Then e^ 2axdx = du. 

Therefore fsec (e«^ + 6) tan (e*«* -\-b)e^xdx 

= — rsec(6«^ + 6) tan(e«^ + 6)d(e«»' + 6) 
2 a «/ 



2a 



sec(e«^4-&) + C. 



The integral may often be brought under one or more of the 
fimdamental formulas by a trigonometric transformation of the 
integrand. 



1- 
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Ex. 8. Find the value of jcos^ x dx. 
Since cos^x = J(l + cos2x), we have 

jco8^xdx = ^ r{l+cos2x)cto 

= J Cdx + lfco82x d(2x) 
= i aj -f J sin 2 X + C. 

Ex. 4. Find the value of Tsec* 2 x dx. 

If we let see«2 x = sec* 2 x • sec^ 2 x, and place sec* 2 x = (1 + tan^ 2 x)^ = 
14-2 tan2 2 x + tan* 2 x, the original integral becomes 

f(l + 2 tan22x + tan*2x) sec22xdx. 

Place tan 2 x = u. Then sec^ 2 x • 2 dx = du. Making this substitution and 
simplifying, we have 

= ^ tan2x + ^ tan82x + ^ tan62x + C. 

14. Integrals leading to the inverse trigonometric functions. 
From the formulas (§7) for the differentiation of the inverse trig- 
onometric functions we derive the following corresponding formulas 
of integration : 



/ 



= sm~^t^ or — cos'^^u, 



V1--U 



7; 



/ 



2 

du 



1 + u 
du 



2 



= tan ^u or —ctn^^u. 



= sec~^i^ or —csc^Ti, 



u^u^ — l 

These formulas are much more serviceable, however, if «* is 

u 
replaced by - (a > 0). Making this substitution and evident 

reductions, we have as our required formulas: 

du . .u .u ' ,^^ 

= sm~ - or — cos~^-> (1) 



/ 



Va2_-i^2 a a 



/; 



du 1 , _^u 1 . _j^u ,oN 

= -tan ^- or ctn^-> (2) 



,2 



/ 



a +w a d a a 

du 1 _!% 1 _it^ .^, 

-=-sec - or CSC ^-- (3) 



u^yj^ _ ^2 a a a a 
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u 
Referring to I, § 153, we see that in (1) sin"^ - must be taken 

Cv 

u 
in the first or the fourth quadrant and that cos"^ - must be taken in 

u 
the first or the second quadrant. In like manner in (3) sec~^ — and 

u 
csc~^ - must be taken in the first or the third quadrant. 

It is to be noted that the two results in (1) differ only by a 

u u 

constant. For let sin~^ - = 6 and cos~^ ~ = -^ where 6 is in the 

first or the fourth quadrant and -^ is in the first or the second 
quadrant. Then 

sm0 = -> COS-Urrs-, 

a a 



cos 



"^^ > ""S' sin^=^ 



2 



TT 



Therefore cos (^ -f '^) = 0, whence + '^ = (2A;-hl)-^' where 
k is any integer or zero. 

TT 

Hence ^ = (2 A; + 1)— — '^, or 

sm ^- = (2a; + 1)- — cos^~. 
a ^ ^2 a 

Similarly, the results in (2) or (3) may be shown to differ by 
constants. 

(2x 



Ex. 1. Find the value of \ - 
Letting 2x = m, we have du = 2(2z, and 



V9-4x2 2./ VqTI 



d(2x) 1 . ,2x , ^ 1 ,2x , ^ 
^ =-sin^ YC or cos-i f-C. 



(2x) 



2 2 3 2 3 



o,/. 



dx 



Ex. 2. Find the value 

xV3x2-4 

If we let Vs z — ii^ then du = V3 dx, and we may write 



•^ X Vaan - 4 -^ VSx V(v^x)a_4 2 2 2 2 
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(2x 



Ex. 3. Find the value of f- 

Since V4x — x^ = V4 - (as - 2)2, we have 



dx r dz r d{x — 2) 



/ax _ r ax _ /• 



V4x-x2 J V4 - (a; - 2)2 ^ V4 - (x - 2)2 

X — 2 X — 2 
= sin-i h O or — cos-i h C. 



Ex. 4. Find the value 



dx 
2x2-f.3x+ 6 
To avoid fractions and radicals, we place 



"'/ 



dx Sdx 4(2x 



2x2 + 3x+6 16x2 + 24x + 40 (4x + 3)2 + 31 

Therefore 

r dx _ ^ r 4dx _ ^ r d(4x + 3) 

J 2x2 + 3x + 6 ~ "J {4x + 8)2 + 31 J (4x + 3)2 + 31 

2 ^ ,4x+3 , ^ 2 ^ ,4x + 8 , ^ 
tan-i — ^r^ + C or — ^ctn-i — \-C. 



V31 V31 V3i V31 

The methods used in Exs. 3 and 4 are often of value in dealing with 
functions involving ax2 + &x + c. 

Ex. 6. Find the value of C (?!_±^L^. 

J 6 + 4x* 

Separating the integrand into two fractions, i.e. 

x^ X 

6 + 4x* 6 + 4x*' 
and using § 11 (2) we have 

'»(x8 + x)dx_ r x^dx r xdx 
J 6 + 4x* ~J 6 + 4x* J 6 + 4x** 

_ ^ r x^dx 1 /•16x«dx 1 , .c . .« i\ 

But / = — / = — log(6 + 4x*); 

J 6 + 4x* leJ 6 + 4x* 16 ^^ " 

, r xdx ^1 r 4xdx 

J 6 + 4x*~4 J 6 + (2x2)2 

1 ^ ,2x2 1 ^ .2x2 
= — ;=:tan-i-— z or — ctn-*— — • 

4V6 V6 4V6 v6 

rm. * /•(X8 4-X)dx 1 , ,^ .... 1 ^ ,2x2 , ^ 

Therefore / \ ^ /^ = — log(5 + 4x*) + — - tan-i _— + C, 

J 6 + 4x* 16 4V6 v6 

1 1 2x2 

or —log (5 + 4x*) ctn-i— - + C. 

16 4 V5 V 6 
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15. Closely resembling formulas (1) and (2) of the last article 
in the form of the integrand are the following two formulas : 

du 




y/v? -It. a 



= = log {u + Vi?Hha^) (1) 



, r du 1 ^ u — a 1 , a — u ,^^ 

and I -T = -— - log or — - log (2) 

To derive (1) we place u = a tan if>. Then du = a sec^ if>dif>, and 
Vi^^-f a^ = a sec if>. Therefore 



/ , = I sec d>dd> 

\^u^ + a^ J 

= log(sec <^ + tan 0) (by (9), § 13) 



= log| 



u+Vu^-^ a^' 



a J 



= log («^ + V'w^ + a*) — log a. 

But log a is a constant, and may accordingly be omitted f rdni 
the formula of integration. If retained^ it would affect the con- 
stant of integration only. 



Formula (2) is derived by means of the fact that the fraction 



1 



i*^-a« 



may be separated into two fractions, the denominators of which 
are respectively u — a and u-{- a; i.e, 

-T^ = -('-^-^- ' (§53) 

u — a^ 2a\u — a u-\- a) 

Then f^. = ^ f(^ '-)du 

J u —a 2aJ\u — a u-\- a) 

— Jl_ / C ^^ _ r ^^ \ 

2a\Ju — a J u-i- a/ 

"" 2^ '^^^^^"" ^^"""^^^^^"^ ^^^ 

_ 1 , u — a 
2a u-\- a 
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The second form of (2) is derived by noting that 

/du C— du ^ , 
= / = log(a - u). 

The two results differ only by a constant, for 

• = — 1* y 

a + u u-i- a 

and hence log = log (— 1) + log ; 

a + u u-\- a 

and log(— 1) is a constant complex quantity which can be ex- 
pressed in terms of i (§ 170). 



Ex. 1. Find the value of / - 



dx 



To avoid fractions we multiply both numerator and denominator by Vs. 

^^ dx Vsdx Vsdx 

Then = — = ■ 

V3x2 + 4a; VOx^ 4.12a; V(3x + 2)2-4 
Letting 3 x + 2 = u, we have du = Sdz, and 

/dx _ 1 r 
•v/Q />.2 1 a /». -v/q J 



dx 1 r Sdx 



V3x2 4-4x Vs^ V(3x + 2)2-4 

= -i= log (8 X + 2 + V(3x + 2)2-4 ) + C 
V3 

= — log(3x + 2 + V9 x2 + 12 x) + C. 
V3 



Ex. 2. Find the value of / - 



dx 



2x2 + x-16 
Multiplying the numerator and the denominator by 8, we have 

dx ^ r ^dx 



J 2x2 + a;-15 J (4 



X + 1)2 - (11)2 



^1 (4x4-l)-ll^^, 
11 ^(4x + l) + ll 

rwr^^' ^ J J. ll 2X— 6 _ 1, 2X— 5 1, «.^ 

This may be reduced to — log f- C, or — log log2 + C, 

11 2x + 6 11 x + 3 11 

and the term — -^ log 2, being independent of x, may be omitted, as it will 

only affect the value of the constant of integration. 
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If in the formulas for the differentiation of 

sinh'^t^, cosh~^w, and tanh~^2^ (I, §161) 

u 
we replace uhy —i they become 

a 

du 

d . ^ .u dx 
-— smh~ - — 



dx a Vi^^ + a^ 

du 

d , 1 w dx 

-— cosh - = 



dx a Vw^— a^ 

du 

and — -tanh ^- = 



dx a d^u 



The corresponding formulas of integration are evidently 



J. 



du . ^ .u 



du 1 1 w 

= cosh" -> 



^u^-a' CL 



and ' / — r^^^^^^ = - tanh ^- 

a 



/ du _ 1 
a!^ — u^ a 



These forms of the integrals are often of advantage in problems 
where the resulting equation has to be solved for the value of i^ in 
terms of the other quantities in the equation. 

By formulas (2), § 14, and (2) of this article we can find the value 

/dx 
— - — ; We can also find the 
aar + ox + c 

value of any integral of the form I -^-^ — — ^ — , as shown in Ex. 3. 

/ CtX ~\~ ox "r" C 

/P (x) dx 
^ ^ > where F{x) is a 
G/X' "i OX ~j~ C 

polynomial, can always be found, since by division the integrand is 
equal to a polynomial plus a fraction of the form just mentioned. 
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Ex. 3. Find the value of C (^^ + ^)^ . 

J 2x2 + X- 16 

If 2aj2 + X - 16 = u, du = (4x + l)dx. 

Now 3 X +• 4 may be written as |(4 x + 1) + J^^. 



Therefore 



(3x -f ^)dx r [i(^^ + 1) + V]<^ 



r (ax + 4)ctx _ r 
J 2x24-x-16~J 



2x2 + x-16 J 2x2 + X -16 

8 /• (4x + l)dx 13 /• dx 



4 J 2x2 + X- 16 T J 



2x2 + X- 16 4 J 2X2 + X--16 

The first integral is | log(2x2 + x — 16), by §12 (2), and the last integral is 

of the form solved in Ex. 2, and is — log 

44 ^ X + 3 

Hence the complete integral is 

^ log (2x2 + X - 16) + i^ log^l?-^ + C. 
4 44 X + o 



Ex. 4. Find the value 



»•/ 



(2 X + 6) dx 



V3x2+4x 

The value of this integral may be made to depend upon that of Ex. 1 in the 
same way that the solution of Ex. 3 was made to depend upon the solution of 
Ex.2. For Iet3x2 + 4x = w; then dw = (6x + 4)dx. 

Now 2x + 6 = J (6x + 4) + JgL. , 

Therefore r(l^+3^= r[M^^+±^:W^ 

^ V3x2 + 4x "^ V3x2 + 4x 

= \ /(3aj2 + 4x)-i[(6x + 4)(ix] + H J. ^ 



ZJ SJ V3x2 + 4; 



The first integral is § Vs x2 + 4 x, by § 12 (1), and the second integral is 
11 



log(3x + 2 + V9x2 + 12 x), by Ex. 1. Hence the complete integral is 
8V3 

§ V3x2 + 4x + -^ log(3x + 2 + V9x2 + 12x) + C. 

3V3 

16. Integrals of exponential functions. The formulas 

and fa^'du = a" (2) 

J log a 

are derived immediately from the corresponding formulas of diifer- 
entiation. The proof is left to the student. 
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17. Collected formulas. 



/ 



^ ^ = log«. , (2) 

I COS udu = sin w, (3) 

I sin u du =•— cos «6, . , (4) 

sec^u du = tan i^, (5) 

csc^-i* du= — ctn w, (6) 



I sec i^ tan udu = sec i^, (7) 

I CSC i^ ctn udu=— esc i^, (8) 

/ 

I ctn udu = log sin «^, (10) 

I sec udu = log (sec u + tan i^) = log tan( — + ^ ), (11) 

I CSC udu = log (esc 1^ — ctn u) = log tan — > (12) 



tan udu = log sec w, (9) 



/du . _iU _^u ,._. 

— == = sin ^ - or — cos ^ - » (13) 

/du 1. _i«^ 1 , _^u ,. ." 
- = -tan ^- or ctn ^-> _ (14) 
a -^-u a a a a 

du \ .U \ yU ,^^. 

= -sec~ - or CSC" -> (15) 



J u 

f ^^^ =log(u-{-Vu^+a^) or sinh"^-, (16) 

f . ^^ =log(i^+V^^^^^^) or cosh-^-, (17) 



/ 
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du 1, u — a 1\ a — u 1^ ii^ - /-i .^x 

^ r = --— log or -— log or tann""^ - > (18) 

u—a 2 a u+a 2 a a^u a a 

= ^-, (19) 



Ce^'du = 

I 



r ' ' 



a^'du^- ^aV " (20) 

loga ', , . . 

18. Integration by substitution. In order to evaluate a given 
integral it is necessary to reduce it to one of the foregoing standard 
forms. A very important method by which this may be done is 
that of the substitution of a new variable. In fact, the work- thus 
far has been of this nature, in that by inspection we have taken 
some fimction ot x as u. 

In many cases where the substitution is not so obvious as in the 
previous examples, it is still possible by the proper choice of a 
new variable to reduce the integral to a known form.. The choice 
of the new variable depends largely upon the skill and the experi- 
ence of tHe worker, and no rules can be given to cover all cases. ' A 
systematic discussion of some types of desirable substitution .^'s^ill 
be taken up in later chapters, but we shall in this chapter work a 
few illustrative examples. : :- 



Ex.. 1. Find the value 



•'/ 



x'^dx 



f5Let'2ay+:3~z2. Then x = J («2 _ 3) and dx = « dx. Substituting these val- 
ues in the original integral, we have 

-■ •-- . . . A 

J T(«* - 6z^ + 9)dz = J(J«6 _ 228 + 92) + C. 

Replacing 2 by its value in terms of x, we have 

r x^dx ^ 1 V2x + 3(x2 - 2x -f 6) + C. . 
•^ V2A; + 3 ^ 

r ■ 

E/.2. Findthevalueof f-^^-i^dx. '' ' 

Let x2 4- a^ = z^. Then xdx = 2 d2, and — = — . xdx = 

' A 



Then, after substitution, we have x x z — a 

J ;fl-a^ J \ z^-aV 2 ^z + a 
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Replacing z by its value in terms of x, we have 



^ ^ (fo = Va;2 + a2 + _ log — -^ C. 

« 2 Vx2 + a2 + a 

Ex.3. Find the value of fVo^ ^x^dx. 

Let X = a sin «. Then (2x = a cos z dz and Va^ — x^ = a cos 2. 

Therefore CVa^-x:^dx = a^ Ccos^zdz = ^a^ f{l + cos2«)d2 

= Ja2(« + ^8in2«)-f C. 



X , . ^ ^ . ^ X 



But « = sin-i - , and sin 2 « = 2 sin z cos 2 = 2 — Va^ — x^. 
a a2 

Finally, by substitution, we have 

fy/a^-x^dx = - ^x Va2 - x^ + a^sin-i?^ + C. 

Ex.4. Find the value of fx^ Vx^-a^dx. 

Let X = a sec 2. Then (ix = a sec 2 tan 2 d2, and Vx^ — a^ = a tan 2. 

Therefore jafiVx^—a^dx = a^ jtSLn^zsec^zdz 

= a^ j{ta.n^z + tan* 2) sec^ 2^2 
= a6(J tan82 + J tan62) + C, 

X Vx2 — a2 
But sec 2 = - , whence tan 2 = » so that, by substitution, we have 

Jxa Vx2-aadx = ^^ ^(»^ - a^f (2 a2 + 3x2) + C. 



off- 



dx 



Ex. 5. Find the value ^. , 

J (x2+ a2)f 

Let x = a tan 2. Then dx = a sec^ 2 d2 and Vx2 + a^ = a sec 2. 

Therefore f 5 = -^ f— ^ = — fcos 2d2 = —sin2 + C 

J (x2 + a2)^ a2J sec 2 a^./ a^ 

X X 

But tan 2 = - , whence sin 2 = —-= » so that, by substitution, 
^ Vx2 + a2 

•/ (x2 + a2)i a2 Vx2 + aa 
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/dx 



(2x + 1) V6»a+ 8x + 8 

Let 2ic + l = -. Then x = h(--1)> dx = -^r-^dz, and V5x2 + 8x + 3 
1 , 

Therefore 

/(2x _ r ^^ _ r ^^ 

(2x + l) V6x2 + 8x + 3 ^ V«2 4.6« + 6 -^ V(« + 3)2 - 4 



But 2 = > and hence 

2x + l 



= - log (z + 3 + V^a + 6 « + 5) + C. 



— log(« + 3 + vzs + 62; + 6) = — log 1 ■ — 

*^ / ^ 2x + l 

1 2x + l , o 

= log —===== - log2. 

3x + 2+v6x2 + 8x + 3 

•^ (2x + l)V6x2 + 8x + 3 8x + 2+V6x« + 8x + 8 

— log 2 having been made a part of the constant of integration. 

The student should refer freely to these examples as possibly 
suggesting a type of substitution desirable in the solution of a new 
problem. From them the following hints for substitution in similar 
cases may be deduced: 

In integrals involving "v^a + bx try a + to? = 2;", as in Ex. 1. 

In integrals involving y/a^-\- a^ try either a?^ a^=^s^,as in Ex. 2, 
OT x = a tan 2;, as in Ex. 5. 

In integrals involving Va^— ar* try a? = a sin z, as in Ex. 3. 

In integrals involving Va;'^— a^ try x = a sec z, as in Ex. 4. 

/dx 1 
-=== tTyAx + B^—y 
..oxxxa.^.u. {Ax'hB)^/ao^+bx + c « 

It is not to be supposed that the above substitutions are desir- 
able in all cases. Fdr instance, in Ex. 2 the substitution x = a tan z 
does not simplify the integral; but the substitution a?-\- a^—7? is 
of advantage, though it is rare that the substitution of a single 
letter for the square root of a quadratic polynomial leads to any 
simplification. 
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19. Integration by parts. Another method of importance in 
the reduction of a given integral to a known type is that of int&- 
grationhy parts, the formula . for >^hich is derived from the formula 
for the differential of a product, 

d{uv) = udv -\-v du. 
From this formula we derive directly that 

uv = / udv -\- I V du, 
which is usually written in the form 



I udv = uv— I V du. 



In the use of this formula the. aim is evidently to make the orig- 
inal integration depend upon the evaluation of a simpler integral 

Ex.1. Find the value of / aje*<^' 

If we let X = tt and ^dx — dr, we have du = dx and u = e*. 
Substituting in our formula, we have 

I xe^dx = x€P^ — jeP^dz 

= xe^ — e^ + C ' 

= (x-l)e* + C. 

It is evident that in selecting the expression for dv it is desirable, if possible, 
to choose an expression that is easily integrated. 

Ex.2. Find the value of /sin-^xdx. 



of j sin- 



dx 
Here we may let sin-^x = u and dx = dv, whence du = ——= and v = x. 

Substituting in our formula, we have v 1 — x^ 



fsin-^xdx = xsin-ix — j- 



xdx 



^ Vl - xg 
= X sin-ix + Vl - x2 + C, . . 

-the last integral being evaluated by § 12 (1). 

Ex. 8. Find the value of jxcoB'^xdx. . 
Since cos2xf= J (1 -f cos2x), we have 

jxco8^xdx = - MX + X cos2x)dx = — \- - Cxco82xdx, 
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Letting x = u and cos 2xdx = dv, we have du = dx and v = ^ sin 2 x. 

^ .Therefore rxcos2xdx = -sin2x — r8in2xdx 

J 2 2 J 

X 1 

= - sin 2 X + - cos2 X + C 
2 4 

/aj2 . 1 /x 1 \ 

X cos^xcZx = — -f-(-sin2x + - cos 2 x | + C 
4 2\2 4 7 

= J{2x2 + 2xsin2x + cos2x) + C. 

Sometimes an integral may be evaluated by successive integra- 
tion by parts. 

■ ' • r 

Ex. 4. Find the value of I x^e^dx. 

Here we will let x^ = u and &^dx,= dv. Then du = 2xdz and « = e*. 
Therefore fx^e^cJx = x%= — 2 Txe^cJx. 

The integral jx^dx may be evaluated by integration by parts (see Ex. 1), 
so that finally 

fxVdx = x2e^ - 2{x - l)c« + C = e^(x2 - 2x + 2) + C. 

Ex. 6. Find the value of je^ sin bx dx. 
Letting sin 6x = u and e**^ cte = dr, we have 

/e«^sin6xdx = -e«^sin6x — (e^^cosftxcte. 
a a J ' 

' In the integral .1 e«* cos 6x cte we let cos hx = u and c«'cte = dv, and have 

/I 6 /• 

e«* cos 6x ciK = - e«^ cos &x + - I e«^sin6xdx. 
a a J 

Substituting this value above, we have 

/e^ sin 6x cte ;= - e«* sin 6x — ( - e^ cos 6x + - fe^ sin 6x dx ) • 
a a\a a J . J 

Now bringing to the left-hand member of the equation all the terms con- 
taining the integral, we have 

/ b^\ r 1 b 

1 1 H — - 1 I e«^sin 6x dx = - e«^sin 6x e^ cos bx, 

\ aV J a I a2 

■ t- r ^* • r J e«^(a sin 6x — & cos 6x) 

^whence .. I e«^sin.&xdx = — ^^ -' 

J . a2 + 62 
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Ex. 6. Find the value of je^ cos bz dx. 

rryx.^ 14.- e**^ (a cos 6x + & sin 6x) ,, , u • i x*-^ xi. 4. j ^ . 

The result is — ^^ — — , the work being left to the student, eince 

it is exactly like that of Ex. 6. 

Ex.7. Find the value of CVx^ + a^dx, 

„ x^ + a'^ = u and dx = dv, whence du = ——= and v = x,we have 

Vx2 + a2 

fV^c^T^dx = X Vx2 + a2 - r /^^^ . (1) 



Since x^ = (x^ + a^) — a^, the second integral of (1) may be written as 

(x2 + a2)dx ,j ^ dx_ 

dx 
+ 
Evaluating this last integral and substituting in (1), we have 



r {x^-\-a^)dx _ ^ r dx 

which equals / Vx^ + a^dx — a^ j 

•^ «^ Vx2 + a2 



r Vx2 + a2dx = X Vx2 + a2 - f Vx2 + a2(ix + a2 log(x + Vx2 + a2), 
whence CVx^-\- a^dx = j[x Vx2 + a^ + a^ log(x + Vx2 + a2)]. 

20. Possibility of integration. In this chapter we have learned 
how to express the integrals of certain types of functions in terms 
of the elementary functions, and the discussion of methods of inte- 
gration will be continued in Chaps. VI and VII. But it should 
be noted now that it is not always possible to express the integral 
of elementary functions in terms of elementary functions. For 

mple, i - cannot be so expressed : in fact, 

J V(l-ar^)(l-Z;V) 

this integral defines a function of a; of an entirely new kind. 

Accordingly when it is said that the integration of certain f imc- 

tions is not possible, it is meant that the integration is not possible 

for one who knows only the elementary functions, which are in 

fact the functions generally used in applied mathematics. In this 

respect integration differs radically from differentiation, which can 

always be performed upon elementary functions. This fact is not 

surprising, since it is closely analogous to what takes place in 



exa 
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connection with other operations which are the inverse of each 
other. For example, the addition of positive numbers can always 
be expressed in terms of positive numbers, but the inverse opera- 
tion of subtraction is made always possible only by the introduc- 
tion of negative numbers ; also the involution of rational numbers 
is always possible, but evolution is always possible only after 
irrational numbers are introduced. 
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. Find the values of the following integrals : 

1. C(Sx^-{-6x + l)dx. 
3. 



/(^' + ;^)'^- 



'•/ 



6. 



V7 

Va; 

Vx + -^ ] dz. 



7. f(x - l)^x^dx. 

9. f— 

eP^dx 



X 

x^dx 
2 






6^4- a 

dx 
xlogx 



dx 



■f- 

J {X 



1 + cos X 



+ sinx)8 



dx. 



dx. 



5. f^-"" 

6. J Va + bxdx. 

„ r {2 — 4x)dx 
' J 8-4x + 4x2 

8. r{2-3x)2dx. 

Q /• sin X dx 



21 



22 






+ 6 cos X 
xdx 



(1 + X2)8 

3xdx 
(2 + 3x2)2* 

(x -f 2) dx 
V6 + 4x + x2 



23. f^ 

J a' 



■f 



a 4 6x 



dx. 



24 



25./ 



4-6'x 

e2a:^_ sec22x 
e2*4- tan2x 

dx 



dx 



(x + a)[log(x + a)]« 






(tan-ix - 1)* 
14-X2 



L^-^dx. 

X 



dx. 
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28. f(e^ + b)^e^xdx. 32. f x Vlog (x^ + a^) ^ 

•^ -^ x2 + a2 



\^XS— \^ 



dx 



30. r Oil r aV^^bVax , 

J 1 + ^ 34. I — z: ;=ir^- 

•^ xlVax-^bxf 

/ / , ^ 7 / „ . ^ \' 35. I sinS X cos X diB. 

•^ V x2 + a2 log (x + V x2 4- a2) J 

36. r [sin* (ax + 6) + cos* (ax + &)] sin (ox + b) cos (ax + 6) dx. 

37. Mcscftx — ctn6x)csc6xdx. 46. / (sec3x — tan3x)2dx. 

38. f ^i- 47. r«««'» + tan»x^ 

*/ sin2 (ax 4-6) J sec x + tan x 

«Q f sec2(x2 + a2).xdx aq C - • ^ / ^ x 

oil. I — - — — — — • 48. I sinmxsinwxax, (w 5ii n). 

J tan8 (x2 + a2) J » \ ^ / 

-^ /• sec x2 tan x2 . X dx At% T j / v 

40. I . 49. / cosmxcosnxdx, (w 5^ n). 

J a2 + sec x2 «/ 

41. r(secx tanx + secx)2dx. 50. J sin(ax -}- 6)cos(a'x + 6')dx. 

42. rsin22xdx. 51. J'(tan2x + ctn 2x)2dx. 

^2 r cos2xdx 52 r(secx2 + tanx2)2secx2.xcto. 

«/ sin X «^ 

44. fcos X sin 2 X dx. 53. Jcos2 (1 - 2 x) dx.. 

^^ /. c>i r/sin2x . cosx\ , 

45. / (tan2x - ctn2x)dx. 54. / ( + -r— - dx. 

J ^ ' J \ cosx sin2x/ 

55. Msec 2 X + tan 2 X — 1) (sec 2 x — tan 2 x — 1) dx. 

56. r J cscx+ctn"^ , 61. f — ^^ 

•^ \ CSC X - ctn X J 1 + cosx 

g- r co^29de 62. f c^nxdx 

' J cos^-sin^' •^ sinx-1 



g^ /• sec^dd 63. r — 

^*- Jsec^ + tan^- J 9x2 + 26 

^ f sin g dg 64. r ^ . 
^^•Jrr^h^- -^ V3-4X2 

60. ri^-^?^dx. 65. r-^ 

•/ 1 + cos X "^ X V 26 x2 — 1 
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66 



dx oe r dx 



. r-^=^. 85. f 

J -v/l _ 9/..2 «/ 



73 ' ^ 



Vl-3x2 "^ V-x2__3x + 4 

<te o^ r dx 



67. f-^. 86. r ^ 

•^ 2*2 + 1 •' (3x-l)V3a;i'-2a!-8 

68./ ±_ . 87. r -^ 

•'zV6x»-3 J V- 2a;!' -7a! + 4 

Jx«-2x + 10 ""-j i + ajs "*• 

70. /^£=. 89. ri^±ldx. 

71. r^^=. 90. r^^Lri^dx. 

^^•/isT^.- 91. /2S^. 



vrr 



■•^ Vl + 2xtana-x2' ' ^'^^ /(\Bl + Vl^f )<^- 

74. r '^ go f sinatfa 

•^ X VoSxa - 6« J 1 + cosSx* 

"to ^. r dx 



a + fi^cosax 



75. r ^ 94. f- 

./ x2 + 2 X Sin o: + 1 J a' 

76. f— ^=. 95. r^^ 

77. r ^^^^^ 96- r '^ 

./ e2x _!_ 2 e^ tan a 4- sec^o: •^ 



e2x 4- 2 e^ tan or + sec^o: •^ Vo x^ + 2 

78. r _^ 97." r '^ ■ 

•^ (x-2)Vx«-4x + 2 J 3x3-1 

79. f— ^=. 98. f^^= 

•^ V2x - 3x2 •^ V4x'^-3 

80. r , ^'^ 99. r-^=. 

•^ Vl -2e*ctna- e^^ *^ v2x2-l 

r ^ 100. f-^. 

J 2x2-2x + l J 4-18x2 



81 

J 2xa-2x 

dx ir^t r ^^dx 



82. r ' ^ 101. r 



(2x + 6) Vx2 + 5x4-4 "^ Vx« - a« 



83. r ^^- 102. r — ^^?^ 

J x2sin2a + xsin2a: + l J x* + 4x2 4-2 

84. c ^^ _ . 103. r 

t/ -v/Q a /»2 ^ "^ 



V3 - 6 x2 — X* Vx2 — 2 X tan a - 1 
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04./ 
05./ 

06./ 
07./ 

08./ 
09./ 



dx 



23124.3x4.1 

dx 

Va;2 4- 2x8ina+l 

dx 
3x2 -6a; + 2* 

dx 
V6x2-3a;-3 

dx 
16 + 2x-a;2* 

c2x 



V3x2-2aj + l 

0. r ^? 

J 3x -1-2x2 
dx 



V2x2 + 4x- 6 

3x8 + 2x ^ 
(2x. 



Vx* —a* 
(2x + 6)dx 



'I 

3. r 

J 2x2 + 3x + l 
. r (l2x-\-2)dx 
' J 9x2-6x-8' 

5 f (2x-3)dx 
' "^ V2 4- X + x2 
g /» (3x + 7)(fa; 

•^ Vx2 + 4x- 1 
y /> (4x-2)dx 

g /' (5x4-4)(lx 

* J x2 + 4 X 4- 1 * 
g /- (l-2x)dx 

* "^ Vl-4x-x2 
(3x+ 5)dx 



20./ 



22 



•/ 



Vl4-2x-2x2 

xdx 
4 x2 4- 4 X sec a: + tan2a 

(3x4-8)dx 

■ • 

Vl-2x -x2 



23 



•/ 



"■/ 



(Sx + 6)dx 
2x24-6x + 7 

Vx2-a2(ix 



X Vx2 4- a'i 



25 



vx-i-Tdx 



. f 

•^ xVx-1 

26. r(a* + x«)dx. 

27. C{p^-\-e-'Ydx. 

28. J(a«* + a-«*)2xdx. 

29. Je»^+ixdx. 



30 



(2x 



•^ x2Ve 

31. fa «» 2 X sin X cos xdx. 

32. ( —. 

J 14-X2 

33. f€f>+<^af'+<^dx. 

34. Ha"^ + 6^)2dx. 

35. / flz. 

•^ Vl-x* 

«g /»csc X (esc X log a + ctn x) 

* J (jctnxgCBCx 



38 






Vo2Jf + 2a* + sec2a: 
O'dx 

■ ■ ■ ■ — - — — ^ — - ^ ■_■ ■ ■ « 

V4 a* — a2* 
dx 



flx 4. a- X 



"•/" 



e« + 2 



(2x. 



41 



•/ 



e« + 1 
e^- 1 
e* + 1 



(2x. 
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142 



•/ 



dz 



x2 Va2 - x2 
.43. f ^ ^ 

J V(a2_a;2)8 



144. r^^iE^dx. 



L45 



•/ 



X 

x^dx 



AS. f 



V(a2 - x2)8 
dx 



L47 



x8 Vx2 - a2 
x^cJx 



. f- 

^ (a2 - x2)5 
L48. Jx^^a^-\-x^dx. 

149. I =• 

J (x2 - a2)* 



50 



.51 






dx 



X y/a? + x2 
x^cix 



.52. / 



.53. 



/ 



Va2 + x2 
djx 

Vx + 1 _ 
(2x. 



VS-1 
.54. J'x2V2x+3dx. 



.55 



J (a 

■/ 



X2(fx 



(a + 6x)8 
x2dx 



Vx-1 
.57. J x{x + a)*dx. 



.58 



dx 



59 



•/ 



X Vx2 - a2 
x^dx 



Vx2 + a2 



60 



/x'^dx 
2 + 6x* 



61. ( ^ 

J (6-7x8)8 



62 



63 



•/ 



x^dx 

(1 + X2)« 

x*dx 



/x»ax 
(x2 + 4)2' 



«*•/ 



x^dx 



65 






^3 + 2x3 
dx 



V4x2-4x-l 



dx 



67. r — 

•^ (x + 



X Vx2 4. 2 ax - a2 
dx 



68. f— ^ — 

•^ (x-1 



(x + 2)Vx2 + 8x + 13 
dx 
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(X - l)V2x2-2x-l 

dx 
(x + 3)Vl4 
dx 



/» ox 

' "^ (X + 3)Vl4 + 2x-x2 

70. r 

./ X 4- 4 X® 
x2dx 



(1+3x8)2 

dx 



72. f 
•^ x2(x4-4x6)5 

^^ r xdx 

73. / 7- 

./ (2 X - X8)9 

74. flog ax dx. 

75. fx^logaxdx. 

76. ftan-ioxdx. 

77. f i'>g('"g^) <te. 

J X 
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CHAPTEE III 
DEFINITE INTEGRALS 

21. Definition. We have said in § 3 that there are two impor- 
tant problems in the use of infinitesimals, the one involving the 
limit of a quotient, the other the limit of a sum. We have also 
noted in § 4 that the derivative of a function is the limit of the 
quotient of two infinitesimal increments, so that the limit of a quo- 
tient is fundamental in the differential calculus and its applications. 

Similarly, there exists a limit of a sum which has fundamental 
connection with the subject of integration. This limit is called a 
definite integral and is defined as follows : 

If f(x) is a function of x which is continuous and one-valued 
for all values of x "between x = a and x = h inclusive, then the 
definite integral of f(x)dx hetween a and b is defined ets the limit y 
as n increases indefinitely, of the following sum of n terms, 

f{a)Ax -{-f{x^)Ax -{-f{x^)Ax -h • • • +/(^„-i)Ai», 

where Ax = and x^, x^, x^, • • -, x^_^ are values of x between 

n 

a and b such that 

ajj = a -h Aic, x^=x^-\-Ax, x^=x^-\-Ax, •••, b = x^_^ + Ax, 

The sum in the above definition is expressed concisely by the 
notation .• „ , 

t=0 

where V (sigma), the Greek form of the letter S, stands for the 
word " sum," and the whole expression indicates that the sum is 
to be taken of all terms obtained from f{x^)Ax by giving to i in 
succession the values 0, 1, 2, 3, • • •, ti — 1, where Xq=^ a. 
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Also the definite integral is denoted by the symbol 

f{x) dx, 

where / is a modified form of S. Hence the definition of the 
definite integral may be expressed symbolically by the equation 

,6 t = n-l 

f{x) dx = Lim 2)/(a:^,) Aa?. 



s: 



»=" 1 = 



The numbers a and h are called the lower and the upper limit * 
respectively of the definite integral. 

Ex. The conception of mechanical work gives an illustration of a definite 

integral. By definition, the work done in moving a body against a constant 

force is equal to the force multiplied by the distance through which the body 

^^^^^^^^^_^__,__^ is moved. Suppose now that a body is 

^ A Ml Mi Ma A M5 ^U B ^ moved along OX (fig. 3) from A{x = a) 

YiQ s to 5(x = 6) against a force which is 

not constant but a function of x and 
expressed by f(x). Let the line -4JB be divided into n eqtial intervals, each 
equal to Ax, by the points 3fi, 3f2, Ms, • • • , 3f„_i. (In fig. 3, n = 7.) 

Then the work done in moving the body from A to Mi would be f{a) Ax if 
the force were constantly equal to f(a) throughout the interval AMi. Conse- 
quently, if the interval is small, f{a) Ax is approximately equal to the work done 
between A and Mi. Similarly, the work done between 3fi and M2 is approxi- 
mately equal to /(xi)Ax, that between M2 and Ms approximately equal to 
/(X2) Ax, and so on. Hence the work done between A and B is approximately 

equal to 

f{a) Ax 4- /(xi) Ax 4- /(X2) Ax + h f(Xn-i) Ax. 

The larger the value of n, the better is this approximation. Hence we have, 
if W represents the work done between A and B, 

i=n—l 



W = Lim V/(Xf) Ax = r /(x) dx, 

n = 00 ^"t J a 

1=0 

The use of the word " integral " and of the symbol I suggests a 

connection with the integrals of the previous chapter. This con- 
nection will be shown in § 25 ; for the present, it is to be empha- 
sized that the definition is independent of either differentiation or 
integration as previously known. 

* The student should notice that the word " limit " is here used in a sense quite dif- 
ferent from that in which it is used when a variable is said to approach a limit ^T, § 53). 
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In distinction to the definite integral i f(x)dx, the integral 
f{x)dx is called the indefinite integral. 

The definition assumes that the limit of ^^/(^t) Aa: always exists. 

A rigorous proof of this will not be given here, but the student 
will find it geometrically obvious from the graphical representation 
of the next article. 

22. Graphical representation. Let LK (fig. 4) be the graph of 
f(x), and let OA = a and OB = 6. 

For convenience, we assume in the first place that a<b and 
that f(x) is positive for all values of x between a and b. We find 



Ax = and lav off the 

n -^ 

equal lengths AM^ = M^M^ = 
M^M^ = . . . = M^_^B = Ax, 
(In fig. 4, 71 = 9.) 

Let OM^ = x^, OM^ = x^^ 
• • •, 0M^_^ = x^_^. Draw 
the ordinates AD = f(a), 
^i^i = /K)> M,F,=f(x,\ 

' •> K-i^n-i = f{^n-ih and 
BC. Draw also the lines 

DB^, J^E^, iJJSg, . . ., P„_^E^ parallel to OX, Then 



C^K 




A Ml MiMi Mi Mi MeMj Ma B 
Fig. 4 



f{a)Ax = the area of the rectangle ADR^M^, 
f{x^ Ax = the area of the rectangle M^F^E^M^, 
f{x^ Ax = the area of the rectangle M^P^R^M^, 

• •••••••• 

f{x^_^Ax = i\\Q area of the rectangle M^_^P^_^R^B, 

The sum 

f{a)Ax-\-f{x^Ax+f{x^Ax-\- • • - +f{x^_^Ax 

is then the sum of the areas of these rectangles, and equal to the 
area of the polygon ADR^P^R^ - - . R^_^J^_^R^B, It is evident that 
the limit of this sum as n is indefinitely increased is the area 
bounded by AD, AB, BC, and the arc DC, 
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Hence 



X 



f{x)dx = the area ABCD. 



It is evident that the result is not vitiated if AD or J? (7 is of 
length zero. 

The area ABCD is exactly the sum of the areas ADPiMi^ JfiPiP23f2, 
M2P2Pz^Zi 6^c. But one such area, for example MiPxP^M^^ differs from 

that of the corresponding 
rectangle M1P1R2M2 by 
the area of the figure 
P\R2P2t which is less 
than that of the rectangle 
Ax Ay, where Ay = R2P2. 
The area of P1R2P2 is an 
infinitesimal of higher order 
than M1P1R2M2, since 
P1R2P2 Ax Ay _ Ay 



O 



A Mx Mi Mi M^Mj 3/g Mj M^ B 




M1P1R2M2 y Ax y 



whence Lim 



P1R2P2 



= 0. 



Fig. 6 



M1P1R2M2 
Therefore (§ 3) the areas 
of the triangular figures 
such as P1R2P2 do not 
affect the limit of the sum used in finding the area of the entire figure. 

If f(x) is negative for all values of x between a and 6 (a < 6), 
the graphical representation is as in fig. 5. Here 

/(a) Aa; = — the area of the rectangle AM^E^D, 
f{x^ Ax = — the area of the rectangle M^M^E^I^, etc., 

so that I f{x) dx = — the area ABCD. 

In case f(x) is sometimes positive and sometimes negative we 
have a combination of the foregoing results, as follows : 

If a<b, the integral I /(x) dx represents the algebraic sum of 

%J a 

the areas honnded hy the curve y =f(x), the axis of x, and tlie 
ordinates x = a and x = 1, the areas above the axis of x being 
positive and those below negative. 
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If a>l, Ax is negative, since Ax = 



b — a 



n 



The only change 



necessary in the above statement, however, is in the algebraic 
signs, the areas above the axis of x being now negative and those 
below positive. 

Ex. The w6rk done in moving a body against a force may be represented 
by an area. For if the force is f(x) and W is the work in moving a body along 
the axis of x from x = a to jc = 6, then (Ex., § 21) 

W= Cf(x)dz. 

Consequently if the force is represented by the graph DEC (fig. 6), the equation 
of which is y =f{x), the area ABCED represents the work W. 

This fact is taken advantage of in constructing an indicator diagram attached 
to a steam engine. Here AB represents the distance traversed by the piston, and 
the ordinate represents the 
pressure. Then as the piston 
travels from AXjo B and back 
to A the curve DECFD is 
automatically, drawn. The 
area ABCED represents the 
work done by the steam on 
the piston. The area ABCFD 
represents the work done by 
the piston on the steam. The 
difference of these two areas, 
■which is the area of the closed 

curve DECFD, represents the net work done by the steam in one stroke of the 
piston. In practice this area can be measured by an instrument, called a plani- 
meter, or the figure is divided into rectangles and the area computed approxi- 
mately. The latter method illustrates the definition of the definite integral. 

23. Generalization. In the definition of § 21, 

where Xq= a and x^= b. The sum 

f{a)Ax-\-/{x^)Ax-\-f(x^)Ax-\- f-/(aJ„_i)Aa; 

may accordingly be written 

+ /(^2) (^3- ^2) + • • • +/(«^n-l) K- ^n-l)> 




Fig. 6 



»=n-l 



or, more compactly, ^fi^i) (^f+i"~ ^»)- 



(1) 



t=0 
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This sum may be generalized in two ways : 

In the first place, it is a mere matter of convenience to take the 
increments ^i^i— ^i equal for all values of x^. In fact the n — 1 
values a?j, x^, ^3, ••*, ^„-i niay be taken at pleasure between the 
values x = a and x^h without altering the limit approached by 
the sum (1), provided all the differences x.^^^—x^ are made to 
approach zero as n increases without limit. This is geometrically 
obvious from the graphical representation, for the bases AM^, M^M^^ 
M^M^y • • . of the rectangles of fig. 4 may be of unequal length. 




Fig. 7 



In the second place, the factor f{x^ in each of the terms of 
the sum (1) may be replaced by /(|,), where f^ is any value of 
X between x^ and x^_^y The effect on the graphical representa- 
tion of fig. 4 is to alter the altitudes of the rectangles without 
altering the limit of their sum, as exemplified in fig. 7. It may 
be noted that the rectangles here differ from those of fig. 4 
by infinitesimals of higher order. Hence the sum theorem of 
§ 3 applies. 

For a rigorous discussion of these points the student is referred 
to advanced treatises.* 

* See, for example, Goursat-Hedrick, Mathematical Analysis ^ Chap. IV. 
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24. Properties of definite integrals. The following properties of 
definite integrals are consequences of the definition : 

cf{x) dx = c j f(x) dx, 

a U a 

[/i(^)+/2(^)]^^'= / fi{x)dx-{- j f^{x)dx, 

a %J a U a 

f{x) dx = — j f(x) dx, 

a Jb 

f{x)dx= j f{x)dx'\- j f{x)dx, 

Xb , 

f{x) dx = (b~- ci)f{^), where a< ^<h. 

The truth of formulas 1 and 2 follows at once from the defini- 
tion, and that of formula 3 follows at once from § 22. We shall 
show the truth of formulas 4 and 5 graphically. A fully rigorous 




Fig. 8 



proof could be based on the definition of § 21 without the use of 
diagrams, but would follow the outlines of the following graphical 
discussion. 

To prove formula 4, consider fig. 8, where OA = a,OC=c, OB = h. 

Jr*c /^b 

/(aj) c?a? = the area ACFE, j f{x)dx = the area CBGF, 
a %J c 

and I f(x)dx = the area ABGE, The truth of formula 4 is ap- 
t/a 

parent for any order of the points A, C, B, reference being had, 
if necessary, to formula 3. 
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28. f(e»^ + b)^e^^xdx. 32. f xV\og(x^ + a^) 

JWa-x \a + xl ^^'J ^^_^'^- 

30. / Oil r aVbx — bVax , 

Jl + e^ 34. / ?=^^v 

/ , ~ 7 / o . o \' 35. I sin^xcoaxdx. 

V a;2 -f. a2 log (x + v x2 + a^) J 

36. r [sin* {ax + b) + cos* (ox + &)] sin (ax + 6) cos (ax + 6) dx. 

37. I (esc bx — ctn 6x) esc bx dx. 46. r(sec 3 x — tan 3 x)^dx. 



dx .„ /^sec^x + tan^x 



dx. 



38. r — ?^. 47. r 

«/ sin2 (ax + 6) J sec x -f- tan x 

^^- J tan3(x2 + a2) ' ^^' J '''' "^ ^'^ nx dx, (m ^ n). 

iiA r sec x2 tan x2 . X dx An T j / v 

40. I . 49. I cosmxcosjixdx, (m 9^ n). 

J a2 4-seex2 J »v / 

41. /"(see X tan X + see x)2dx. 50. j sin (ax -f- b) cos (a'x + 6') dx. 

42. fsins 2 X dx. 51. j"(tan 2 x + ctn 2 x)2dx. 

43. rcos2xdx 52. /"(secxa + tanx2)2secx2.xdx. 
t/ sin X •^ 

44. rcosxsin2xdx. 53. Jcos2(l - 2x)dx. 

^^ /» -- /»/sin2x . cosxN , 

45. / (tan2x- etn2x)dx. 54. / ( 4- . ^ )dx. 

J ^ ' J \ cosx sin2x/ 

55. Msec 2 X + tan 2 x — 1) (sec 2 x — tan 2 x — 1) dx. 

56. r J cscx + ctn"^ ^^ 61. f — — 

•^ \ CSC X - ctn X * ./ 1 + cos X 

5- r 00826 de 62. r.^^5_^. 
* J cos^-sin^' "^ sinx-1 

-a r secede 63. f ^ 

^*- Jsec^ + tan<?- J 9x2 + 26 

f smede 64. r ^ . 

60. ri^^^dx. 65. r /^ . 

«/ 1 + cos X "^ X V 26 x2 — 1 
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66. 



dx or r dx 



r_^_. 85. f 

J -v/l _ 9/».2 •/ 



79 
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(to o^ r cte 



67. f-??-. . 86. r ^ 

•^aas + l •^ (8x-l)V3xa-2a:-8 

68. /-7^=- 87. r ^ 

69. r ^ 88 r 2 + (l + «^» 

70. /^^- 89. ri±±l<fc. 

•^ X Vx* - a* *J3x* + 7 

72. r — ^? — 91. r^^^dx. 

Jl3-6x + x2 J VS^T^ 

74. r ^ 93 r sinxdx 

•^ X Va^x^ - 62 ' J 1 + cos2x * 

^ ^^ r dx 



,2 + 62cos2x 



75. r ^^ 94. f- 

J x2 + 2 X sm a + 1 J a' 

76. r^^=- 95. f-^. 

77. r ^1*^ — -. 96. r^^= 

J e2x _|. 2 e*^ tan a + sector •/ v9 x^ + 2 

78. r ,'^ 97.- f ^ . 



• r , • 98. r 



' ^ 97.- f-^ 

;2-4x + 2 ./ 3x2- 

98. r_^ 

52 -^ V4x"'2 

^ 99. f-J 

ctna-e2* "^ V2x2 

_. 100. f-^ 

+ 1 J 4 - If 

dx <Ai r 3;2dx 



V2x-8x2 "^ V4x"^-3 

r ^^x 99. r ^ , 

•^ Vl -2c«^ctna-e2* "^ V2 x^ - 1 

81. r - 100. f— ^• 
J2x2-2x+l J 4-18x2 



82. f ^ 101. r 

•^ (2x + 5)Vx2 4-6x + 4 *^ 
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(2x + 5) Vx2 4- 6x + 4 *^ Vx« - a« 

dx ,/vA r «*c 



' J x2sin2a + xsin2a + l' * J x* + 4x2 + 2 

xdx lAo r dx 



84. f '"^ 103. r 

•/ -v/Q ««.2 ^ *^ 



V3 - 6 x2 — X* "^ Vx2 - 2 X tan a - 1 
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05. / 



dz 



dx 



Vx2 + 2xsma+ 1 
dx 



06. f ^ 

J 3x2 -6x + 2 

07. r ^ 

•^ V6x2~3x-8 



(2x 



08. r 

dx 



.09./ 



V3x2- 2x4-1 

r ^ 

* J 3x-l-2xa 

1. r ^ 

•^ V2x2 + 4x- 6 

.2. ri^L±l^dx. 

^ Vx* -a* 
g /* (2x + 6)dx 

* J 2x2 + 3x + l* 

J 9x2-6x-3' 
(2x-3)dx 

■ '■■■■ ■ ■ — ■ • 



>•/ 



V2 + X + «2 
(3x-f 7)dx 



•^ Vx2h-4x- 1 

y r (4x-2)dx 

* J 3x2-4x4-4* 

g /' (6x4-4)dx 
' J x2 4-4x4-1 
g /- (l-2x)dx 

* -^ Vl-4x-x2 
(3x4- 5)dx 



.20. r 



Vl4-2x-2x2 

21. f ^^ 

* •/ 4 x2 4- 4 X sec a 4- tan2a 

22 I* (3x4-8)dx 
•^ Vl-2x-x2 



(8x4-5)(Zx 



23 rj8x_+5)ax_ 
* J 2x2 4- 6x4-7 

•^ X Vx2 4- a2 



25 



Vx4- l«to 



. r 

•^ xVx-l 

26. r(a* 4- aj«) Ac. 

27. C{eP''{-e-*)*dx. 

28. J(a«*4.a-«*)2xdx. 

29. fe^+ixdx. 



30 



dx 



31. 
32. 
33. 
34. 
35. 

36. 
37. 

38. 
39. 

40. 

41. 



r ax 
^ x^Ve 

fa o<* 2 X gin X cos X dx. 

/*c »»«"** dx 
J 14-X2 

Cef^+cxaf*+cxdx. 
C(a^ 4- 6^)2 dx. 

/ 



■ln->a* 



/ 



Vi-x* 
CSC X (esc X log a 4- ctn x) 

d ctn a: ^ cbc x 

a^dx 
Va2-«^4.2a*4-8ec2a 
a'^dx 



dx. 



V4 a* - a2« 
dx 



/ox 
a* 4- a- 



/" 



e«4-2 



dx. 



e"4-l 
e=^- 1 

4- 



r^^^^dx. 

./ e*4-l 



r 
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■/ 



dz 
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(2x 






44./ 



Vx2 - a2 



dx. 



X 

x^dx 



45. f— ^1?? 
-^ V(a2 - x2)8 






dx 



a;8 Vx2 - a* 
x'dx 



(a2 - x2)5 
48. Jx* VoM^dx. 



(2x 



49. f-^^. 



50 



dx 



X Va2 + x2 

51. r ^''^ . 

•f Vcfl + ifi 

■f: 



52 



(2x 



Ve2««: - 62 

53. r:!^±i^. 

54. J*x2V2x+3dx. 



55 



• r- 

J (a 



x2dx 



56 



(a + &x)8 
x2dx 



r x^ax 
•^ Vx-1 

57. J x(x + a)^dx. 

■I 



58 



59./ 



X Vx2 — a2 
x*dx 

I —— .— ■- . ■ ■ ■ « 

Vx2 + a2 
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60. r ^'^ 

^ 2 + 6x* 



x'l^dx 
6x*dx 



61. / — "^-^^ — 
J (6-7 x8)8 

62./ 



x^dx 
x^dx 



63. r ^^ 

J (x2 + 4) 



64. f— ^ 



x^dx 
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■\/S-\-2x^ 
dx 



V4x2-4x -1 



dx 



67. r 

•^ (x + 



X Vx2 + 2 ax - a2 
dx 



68 



(x + 2)Vx2 + 8xH-18 
dx 



69 



' •^ (X - 1 



■/ 



(X - l)V2x2-2x-l 
dx 






(X + 3)Vl4 + 2x-x2 
dx 

■■■II • 

X + 4x* 
x2dx 



(1 + 3x8)2 

dx 



2. f , 

•^ X2(X + 4X6)« 

/• xdx 
' J (2x-x8)*' 

i. /log 



oxdx. 



►. fx^log 



oxdx. 



tan- ^axdx. 



log (log x) 



p riogyc 

t/ X 



dx. 
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But F{h) - F{a) = r f{x) dx 

and * (g - * (g = r '<^ (0 ^^. 

f(x) dx= j (f> (t) dt. 

Ex.1. Find rVa2-x2(fx. 

t/O 

Place X = a sin 0. Then dx = a cos <t> d<f>, and when x varies from to a, <f> 
varies from to — • Hence 

In making the substitution care should be taken that to each 
value of X between a and b corresponds one and only one value of t 
between t^ and t^, and conversely. Failure to do this may lead to 
error. 

IT 

Ex. 2. Consider | ^ cos <f> cUp, which by direct integration is equal to 2. 

»/_ir 

Let US place cos0 = x, whence </> = cos-^x and d<f> = i where the sign 

Vl-x2 
depends upon the quadrant in which ^ is found. We cannot, therefore, make 



w 



this substitution in | * cos </> d0, since </> lies in two different quadrants ; but 
we may write ""2 

- - 

/* cos <f>d<f>= I cos 4>d4> + j ^ cos <f> d<t>, 
_ir J__ir Jo 

~ 2 2 

and in the first of the integrals on the right-hand side of this equation place 

dx — c2x 

4> = cos-^x, d4> = « and in the second 0= cos-^x, d<f) = — — ==• Then 

Vl-x2 Vl-x2 



2 

+1 



/o , r^ xax /*" xox /** xax ^ 

^cos0d0=| - f ±=2/ =2. 

_ir Jo Vl — 0*2 "^l Vl — 0*2 •'0 



Ex. 3. Consider j dx and place x* = t. 

Then, when x = — 1, < = 1, and when x = 1, < = 1; and the attempt to substi- 
tute without care would lead to error. But z = — t^ and dx =— ^t~^dt when 
X is negative ; and x = t^ and dx = J f^dt when x is positive. Hence 

f'^ dx=f dx+f^dx = -f ^r^di+f ^r^dt=f r *d« = 2. 
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27. Integration by parts. If it is desired to integrate by parts, 
and a and h are values of the independent variable, then 



udv^ \uv\ — \ V du, 

a %J a 



To prove this, note that it follows at once from the equation 

d {uv) =1 {udv -\-v du) =1 udv -\- \ v du, 

a %J a %J a %J a 

Ex. 1. Find \ xe'dx. 
Jo 

Take x = u, eP'dx = dv ; then 

f xeP'dx = [xe'f^- C c*^ = c - MJ= 1. 

Ex.2. Discuss f ^sin^xdx. 

Jo 

Take sin^-ijc = u, sinxdx= dv; then 

IT E. — 

J^sin^xdx = [— cosxsin«-ia;]^+ (n — 1) f^sin^-^xcoa^xdx 
^ Jo 

IT 

= (n — 1) I ^ (sin» - 2x — sin»x) dx, 
Jo 

By transposing we have 

n f ^ sin»x dx = (n — 1) ( * sin«- ^x dx, 
Jo Jo 

tr 1 E 

whence ( ^ sin» x dx = f ^ sin« - ^x dx. (1) 

Jo w Jo 

If, in (1), we place n = 2, we have 

J^sin^xdx = - f^ dx 
2Jo 2 2 

If, in (1), we place n = 3, we have 

Jo SJo 3 

If, in (1), we place n = 4, we have 

3 ri . „ , 3jJ. w; 

r^'2' 



1 IT 



J^ sin* X dx = - r ^ sin^x dx = 
4t/o 
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If, in (1), we place n = 6, we have 



— A — 

J^ sm^xdx = - f ^8in^xdx = 
5t/o 



4-2 
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Continuing in this way, we find 



r^sin2*xda; = 



1-3 



Jo 



sin2*+ixdx = 



2 
2 



3.5 



6...(2A:-1) w 



4.6--2A; 
4.&...2A: 



7. -.(2*:+ 1) 



28. Infinite limits. It is possible to have the upper limit oc, 
where by definition 



Jf(x) dx = Lim I f{x) dx. 



The integral, then, is represented by the area bounded by the 
curve y =f(x), the axis of Xy and the ordinate x^a, the figure 
being unbounded at the right hand. There is no certainty that 
such an area is either finite or determinate. The tests by which it 

f(x)dx has a meaning 
wUl not be given. In case, however, it is possible to find the in- 
definite integral F(^ = 1 f{x)dx, the definite integral can be found 

•^ by the formula 

f{x)dx=F{'x,)-F{a), 

a 

where ^(<») = Lim F(b), 




b=s 00 



Ex. 



* dx 



Fig. 13 



.i.r^=[2Vix=<.. (flg.ii) 



Ex.3. I smxdx = [—cosx]'^ 
Jo 

= indeterminate, (fig. 18) 



Similarly, the lower limit, or both limits, of the definite integral 
may be infinite. 
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29. Infinite integrand. According to the definition of § 21 it is 

unallowable that /(a?) in / f(x)dx should become infinite between 

x = a and x = b. It is, however, possible to admit the case in which 
/(x) becomes infinite when x = b hy means of the definition 



f(x) dx = Lim | f{x) dx, 



and to compute the integral by the formula 



i 



f{x)dx=F{b)-^F(a), 



where F(h) means lim F(b — A). 

h = 

The integral has not, however, necessarily a finite or determinate 
value. Graphically, the integral is represented by the area between 
the curve y =/(«), the axis of x, 
the ordinate x = a, and the asymp- 
tote x = b. 



Ex.2, r jf_ =rsin-»gi°= 



IT 

— • 

2 
(fig. 15) 





Similarly, f(x) may become in- 
finite at the lower limit or at both ^'''' ^^ ^^'''' ^^ 
limits. If it becomes infinite for any value c between the limits, 

the integral should be separated into two inte- 
grals having c for the upper and the lower limit 
respectively. Failure to do this may lead to error. 



X+i dx 
—-' 
-1 X2 

Since — becomes infinite when x = (fig. 16), we sepa- 
rate the integral into two, thus: 

+idx r^dx 




/»+idx_ r^ dx r^^__ 
J_i ^~J-i^ Jo x2~ 



00 
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Had we carelessly applied the incorrect formula 

J~i x2~L xj-i' 
we should have been led to the absurd result — 2. 

30. The mean value of a function. We have seen in § 24 that 
where ^ lies between a and 6. The value 

is called the mean value of f{x) in the interval from a to 6. This is 
in fact an extension of the ordinary meaning of the average, or mean, 
value of n measurements. For let y^, y^ ^a, • • •, y„_i, correspond 
to n values of x, which divide the interval from a to 6 into n equal 
parts, each equal to Aic. Then the average of these n values of y is 



Vo-^ Vi-^ y^-^ ' " -^ y. 



n-\ 



n 
This fraction is equal to 

{yo-^y&y2^ • • • + yn-i)^^ yA^^y^£^x-^y ^^x+ . . . +y„_iAa? 

■ — •' ■' ' ' — -■■ ' '-■■ -■ ■■ — -- 1- SSS ' ' '" " ■ .. ^ I ■ I ■ ■ ■ ,1, ^ 

n^x h — a 

As n is indefinitely increased, this expression approaches as a 

1 r^ 1 r^ 

limit I ydx = i f{x) dx. Hence the mean value of a 

o — cLJa f> - « Ja 

fimction may be considered as the average of an " infinite number " 

of values of the function, taken at equal distances between a and K 

Ex. 1. Find the mean velocity of a body falling from rest during the time t\. 
The velocity is gt^ where g is the acceleration due to gravity. Hence the mean 

1 r^i 

velocity is ( gtdt = \gtx. This is half the final velocity. 

ti — Jo 

Ex. 2. In using the indicator diagram (§ 22) engineers use the ** mean effect- 
ive pressure," which is defined as the constant pressure which will do the same 
amount of work per stroke as is done by the varying pressure shown by the 
indicator diagram. It is found by dividing the area of the diagram by 6 — a, 
and is accordingly an example of the mean value of a function. 
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Formula (1) may be written in another form, not involving the 

integral sign. Let us place I f{x)dx=F(x); then f(x) = F'(x), 
and (1) becomes ^ 



F'(^) = ——[F{b)-F{a)l 



or 



(2) 
(3) 



F{h) - F(a) = (6 - a) F' (^). 

Formula (2) has a simple graphical meaning. For let LK 
(fig. 17) be the graph of F{x) and let OA = a and OB==h, Then 
b — a=AB,F{b)- F{a) = BE^AD= CF, and 

F(b) - F{a) ^CF^^^^ ^ ^j ^^^ ^j^^^ ^^ 
b — a DC ^ 

If now I is any value of x, F'{^) is the slope of the tangent at 
the corresponding point of LK. Hence (2) asserts that there is 
some point between A and B for which the tangent is parallel 
to the chord DF. This is 
evidently true if F(x) and 
F'(x) are continuous. 

Formula (3) may be used to 
prove the proposition, which 
we have previously used with- 
out proof, namely : If the 
derivative of a function is 
always zero, the function is 
a constant. For let F'(x) be 
always zero and let a and b be any two values of x. Then, by (3), 
F(b) — F{a)= 0. That is, any two values of the function are 
equal; in other words, the function is a constant. 

From this it follows that two functions which have the same 
derivative differ by a constant. For if F^(x) = ^'(x), then 

— [F(x)^^(x)'] = 0; whence F{x) = ^(x)+C. 

(JbvU 

31. Taylor's and Maclaurin's series. Formula (3), § 30, is a 
special case of a more general relation, which we will now proceed 
to obtain. Let us take the equation 




X 



f"{x)dx=f<{x)-f'{a), 



1 
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multiply both sides by dx^ and integrate between a and x. We 

nave px r*x px px 

/ / f"{x)d<x?= I f'(x)dx- I f'{a)dx 

%Ja %Ja %J a %J a 

Therefore f{x) =f{a) + (x- a)f{a) + C ['/"{x) dx". 

But if m is the smallest and M the largest value of f'\x) between 
a and x, then (§ 24), when x>a, 



m 



{x—a)< jf^{x)dx<M{x—a), 



mix-: af f' f ^^,. ^ ^ „ Mix - af 
whence —^ — - < f J f\x) do? < — ^-^ — ^ • 

Hence | / f\x)do?^ ^^ ' , where m<fi<M, 

If /"(a?) is a continuous function, there is at least one value of x, 
say Ij, between a and a?, for which /"(|j) = /x (I, § 56). Therefore 
we have, finally, 

/(a;) =/(«) + (a; -«)/'(«)+ ^^^/"(f,). (1) 

Again, let us take 

fy"'{x)dx=f"{x)-f"{a). 

•J a 

Then C Cf'^x) da? = f /"(ic) dx - ffia) dx 

and 

m/"(ic) (ia;« = rf(x)dx- rf{a)dx- C\x-a)f\a)d, 
%J a %J a %J a 



=f(x) -f{a) -{X- a)f{a) - <^-^/"(a), 
whence 

fix) =/(a) + (x- a)/' (a) + ^^^/"{a) + ^^^/"'(Q» (2) 
where a< ^^< x. 

* The symbol [2 means 1*2, IJ^ means 1 •2-3, and, in general, |n, read factorial n, 
means the product of the n integers from 1 to n inclusive. 
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f(^^+^^(^x)dx, we obtain 



/(^) =/(«) + (^ - «)/'(«) + ^^^/» + ^^^/'» + 



<V^>(«)+i?., 



+ ^-r-^/'(a)+-B„ (3) 



where JK„ = -^-i ^- — /(»+i> (|), where a<^<x,the only restrictions 



being that the n-{-l derivatives of f(x) exist and are continuous. 

The value of E^ in (3) is not known exactly, since | is unknown, 

but it usually happens that, if a; — a is a sufficiently small quantity, 

lim B^ = 0. Then the value oif{x) may be expressed approximately 

I»=a0 

by the first n-\-l terms of (3), omitting -R„, and this approximation 
approaches f(x) as a limit as ti is indefinitely increased. In this 
case we say that f{x) is expanded into the infinite series 

m =/(«) +{«^- «)/'(«) + ^^^/"(«) 

+ ^^^V» + --- (4) 

For larger values of x — a, however, it may happen that the 
value of R^ increases without limit as n increases. Hence the 
omission of R^ in (3) leaves ti + 1 terms, the sum of which 
differs more and more from f{x) the more terms are taken. 
In such a case the series (4) cannot be taken to represent the 
function. 

The determination of the values oi x — a for which (4) is valid 
is, in general, a matter involving a knowledge of mathematics which 
lies outside the limits of this course. In the illustrative examples 
and in the problems for the student we shall simply state the facts 
in each cai^e without proof. 

Formula (4) is known as Taylor's series. Here a is a known 
value of X for which f{x) and its derivatives are known. The series 
then enables us to compute the value of f(x) for values of x not 
too remote from a. 
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Another convenient form of (4) is obtained by placing x — a^h^ 
whence x = a'\-h. We have, then, 

f(a + h)=f{a) + h/'{a) + ^f"(a) + ^/'"(a) + • • • . (5) 

Here the remainder is usually expressed as 

^„ = -^-— /'»+^(a + ^A), where 0<^<1. 



7i + l' 



A special form of (4) arises when a = 0. We have, then, 



«*' nil J r\\ '*■' 



f(x) ==/(0) + ^/(O) + 1/"(0) + |/"'(0) + . . .. (6) 

This is known as MaclaurirCs series, and the function is said to 
be expanded into a power series in x. 

Ex. 1. e^. 

By Maclaurin's series (6), we find, since /(«) = e*, f\x) = e^, f(x) = e*, etc., 
and/(0) = 1, r(0) = 1, /''(O) = 1, etc., 

Z X^ X^ X* 

^ = '+l + i + [| + i4 + -- 

This expansion is valid for all values of x. If we place x = J, we have 
e* = l + J + T^ + j^^ + 75^?? — 1-3966, correct to four decimal places. If x 
has a larger value, more terms of the series must be taken in the computation, 
so that the series, while valid, is. inconvenient for large values of x. 

Ex. 2. sinx. 

By Maclaurin^s series, 

2"8 />»6 jp7 

which is valid for all values of x. 

To find sin 15°, we first change 15° to circular measure, which is ^^%ir 
= ^ TT = .2618. Then the first two terms of the series give sin 15° = .2588, cor- 
rect to four decimal places. 

By Taylor's series (5), we have 

sin (a + ^) = sin a + A cos a — — sin a — .— cos a 4- • • • . 

Ex. 3. cosx. 

By Maclaurin's series, 

x2 . X* x« 

^^* = '-[2+[4-i6+--- 
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Ex. 4. (a + a)". 

By Maclaurin's series, 

This is the binomial theorem. If n is a positive integer, the expansion is a 
polynomial of n + 1 terms, since /(«+i)(x) and all higher derivatives are equal 
to 0. But if n is a negative integer or a fraction, the expansion is an infinite 
series which is valid when x is numerically less than a. 

Ex. 6. logjc. 

The function logx cannot be expanded by Maclaurin's series, since its 
derivatives are infinite when x = 0. We may use Taylor's series (4), 
placing a = 1. We have, then, 

logx = (X - 1) - ^ 4- g - ^ + • • •. 
Or we may expand log(l + x) by Maclaurin's series with the result 

2^2 2^8 ^ 

log(l + x) = x-- + --- + --.. 

2 o 4 
This expansion is valid when x is numerically less than 1. 

32. Operations with power series. When a function is expressed 
as a power series, it may be integrated or differentiated by integrat- 
ing or differentiating the series term by term. The new series will 
be valid for the same values of the variable for which the original 
series is valid. If the method is applied to a definite integral, the 
limits must be values for which the series is valid. 

Similarly, if two fimctions are each expressed by a power series, 
their sum, difference, product, or quotient is the sum, the differ- 
ence, the product, or the quotient of the series. 

Ex. 1. Required to expand sin-^x. 
We have 

sin-ix= f ^ = r(l-x^)-^dx 
Jo Vl — x^ "^^ 

= fi'^ + 5** + ^** + t4^^ + • • •)*» (by Ex. 4, § 31) 
t/o\ 2 2'4*2-4'D / 

1 x8 13 x* 13.5 x7 

= X + — • 1 • 1 • H • • • . 

2 3 24 6 2-4.6 7 
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Ex. 2. To find 







The indefinite integral cannot be found directly. We may expand e-^ by 
Ex. 1, §31. Then 

e-^dx= I II hi , — ]dx = x h —. j- + • • •. 

Jo\ 1|2|3/ 36|2 7[3 

Ex. 3. To expand 



(1 + x)8 



By division, = l—x + x^ — x^-\-xl^-x^-\ . 

l + x 

By successive differentiation, 

- (1 + x)-2 = - 1+ 2x - 3aj2 + 4aj8 _ 5x4 + . . ., 
2(l + x)-8 = 2-6x+ 12x2-20x8 + ..-. 
Therefore (1 + x)-8 = 1 - 3x + 6x3 - lOx^ + • • •. 

l + x 

Ex. 4. To expand log 

1 — X 

log l^ = log(l + X) - log(l - X) 
1 — X 

/ X2 X8 X* . X6 \ / X2 X8 X* X6 \ 

-T. e rr. j Sln-^X 

Ex. 5. To expand 



Vl-x2 

T> x^ 1 -1 . x« 8x6 6x7 

By Ex.1, sin-ix = x + - + — + — + ... 

byEx.4,§31, (l-xr^=l + $ + ^ + ^ + .-. 

2 o lo 

Hence, by multiplication, 

sin-ix 2x8 8x6 iqx^ 



Vl-x2 3 16 86 

33. By means of Taylor's theorem we can complete the rule 
given in I, § 62, for the maximum and the minimum values of a 
function of one variable. Let a be a value of x for which the first n 
derivatives of f(x) are zero ; i.e. let f(a) = 0, f'(a) = 0, /'"(a) = 0, 
. . ., f-\a) = 0, but f-+^\a)=^^ 0. Then, by Taylor's theorem (5), 

/(a + h) -f{a) = / /^^ + iJ„^,. 
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If h is sufficiently small, the term — — ^— ^ will be larger 



numerically than ^«+i, since the latter contains A"+^ as a factor. 
Hence the sign of /(«^ + ^)— /(a) depends upon the sign of 



71 + 1 



If n is even, ti + 1 is odd, and the sign of ^""^^ changes with the 
sign of h. Hence the sign of f{a-^h)—f(a) changes with that 
of h. Therefore /(a) is neither a maximum nor a minimum value 

of/(^). 

If n is odd, ?i + 1 is even and ^""^^ is always positive. Hence the 
sign off (a ±h)—f{a) is the same as the sign of /^""^^^a). There- 
fore if /^""^^^(a) > 0, f(a) is a minimum value of f(x); and if 
/<'»+i>(a)< 0,/(a) is a maximum value olf(x). 

PROBLEMS 



Find the values of the following definite integrals : 



1. C (x8 + 3x + 3)dx. 



* dz 



9 C ^ 

3. rVi-x*)4da;. 



a a;8 



4. I (to. 

Jo 2a — X 

' Jo \ Vx2 + 1/ 

6. I xe-^cte. 
Jo 



tanx(2x. 



8 <2x 
cosx 



9. T^(l + sin^)2cos^d^. 



6 



2C^ + 1 



0. f'^+idx. 
Ji e^-1 






J c^ 



(2x. 



cos^e* 



e*dx 



CO Vl — e2- 



1. r" 

J— oc 



dx 



CO 6 + 2 X + x^ 



. r^"si 

Jtr 



sin^^d^. 



5. / cos8-d^. 
Jo 4 



18 



■/. 



« dx 



(a2 + x2)« 



19. r"Va2-x2dx. 

J— a 



20 



. r Vx2-a2dx. 

Ja 



21 



22 



Jo 



X sin X (2x. 



/.2 

. I x2 1ogx(Zx. 



23. ( 'sin- ixcZx. 
Jo 



6. r * sin2 cos8 d^. ^*- X ^^ ®^"~ 



ixdSx. 



r. r- 

Jo I 



cfx 
(X2 + a2)2 



25 



. r x2e- 
Jo 



^(fx. 
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tr w 



26. Prove f ^ sinS 0d0=^f^8in*e dO. 

n IT 

27. Prove f ^ a" sin x dx = n (^ x» -^ cos x dx, if n > 1. 

Jo «/o 

— has a definite value when, and only when, fe > 1. 

1 X* 

has a definite value when, and only when, A: < 1. 

a (6 - X)* 

30. If /(— x) = — /(x), show graphically that I f{x)dx = 0. 

J— a 

31. If /(- x) =/(x), show graphically that f f(x)dz = 2 f f{z)dx. 

32. If/(a-x)=/(x), show graphically that r°/(x)dx=2 f '*f(x)dx, 

33. Show graphically that I /(sinx)dx = A: I /(sinx)(ix. 

34. If a < 6, and /i(x), /2(x), /3(x) are three functions such that, for all 
talues of X between a and h inclusive, /i (x) </2(x) </8(x), prove 

J ^6 ph ph 

fi (x) dx < I /2 (x) dx < I /a (x) dx. 
o «/a Ja 

35. Find the mean value of the lengths of the perpendiculars from a diameter 
of a semicircle to the circumference. 

36. Find the mean value of the ordinates of the curve y = sin x between 
X = and x = tt. 

37. A particle describes simple harmonic motion defined by- the formula 
8 = a sin kt Show that the mean kinetic energy during a complete vibration is 
half the maximum kinetic energy. 

Obtain the following expansions. (The values of x for which the expansion 
is valid are given in each case. ) 

38. versx=^-j^ + |--^ + .--. (-qo<x<oo) 

"'• V!T^ = '-2^'-^2^^*"2T4T6^^ + -- (-1<-<1) 

40. a^ = l + xloga + <^^V(^^V.... (-oo<x<oo) 

[2 [3 



-- , x8 2x5 17x7 

41. tan x = x-\ 1 h 

3 15 315 






42. tan-ix = x-^x^-^^x^-}x'^-\--". (-l<x<l) 



1 x8 1-3 x5 135 x7 



43. log(x + Vi + x2)=x + — '- H . -l<x<l 

^^ ' 232-4 5 2.4.6 7 
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[3 [5 [7 

/wQ /w4 ^wA 

45. co8hx = l + i^ + jj + j^ + 



(— a < X < oo) 



(— 00 <x < «) 



46. Compute the value of tanh ^ to four decimal places. 

47. Given log 2 = 0.698, log 3 = 1.099, what error would be made in assuming 
log 2 J = log2 + I (1.099 - 0.698)? 

48. Assuming sin 60° = J Vs = .8660, cos 60° = J, find sin 6P to four decimal 
places. 



Verify the following expansions : 
49. f 



ilog{l + x) l_]t Jl_i 

12 2'2 32 42 



X 



Jo 1 - X \12 ^ 22 ^ 33 ^ 42 ^ / 

51. I ax = 1 :rT + "*« 

Jol + x* a rt + 6 a + 26 a + 36 

52. I C0Sx2aX = X ft; + — : ri H * ' •• 

Jo 6[2^9[4 13(6 



CHAPTEE IV 
APPLICATIONS TO GEOMETRY 

34. Element of a definite integral. In this and the subsequent 
chapter we shall give certain practical applications of the definite 
integral. Here we return in every case to the summation idea of 
§ 21. The general method of handling one of the various problems 
proposed is to analyze it into the limit of the sum of an infinite 
number of infinitesimals of the form f{x)dx. The expression 
f{x)dx, as well as the concrete object it represents, is called the 
element of the sum. 

35. Area of a plane curve in Cartesian coordinates. It has 

already been shown (§ 22) that the area bounded by the axis of Xy 
the straight lines x = a and x = h (a<b), and a portion of the 
curve y =/(^) which lies above the axis of x is given by the defi- 
nite integral ^h 

J ydx. (1) 

It has also been noted that either of the bounding lines a; = a or 
x = b may be replaced by a point in which the curve cuts OX. 
Here the element of integration y dx represents the area of a rec^ 
tangle with the base dx and the altitude y. 

Similarly, the area bounded by the axis of y, the straight lines 
y = c and y = d (c<d), and a portion of the curve x =f{y) lying 
to the right of the axis of y is given by the integral 

X dy, (2) 



X 



where the element xdy represents a rectangle with base x and 
altitude dy. 

Areas bounded in other ways than these are frequently found 
by expressing the required area as the sum or the difference of 
areas of the above type. 
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Ex. 1. Find the area of the ellipse — ^- — = 1. 

It is evident from the symmetry of the curve (fig. 18) that one fourth of the 
required area is bounded by the axis of y, the axis of aj, and the curve. Hence, 
if iT is the total area of the ellipse, 

Jr=4 f\dx = 4: r°- Va2-x2dx 
Jo t/O o, 

= — \x Va2-a;2 + a^ sin- 1 -1"= wdb. 

Ex. 2. Find the area bounded by the 
axis of X, the parabola y^ = 4px, and the 
straight line,!/ + 2aj — 4jj = (fig. 19). 
The straight line and the parabola in- 
tersect at the point C(p, 2p), and the Fig. ig 
straight line intersects OX at 5(2p, 0). 
The figure shows that the required area is the sum of two areas OCD and 

CBD, Hence, if Z" is the required area, 

Y 

£■= r Vi^dx+f (ip-2x)dx 
= [rtl>^«^];+ [4paj - x2]2p= 7 p2. 





\ 




Fig. 19 



Fig. 20 



Ex. 3. Find the area inclosed by the curve (y — x — 3)2 = 4 — x*. 
Solving the equation for y, we have 



yz=x + 3± V4 - 



x-^ 



showing that the curve (fig. 20) lies between the straight lines x = — 2 and x = 2. 
It is clear from the figure that the area ACEDB = [ yidx and the area 

/»2 . J-2 . 

dCFDB = I y2dx, where yi = x + 3 + v4 - x2 and 3/2 = x + 3 - v4 - x2. 

t/-2 
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Theuef ore, if Z" is the required area CEDFC, 
2 /»2 /»a 



-2 «/— 2 «/ — a v — 2 

= \x V4-ic3 + 4 sin-1 5]* 



= 47r. 



In the above examples we have replaced y in i y da; by its 

value f{x) taken from the equation of the curve. More generally, 
if the equation of the curve is in the parametric form, we replace 
both X and y by their values in terms of the independent parameter. 
This is a substitution of a new variable, as explained in § 26, and 
the limits must be correspondingly changed. 

Ex. 4. Let the equations of the eUipse be 

x = a cos ^, y — h sin 4>» 

Then the area K of Ex. 1 may be computed as follows : 



- 

K~ 4 f ydx=:-4: f ab sin^ <f>d<f> = 4 db f^8m^4>d<p=: 

Jo t/ir Jo 



vah. 



Similarly, if the equation of the curve is, in polar coordinates, 
r —f{0) and the area sought is one of the above forms, we may place 

x — roosd =f{0) cos 0, 
y = rsin0 =f{0) sin 6, 

and obtain thus a para- 
metric representation of 
the curve. 

In case the axes of 

reference are oblique, the 

method of finding the 

area is easily modified, 

as follows: 

Let the axes OX and OY (fig. 21) intersect at the angle ©, and 

let us find the area bounded by the curve y =zf(x), the axis of x, 

and the ordinates x = a and x = h. The area is evidently the limit 

of the sum of the areas of the parallelograms whose sides are 




Fig. 21 
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parallel to OX and OY. The area of one such parallelogram is 
yAojsinft). Hence the required area is 

sino) I ydx, (3) 

36. Area of a plane curve in polar coordinates. Let (fig. 22) be 
the pole, OM the initial line of a system of polar coordinates (r, 6), 
OA and OB two fixed radii vectors for which 6 = a and 6 = ^ 
respectively, and AB any curve for which the equation is r =f(0), 
Eequired the area A OB, 

The required area may be divided into 
n smaller areas by dividing the angle 

AOB =13— a into n equal parts, each of 

13 — a 

which equals = A0, and drawing the 

n 

lines OiJ, OP^, OF^,--, 0P„_^, where 
AOF,=F^OF^=F^OP^=' '=P„_^OB 
= A0. (In the figure n = 8.) The 
required area is the sum of the 
areas of these elementary areas for 
all values of n. The areas of these ^ 
small figures, however, are no easier 
to find exactly than the given area, but we may find them approxi- 
mately by describing from as a center the circular arcs AP^y 
iji^„^7?3, ...,^_,i^„. Let 

OA = r,, OP, = r,, OP, = r,, ..., Oi^. 

Then, by geometry, 

the area of the sector AOR^ = \ r^ A6, 
the area of the sector 1^0 R^ = J rf Ad, 

• ••••••• 

the area of the sector I^_^OR„ = ^ r^_i Aft 
The sum of these areas, namely 

i= n—l 




Fig. 22 



n-V 



1 
2 



X^t^^' 



i = 



is an approximation to the required area, and the limit of this sum 
as n is indefinitely increased is the required area. 
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To show this we need to show that the area of each of the cu*- 
cular sectors (e.g. 1^0 R^ differs from the corresponding elementary 
area {P^OP^ by an infinitesimal of higher order than either. For 
that purpose draw from P^ an arc of a circle with center O inter- 
secting Oil in S, Then 

area P^OR^ < area P^OP^< area SOP^, 

area BOP. area SOP 
area P^OR^ area PfiR^ 

But area P^OR^= \ r^A0 and area SOP,= ^r^A0 = J (rg-f Ar)^A^. 

Therefore ^^^^-^^ = (vtM^A + Ar> 

area-^O-K^ ^a^ \ r^ 

Now as ?i increases without limit, A^ and consequently Ar 

approach zero as a limit. Hence Lim * = 1, and there- 

, ^. areaiJOP , "=" ^reaP.UiC, 

fore Lam tttt^- = !• 

„=oo areaiJO^^ 

Hence the area P^OR^ differs from the area P^OP^ by an infini- 
tesimal of higher order than either (§ 2), and therefore the limit 
of the sum of such areas as J^OR^^^ equals the limit of the sum of 
such areas as J^OJ^_^^, as n is increased indefinitely (§ 3). But the 
latter limit is the area A OB, since 



i = n-l 



5j^0^^i= the area A OB 
for all values of n. Hence, finally, 

the area JOB = lim I'^rfAB = ^ f r^dd^l f [f{d)Yd0. 

The student should compare this discussion with that of I, § 189. 

The above result is unchanged if the point A coincides with O, 
but in that case OA must be tangent to the curve. So also B may 
coincide with 0. 



VOLUME OF A SOLID OF REVOLUTION 69 

Ex. Find the area of one loop of the curve r = a sin 3 ^ (I, § 177). 
The required area K is given by the equation 



K=— f^sin^Sede. 
2 Jo 



To integrate, place SO = 4>; then 

6 «/o 



12 ' 



37. Volume of a solid of revolution. A solid of revolution is 
a solid generated by the revolution of a plane figure about an axis 
in its plan£. The simplest case is that in which the plane figure is 
bounded by the axis of revolution, two straight lines at right angles 
to the axis, and a curve which does not cut the axis. Such a solid 
is bounded by two parallel plane bases which are circles and by 
a surface of revolution generated by the revolving curve. Each 
point of this curve generates a circle whose center is in the axis 
of revolution and whose plane is parallel to the bases and perpen- 
dicular to the axis. Consequently, if planes are passed perpendicular 
to the axis, they will divide the soKd into smaller solids with par- 
allel circular bases. We shall proceed to find an approximate 
expression for the volume of one of these smaller solids. 

Let KL (fig. 23) be the revolving curve, the equation of which 
is X =f(y), OY the axis of revolution, CK the line y = c, and DL 
the line y = d{c < d). Eequired the volume generated by the revo- 
lution of the figure CKLD, Divide the line CD into n equal 

d — c 
parts, each of which equals = Ay, by the points N^, iVg, 

^s^-"y K-i where OJSr^ = y„ OiV^ = y^, ON^ =ys,'-y 0N^_^ == y^_^. 
Pass planes through the points N^, N^, iVg, • • •, iV"„_i, perpen- 
dicular to OY. They will intersect the surface of revolution in 
circles with the radii x^y x^, iCg, . • . , x^_^, where x^ = N^J^, x^ = iVgiJ, 
^3 = ^8-^> • * •> ^n-i = -^n-i^-i- ^hc arcas of these sections, begin- 
ning with the base of the solid, are therefore ttx^, ttx^, ttx^, • • •, 
^^-i> where Xq= CK. 

The solid is now cut into n slices of altitude Ay. We may consider 
the volume of each as approximately equal to that of a cylinder with 
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its base coincident with the base of the slice and its altitude equal 
to that of the slice. The sum of the volumes of the n cylinders is 

and the limit of this sum as n is indefinitely increased is, by defi- 
nition, the volume of the solid of revolution. 

This definition is seen to be reasonable and in accordance with 
the common conception of volume as follows. Whatever the defini- 

Y Y 








Fig. 23 




tion of volume, it is evident that the volume of a solid is the sum 
of the volumes of its parts, and the volume of a solid inclosing 
another is greater than that of the solid inclosed. 

Let then voL N^NJIP^ (for example) be the volume of the slice 
generated by the revolution of the plane figure N^N^Il^ and draw 
the lines IIR and I^S parallel to OY. Then evidently 

vol. N^N^SP^ > vol. N^N^P^P^ > vol. N^N^P^R 



or 



But 



vol. N,N,P,P, vol. N,N,P,R 
vol. N^N^SP^ vol. N^N^SP^ 



voL N^N^SP^ = ttN^P^ . iVjiVr =7raj*Ay 



and voL N^N^P^R = frN^jf • iVriV, = irx^iiy = tt (ajg + ^xy^y. 
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Hence Lim — - — ^ * ^ = Lim ^-^ — - — ^ = 1, 

vol. N^N^SF^ xl 

vol N N PB 

and consequently lim — ^ — - — ^-^-^ = 1. 
^ ^ vol. N^N^SF^ 

Therefore the volume of the slice differs from that of the cylinder 
by an infinitesimal of higher order than that of either (§ 2), and 
therefore the limit of the sum of the volumes of the slices is the 
same as that of the sum of the volumes of the cylinders (§ 3). 

Hence, finally, 

vol. CKLD = lim ir^x^Ay = tt / x'dy, (1) 

** = * 1 = t/c 

It is evident that the result is not invalidated if either L or K 
lies on OY. 

Similarly, the volume generated by revolving about OX a figure 
bounded by OX, two straight lines x=^a and x = b(a <b), and 
any curve not crossing OX is 

TT I y^dx. (2) 

To evaluate either of these integrals it is of course necessary to 
express x in terms of y, or y in terms of x, or both x and y in 
terms of a new variable, from the equation of the curve. 

The volume of a solid generated by a plane figure of other shape 
than that just handled may often be found by taking the sum or 
the difference of two such volumes as 
the foregoing. 

Ex. Find the volume of the ring solid gen- 
erated by revolving a circle of radius a about an 
axis in its plane b units from the center (6 > a). 

Take the axis of revolution as OF (fig. 24) 
and a line through the center as OX. Then the 
equation of the circle is (a; — b)^ + y^ = a^. 

The volume required is the difference between the volume generated by 
CLEKD and that generated by CLFKD. But the volume generated by 

CLEKD is TT I Xidy where Xi = b -{■ Va^ — yS, and the volume generated 

J— a 

by CLFKD is tt f x^dy where Xa = 6 - Va2 - j/^, 

J— a 
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Therefore the required volume is 

TT / Q^dy -TT \ x^dy = ir\ (x^ -x^) dy 

= 4 7r6 r " Va2 - y^dy = 4 7r6 F?^ Va2 -y^-\-— sin-i?^]" =2TfiaV), 

J— a L2 2 ttj— o 

38. Volume of a solid with parallel bases. Fig. 25 represents a 
solid with parallel bases. The straight line F is drawn perpen- 
dicular to the bases, cutting the lower base at -4, where y = a, and 
the upper base at B, where y = h, (The axis of x may be any line 

perpendicular to OF, but it is 
not shown in the figure and is 
not needed in the discussion.) 
Let the line AB be divided into 

n parts each equal to = Ay, 

and let planes be passed through 
each point of division parallel to 
the bases of the solid. Let A^ 
be the area of the lower base 
of the solid, A^ the area of the 
first section parallel to the base, 
A^ the area of the second sec- 
tion, and so on, A^_^ being the 
area of the section next below 
the upper base. Then A^Ay 
represents the volume of a cyl- 
inder with base equal to A^^ and 
altitude equal to Ay, A^Ay represents the volume of a cylinder 
standing on the next section as a base and extending to the section 
next above, and so forth. It is clear that 

A^Ay-hA^Ay-i-A^Ay-i- - -- -}- A^_^Ay 

is an approximation to the volume of the sohd, and that the limit 
of this sum as n indefinitely increases is the volume of the solid. 
That this is rigorously true may be shown by a discussion similar 
to that of the previous article. That is, the required volume is 

Ady, 
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To find the value of this integral it is necessary to express A in 
terms of y, or both A and y in terms of some other independent 
variable. This is a problem of geometry which must be solved 
for each solid. The solids of revolution are special cases. It is clear 
that the previous discussion is valid if the upper base reduces to a 
point, Le. if the solid simply touches a plane parallel to its basa 
Similarly, both bases may reduce to points. 

Ex. 1. Two ellipses with equal major axes are placed with their equal axes 
coinciding and their planes perpendicular. A variable ellipse moves so that its 
center is on the common axis of the given ellipses, the plane of the moving 
ellipse being peipendicular to those of the given ellipses. Required the volume 
of the solid generated. 




Fig. 26 



Let the given ellipses be ABA'B' (fig. 26) with semiaxes OA = a and OB = 6, 
and AQA'C with semiaxes OA = a and OC = c, and let the common axis be 
OX, Let NMN'M^ be one position of the moving ellipse with the center P 
where OP = x. Then if A is the area of NMN'M\ 



A = irPMPN. 



(by § 35, Ex. 1) 



But from the ellipse ABA'B' — + 



aj2 . PM 



2 



a2 62 



= 1, 



and from the ellipse ACA'C 1 r— = 1. 



a2 ■ c2 



Therefore 



he 
PM'PN=-(pfi-x^). 
a2 



Consequently the required volume is 

« irhc 



J-a a^ ' 3 



The solid is called an ellipsoid (§ 86, Ex. 5). 
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Ex. 2. The axes of two equal right circular cylinders intersect at right 
angles. Required the volume common to the cylinders. 

Let OA and OB (fig. 27) be the axes 
of the cylinders, OY their common per- 
pendicular at their point of intersection 
0, and a the radius of the base of each 
cylinder. Then the figure represents 
one eighth of the required volume V. 
A plane passed perpendicular to OY 
at a distance ON = y from intersects 
the solid in a square, of which one side 




A is NP = ^OP^ - ON'^ = Va2 - yK 
Therefore 



\V = ^"^NP^dy = p{a^-y^)dy= %a^ 



and 



V = V^ aK 



39. The prismoidal formula. The formula r= | -4 c?y leads to 

a simple and important result in those cases in which A can be 
expressed as a polynomial in y of degree not greater than 3. Let 
us place A ^ „.s t „ ^j2 I „ „. I ^ 

and take O, for convenience, in the lower base of the solid. Then 
if A is the altitude of the solid, 

If now we place B for the area of the lower base, 6 for the area 
of the upper base, and M for the area of the section midway be- 
tween the bases, we have 

The formula for V then becomes 



B = a^,h = aji^-i- aji^+ aji + a^, M= a^l - ) + ^if ;^ ) + ^al ^ )+ «8- 



b 



This is known as the prismoidal formula. 
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To show its applicability to a given solid, we need only to show 
that the area of a cross section of the solid may be expressed as 
above. The most important and frequent cases are when -4 is a 
qvudratic polynomial in y. In this way the student may show 
that the formula applies to frustra of pyramids, prisms, wedges, 
cones, cylinders, spheres, or solids of revolution in which the gen- 
erating curve is a portion of a conic with one axis parallel to the 
axis of revolution, and also to the complete solids just named. 

The formula takes its name, however, from its applicability to 
the solid called the prismoid, which we define as a solid having 
for its two ends dissimilar plane polygons with the same number 
of sides and the corresponding sides parallel, and for its lateral 
faces trapezoids.* 

Furthermore, the formula is applicable to a more general solid, 
two of whose faces are plane polygons lyiug in parallel planes and 
whose lateral faces are triangles with their vertices in the vertices 
of these polygons. 

Finally, if the number of sides of the polygons of the last 
defined solid is allowed to increase without limit, the solid goes 
over into a solid whose bases are plane curves in parallel planes 
and whose curved surface is generated by a straight line which 
touches each of the base curves. To such a solid the formula also 
applies (see § 91, Ex. 5). 

The formula is extensively used by 
engineers in computing earthworks. 

40. Length of a plane curve in rec- 
tangular coordinates. To find the length 
of any curve AB (fig. 28), assume n — l 
points, J^, I^, ' ' -,-?_!, between A and B 
and connect each pair of consecutive -pio 28 

points by a straight line. The length 

of AB is then defined as the limit of the sum of the lengths of 
the n chords AJ^, P^I^, ^-^r • *, -?-i^ as ri is increased without 
limit and the length of each chord approaches zero as a limit 
(I, § 104). 

* The definition of the prismoid is yarionsly given by different authors. We adopt 
that which connects the solid most closely with the prism. 
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Let the coordinates of I^ be {x^^ y^ and those of if^^ be {x.-^ Ax, 
y,.+ Ay). Then the length of the chord Iflf^^ is V(Ai»)^ + {At/f, and 
the length of AB is the limit of the sum of the lengths of the n 
chords as n increases indefinitely. But V(Aa;)^+(Ay)^ is an infini- 
tesimal which differs from the infinitesimal Vda^-^ dy^ by an 
infinitesimal of higher order. For 






\dxj 

Now if X is the independent variable^ Ax — dx (§ 4) ; \i x is not 

Ax Ay dy 

the independent variable, Lim -^ = 1 (§4). Also Lim — - = -^ . 

/7a \2 7a \2 *^ 

Hence Lim ( ^^) +(^y ) _ ^ i Therefore (§ 3), in finding the 

^da? + d]^ 

length of the curve, we may replace V(Aa?)^ + (Ay)^ by "^da? + di/^. 

Therefore if s is the length of AB, we have 

' ^dx'^-df, (1) 

where {A) and {B) denote the values of the independent variable 
for the points A and B respectively. 

If X is the independent variable, and the abscissas of A and B 
are a and 6 respectively, (1) becomes 



If y is the independent variable, and the values of t/ at ^ and B 
are c and d respectively, (1) becomes 



If X and y are expressed in terms of an independent parameter t, 
and the values of t for A and B respectively are t^ and t^, (1) be- 
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Ex. 1. Find the length of the parabola y^ == ^px from the vertex to the 
point (h, k). 



Formula (2) gives * = / \/ ^^* 

1 pk . 

Formula (3) gives « = — i V y2 _^ 4 j>2 ^y^ 

2pJo 

Either integral leads to the result 



s = — VA:a + 4pa + p log— 3_-^I__iL. 
4p 2|) 



Ex. 2. Find the length of an ellipse. 

X^ 2/2 

If the equation of the ellipse is — f- — = 1, and we measure the arc from the 
end of the minor axis, we have ^ . 



1 r" /a2 - e2x2 

-s= i \ ax. 

4 Jo \ a2 - x2 ' 



Va2 — 52 
where e = ? the eccentricity of the ellipse. Let us place x = a sin ; 

then 

n 

-1 s = a r^ Vl- e2sin20d0. 

The indefinite integra l cannot be found in terms of elementary functions. 
We therefore expand Vl— el^sin^ip into a series by the binomial theorem 
(§ 31, Ex. 4) ; thus 

Vl-e2sin20 = 1 - -e2sin20 L e*sin*0 - -^-^c«sin80 . 

2 2*4 2 • 4 • 6 

This series converges for all values of 0, since e2sin2 < 1; then 

-•i{H)''--m'i<^'l-} ''''-•-^' 

The length of the ellipse may now be computed to any required degree of 
accuracy. 

41. Length of a plane curve in polar coordinates. The formula 






8 



of § 40 may be transferred to polar coordinates by placing 

x = r cos 0, y = r sin 0. 
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Then ' 

and 

Therefore 



dx = cos dr — r sm0 dO, 
dy = sin ^ rfr + r cos d0, 
da?+df=dr'+r^dff', 

s= f ■y/dr'+r'dff'. 



(1) 



If is the independent variable, and the values of for A and 
^'are a and /8 respectively, (1) becomes 



s 



=r>J 



"<%)'''■ 



(2) 



If r is the independent variable, and the values of r for A and 
B are a and b respectively, (1) becomes 



s 



'f'M^h 



(3) 



42. The differential of arc. From 



i 



= fVdx'+ df. 



it follows (§ 9) that ds = Vrf?+^. 



(1) 



This relation between the differentials of .r, y, and s is often rep- 
resented by the triangle of fig. 29. This figure is convenient as a 

device for memorizing formula (1), but it 
should be borne in mind that RQ '\^ not 
rigorously equal to dy (§ 5), nor is FQ 
rigorously equal to ds. In fact, RQ = Ay 
and FQ = As, but since Ay and As differ 
from dy and ds respectively by infinitesi- 
mals of higher order, the use of BQ as 
dy and of P^ as ds is justified by the 
theorems of § 3. If now the triangle of fig. 29 is used as a plane 
right triangle, we have an easy method of recalling the formulas 

ds^ = d3i:!^-{-dy^, 




Fig. 29 



dx 

- = cos<^. 



dy . - 



dy_ 



dx 



= tan <!>, 
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Similarly, from s = fy/dr" +7^(16^ 
we find ds = 'Vdr^+r^dff^, 



(2) 



which is suggested by the triangle of fig. 30, where FQ is the arc 
of any curve and Fit the arc of a circle with radius OF = r. This 
figure, if used as a straight-Une figure, also gives the formulas 



tan'^ = 



rd0 
dr 

smyfr = 



, dr 

cos Y* = T" 

ds 



rd0 
ds 




Fig. 30 



43. Area of a surface of revolu- 
tion. A surface of revolution is a ^ 
surface generated by the revolution 
of a plane curve around an axis in its plane (§ 37). Let the 
curve AB (fig. 31) revolve about OF as an axis. To find the area 
of the surface generated, assume n — 1 points, J^, F^, I^,- - •, ^_i, 
between A and B, and connect each pair of consecutive points by 
a straight line. These lines are omitted in the figure since they 
are so nearly coincident with the arcs. The surface generated by 

AB is then defined as the limit of the sum 
of the areas of the surfaces generated by 
the n chords AF^, I(F^, F^F^, . . ., F^_^B as 
n increases without limit and the length 
of each chord approaches zero as a limit. 

Each chord generates the lateral sur- 
face of a frustum of a right circular cone, 
the area of which may be found by ele- 
mentary geometry. Let the coordinates 
of J? be (x^, y.) and those of -^^.^ be {x^ + Ao;, y^+ Ay). Then the 
frustum of the cone generated by -?-^+i has for the radius of the 
upper base N^^^I^^^, for the radius of the lower base N^I^, and for 
its slant height I^J^+i- Its lateral area is therefore equal to 

^ ^ 2 ^^+1- 




Fig. 31 



But iV:^ = aJ„ N,^,F,^,^ x,-\- Ax, I^F,^, = V{Axy+{Ay)\ 
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Therefore the lateral area of the frustum of the cone equals 

This is an infinitesimal which differs from 



2 irx^/da?-\' d]^ — 2 irxjds 

by an infinitesimal of higher order, and therefore the area gener- 
ated by ^^ is the limit of the sum of an infinite number of these 
terms. Hence, if we represent the required area by /S^, we have 

>Sf^=2 7r/ xds, (1) 

To evaluate the integral, we must either express ds in terms of 
X, or express x and ds in terms of y, or express both x and ds in 
terms of some other independent variable. 

Similarly, the area generated by revolving AB about OX is 

I yds. (2) 

U) 

Ex. Find the area of the ring surface of the Ex., § 37. 
The equation of the generating curve is 

(X - 6)2 + y2 = a\ 



and da = ^/l 4- (— ) dy = - - dy. 

\ W/ » Va2 - y2 

The required area is the sum of the areas generated by the arcs hMK and 
LFK (fig. 24). Hence 



Sy 



= 2w r"(xi + X2) ^ dy = 47ra6 C , ^ =iw^ah. 
' *^-a Va2 — y2 «/-a Va2 — y2 



PROBLEMS 

1 . Find the area bounded by the axis of z and the parabola x'^ — 16x + 4y=zO, 

2. Find the area included between a parabola and the tangents at the ends 
of the latus rectum. (The equation of the parabola referred to these tangents 
as axes is x* 4- y* = a* (I, § 69).) g 

3. Find the total area bounded by the witch y = . , . » and its asymptote. 

X "7~ 4 CL 
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4. Find the area bounded by the catenary y = - \e" + c «j, the axis of x, and 
the lines x = ±h. 

5. Find the total area of the curve a^y^ + b^x^ = a^h^^. 

6. Find the area bounded by the curve x^y^ -\-a^h^ — a^y^ and its asymptotes. 

7. Find the area bounded by the curve y(x^ + a^) = a^(a — x)^ the axis of 
X, and the axis of y. 

8. Find the area of a segment of a circle of radius a cut off by a chord h 
units from the center. 

9. Find the area contained in the loop of the curve y^ = x^(a — x). 

10. Find the area bounded by the curve y^ (x^ + a?) = a^x^ and its asymptotes. 

x^ y^ 

11. Show that the area bounded by the hyperbola — = 1, the axis of x, 

and the diameter through Pi(Xi, yi) on the curve is — log (—+—). 

2 \a hj 

a OLA- "v/a^ x^ / 

12. Find the area bounded by the tractrix y = - log — ^z^:;:: — Va^ — x^, 

the axis of x, and the axis of y. a — ^a^ — x^ 

13. Find the area between the axis of x and one arch of the cycloid 
x = a(0 — sin0), y = a(l — cos0). 

14. Find the areas of each of the two portions into which the circle 
x2 4- y2 = 8 is divided by the parabola y^ __ 2 x = 0. 

15. Find the area bounded by the parabola x^ — 4 y = and the straight line 
3x-2y-4 = 0. 

16. Find the area of the figure bounded by the parabolas y^ = 18 x and 

M pm 8 tt' 

17. Find the area between the parabola x^ = 4 ay and the witch y = 



x2 4-4a2 

18. Find the total area of the lemniscate r^ = 2 a^ cos 2d. 

19. In the hyperboliq spiral rd= a show that the area bounded by the spiral 
and two radii vectors is proportional to the diflEerence of the length of the radii. 

20. Find the area traversed by the radius vector of the spiral of Archimedes 
r = ad in the first revolution. 

21. Find the area described by the radius vector of r=asecd from 

ez=- to d = -. 
6 3 

22. Find the total area of the cardioid r = a(l + cosd). 

23. Find the area of the lima^on r = a cosd + h when 6 > a. 

24. Find the area bounded by the curves r = a cos 3 $ and r = a. 

25. Find the area of a loop of the curve r^ = a^ cos nd. 

26. Find the area of a loop of the curve r = a sin nO. 

27. Find the area of a loop of the curve r cosd = a cos 2d. 
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28. Find the area of the loop of the curve r^ = a^ cos 2 e cos^ which is bisected 
by the initial line. 

29. Find the total area of the curve (x2 + y2)2 = 4 a?x^ + 4 &2y2. (Transform 
to polar coordinates.) 

30. Find the area of the loop of the curve (x^ 4. ysjs ^ 4 aH^y^, (Transform 
to polar coordinates. ) 

31. Find the volume generated by revolving about OY the surface bounded 
by the coordinate axes and the curve x* + y* = a*. 

32. Find the volume of the solid generated by revolving about OY the plane 
surface bounded by OY and the hypocycloid x' 4- y^ = cfi* 

33. Find the volume of the solid formed by revolving about OX the figure 
bounded by the catenary y=-(e« + c «y, the axis of «, and the lines « = ± ^. 

34. Find the volume of the solid formed by revolving about OY the plane 
figure bounded by the witch y — and the line y = cl 

X2 + 4 o2 

35. Find the volume of the solid formed by revolving about OX the plane 

x^ 

figure bounded by the cissoid y^ = , the line x = a, and the axis of x. 

2a — X 

36. Find the volume of the solid generated by revolving about OY a segment 
of the circle x^ + y2 _ q2 cut off by the chord x = 7i. 

37. Find the volume of the solid generated by revolving a semicircle of 
radius a around an axis parallel to the boundary diameter of the semicircle, 
(1) when the arc of the semicircle is concave toward the axis; (2) when the 
arc is convex toward the axis. 

38. Find the volume of the solid formed by revolving an ellipse around its 
major axis. 

39. Find the volume of the ring surface formed by revolving the ellipse 
i?Jl^ + ?^ = 1 around OYid > a). 

40. Find the volume of the solid generated by revolving about OX the sur- 

x2 y^ 

face bounded by the hyperbola — = 1 and the line x = a-\-h. 

a2 62 

41. Find the volume of the solid generated by revolving about OY the sur- 

X2 2/2' 

face bounded by the hyperbola — = 1, the lines y =±h^ and the axis of y, 

a2 62 

42. Find the volume of the solid formed by revolving about the line y = — a 

IT 

the figure bounded by the curve y — sin x, the lines x = and x = — » and the 
liney= — a. 

43. Find the volume generated by revolving about the axis of x the figure 
bounded by the parabola y2 = 4 px and the line x = A. 

44. Find the volume of the solid formed by revolving about OY the figure 
bounded by the parabola y2 =; 4^3;, the axis of y, and the line y = ^. 



PROBLEMS 83 

45. Find the volume of the solid formed by revolving about the line x = — a 
the figure bounded by that line, the parabola j^ = 4px, and the lines y = ±h, 

46. Find the volume of the solid formed by revolving about the line x = a 
the figure bounded by the parabola y^ = 4px and the line x = h(a> h). 

47. A right circular cone has its vertex at the center of the sphere. Find the 
volume of the portion of the sphere intercepted by the cone. 

48. A steel band is placed around a cylindrical boiler. A cross section of the 
band is a semiellipse, its axes being 6 and Vq in. respectively, the greater being 
parallel to the axis of the boiler. The diameter of the boiler is 48 in. What is 
the volume of the band ? 

49. Find the volume of the solid generated by revolving the cardioid 
r = a(l + cosd) about the initial line. 

50. Find the volume of the solid generated by revolving about OY the figure 
bounded by the axes of coordinates and the tractrtx. 

51. Prove by the method of § 38 that the volume of a cone with any base is 
equal to the product of one third the altitude by the area of the base. 

52. Prove that the volume of a right conoid is equal to one half the product 
of its base and its altitude. (A conoid is a surface generated by a moving straight 
line which remains parallel to a fixed plane and intersects a fixed straight line. 
If the moving line is perpendicular to the fixed line, the conoid is a right co7U)id. 
The base is then the section made by a plane parallel to the fixed line, and the 
altitude is the distance of the fixed line from the plane of the base.) 

x^ y^ 

53. On the double ordinate of the ellipse f- - = 1 an isosceles triangle is 

a* 62 

constructed with its altitude equal to the length of the ordinate. Find the volume 
generated as the triangle moves along the axis of the ellipse from vertex to vertex. 

54. Find the volume cut from a right circular cylinder by a plane through 
the center of the base making an angle $ with the plane of the base. 

55. Find the volume of the wedge-shaped solid cut from a right circular 
cylinder by two planes which pass through a diameter of the upper base and 
are tangent to the lower base. 

56. Two circular cylinders with the same altitude have the upper base in 
common. Their other bases are tangent at the point where the perpendicular 
from the center of the upper base meets the plane of the lower bajses. Find 
the volume common to the cylinders. 

57. Two parabolas have a common vertex and a common axis but lie in per- 
X)endicalar planes. An ellipse moves with its center on the common axis, its 
plane perpendicular to the axis, and its vertices on the parabolas. Find tlie 
volume generated when the ellipse has moved to a distance h from the com- 
mon vertex of the parabolajB. 

58. A cylinder passes through great circles of a sphere which are at right 
angles to each other. Find the common volume. 
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59. A variable circle moves so that one point is always on OF, its center is 
always on the ellipse — h ^ = 1, and its plane is always perpendicular to OY. 

Required the volume of the solid generated. 

60. Two equal four-cusped hypocycloids are placed with their planes per- 
pendicular and the straight line joining two opposite cusps of one in coinci- 
dence with a similar line in the other. A variable square moves with its plane 
perpendicular to this line and its vertices in the two curves. Find the volume 
of the solid generated. 

61. Two equal ellipses are placed with their major axes in coincidence and 
their planes perpendicular. A straight line moves so as always to intersect the 
ellipses and to be parallel to a plane perpendicular to their common axis. Find 
the volume inclosed by the surface generated. 

62. A variable rectangle moves so that one side has one end in OY and the 
other in the circle x'^ -\- ]/^ = a^. The ratio of the other side of the rectangle to 

the one mentioned is - , and the plane of the rectangle is perpendicular to OY, 

Required the volume of the solid generated. 

63. The cap of a stone post is a solid of which every horizontal cross section 
is a square. The comers of all the squares lie in a spherical surface of radius 
8 in. with its center 4 in. above the plane of the base. Find the volume of the cap. 

64. Find the length of the semicubical parabola y^ = x^ from the vertex to 

the point for which x = h. 

6^ 4- 1 

65. Find the length of the curve y = log — ■. — from jc = 1 to « = 2. 

e^ — 1 

66. Find the total length of the four-cusped hypocycloid x^ + y^ = a', 

67. Find the length of the catenary from x = iox = h. 

d d 4- vtt^^— -x^ / 

68. Find the length of the tractrix y = — log -—=^^ — v a^ — x^ from 

x = htox = a. ^ a - Va2 - x^ 

69. Find the entire length of the curve [^V-h (r)'=l. 

70. Find the length of the curve y^ = (« — 2 pY from x = 2pt05c=^. 

27 p 

71. Find the length from cusp to cusp of the cycloid a; = a(0— sin^), 
y = a(l — COS0). 

72. Find the length of the epicycloid ^rom cusp to cusp. 

73. Find the length of the involute of a circle x = a cos + a0 sin <^, 
y = a sin — 00 cos <t> from = to = 0i. 

74. From a spool of thread 2 in. in diameter three turns are unwound. 
If the thread is held constantly tight, what is the length of the path described 
by its end ? 

75. The cable of a suspension bridge hangs in the form of a parabola. The 
lowest point of the cable is 60 ft. above the water, and the points of suspension 
are 100 ft. above the water and 1000 ft. apart. Find the length of the cable. 
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76. Show that the length of the logarithmic spiral between any two points 
is proportional to the difference of the radii vectors of the points. 

77. Find the length of the curve r = a cos* - from the point in which the 

curve intersects the initial line to the pole. 



78. Find the complete length of the curve r = a sin^ - . 

79. Find the length of the cardioid r = a(l -f cos^). 

80. Find the area of a zone of a sphere bounded by the intersections of the 
sphere with two parallel planes at distances ^i and h» from the center. 

81. Find the area of the curved surface formed by revolving about OX the 
portion of the parabola y^ = ^jpx between x = and x = h. 

82. Find the area of the curved surface of the catenoid formed by revolving 
about OX the portion of the catenary y= -\^ -he y between x = —h and x = h. 

83. Find th e area o f the surface formed by revolving about OY the tractrix 

a , a + ^(£^ — X"2 f— 

y = - log . - va2 - x\ 

^ a- V a2 - z2 

84 . Find the area of the surface formed by revolving about OY the hypocycloid 
x^ -{■ y^ = a^. 

85. Find the area of the surface formed by revolving an arch of the cycloid 
X = a(<ft — siiKf^), y = a(l - cos(p) about OX. 

86. Find the surface area of the oblate spheroid formed by revolving an 
ellipse about its minor axis. 

87. Find the surface area of the prolate spheroid formed by revolving an 
ellipse around its major axis. 

88. Find the area of the surface formed by revolving about the initial line 
the cardioid r = a(l + cos^). 

89. Find the area of the surface formed by revolving about the initial line 
the lemniscate r^ = 2a^ cos 2 $. 



CHAPTEK V 
APPLICATIONS TO MECHANICS 

44. Work. The application of the definite integral to determine 
the work done in moving a body in a straight line against a force 
in the same direction has been shown iu § 21. Problems for the 
student will be found at the end of this chapter. 

The case of a body moving in a curve, or acted on by forces not 
in the direction of the motion, is treated in Chap. XIV. 

45. Attraction. Two particles of matter of masses m^ and m^ 
respectively, separated by a distance r, attract each other with a 

force equal to h — ^ > where A; is a constant which depends upon 

the units of force, distance, and mass. We shall assume that the 
units are so chosen that k = l. 

Let it now be required to find the attraction of a material body 
of mass m upon a particle of unit mass situated at a point A. Let 
the body be divided into n elements, the mass of each of which may 
be represented by Am, and let ^ be a point at which the mass of 
one element may be considered as concentrated. Then the attrac- 
tion of this element on the particle at A is — r-> where r, = If Ay 

and its component in the direction of OX is — ^ cos ft, where 

0i is the angle between the directions If A and OX. The whole 
body, therefore, exerts upon the particle at A an attraction whose 
component in the direction OX is equal to 

Lim V — ^Am. 

n = 00 ^"^ 7*.- 
t=l » 

If now cosft^, r^y and Aw may be expressed in terms of a single 
independent variable, we have, for this component, 

-r. 'iTcOsft . /^COsft , 

Lim y — — • Am = I —^ dm, 

86 
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where the limits of integration are the values of the independent 
variable so chosen that the summation extends over the entire 
body. The manner in which this may be done in some cases is 
illustrated in the following example. 

Ex. Find the attraction of a uniform wire of length I and mass m on a par- 
ticle of unit mass situated in a straight line perpendicular to one end of the wire 
and at a distance a from it. y 

Let the wire OL (fig. 32) be placed in the axis of y with 
one end at the origin, and let the particle of unit mass 
be at A on the axis of x where A0= a. Divide OL into y y\^ 

n parts, OJlfi, 3fi3f2, MzMz^ • • ♦, Jtf„_iX, each equal to / 

I / r^^ 

— = Ay. Then, if p is the mass per unit / /.^ 

of length of the wire, the mass of each X^'^''^^'''!''''' 

element is pAy = Am. We shall consider 
the mass of each element as concen- 
trated at its first point, and shall in 
this way obtain an approximate ex- 
pression for the attraction due to the ^ F <12 
element, this approximation being the 
better, the smaller is Ay. The attraction of the element JfiJff+i on ^ is 
then approximately . . 

^^ = -^^, where yi = OMi. 
AMf a2 -H yf 

The component of this attraction in the direction OX is 

pAy nAnjr p^^y 

^ cos OAMi — — - — ^-T— , 
a2 + 2/2 (a2 -H 2/?)i 

and the component in the direction OF is 




,L 



Mi 
M, 



'^y sin o^jf,= 'y^^y 



a2 -H yf (a2 + y^^)l 

Then, if X is the total component of the attraction parallel to OX, and Y 
the total component parallel to OF, we have 

X = LimV"-^^ = pa ^'-^?^, 
«=«it^ (a2-Hy2)* Jo(a2 + 2/2)« 

F=LimV"' ^'-^^ =pC' y^y . 
" = ",^ {a'^ + ViY -'o(a2 + 2/2)3 

To verify this we may show that the true attraction of MiMi j^i differs from 
the approximate attraction, which we have used, by an infinitesimal of higher 
order. Let I be the true x-component of the attraction of Jft-Jfi^-i, Ji the approx- 
imate attraction found by assuming that the whole mass of 3f,-3fi + i is at Mi, 
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and I2 the approximate attraction found by assuming that the whole mass of 
MiMi + i is at Mi + i. Then, evidently, I2 < I < Ii; that is, — < — < 1. But 

_ paAy J. padly 

^^1 = —::— — 5r5» ^2 = 



_,and^=r_^^_ll^l- Therefore 
2] 8 Ii La2+(yi+Ay)2j 



Lim j^ = 1 and Lin^ 7" = !• Hence Ii differs from I by an infinitesimal of higher 

order (§ 2), and may therefore be used in place of / in finding the limit of a 
sum (§3). A similar discussion may be given for the y-component. 

To evaluate the integrals for X and F, place y = a tan 6. Then, if 

I 
a = tan- 1 - = OAL, 



a 

m 

a al 



X = - f co80d$ = ~Bma = —jSina, 

CL Jo 



Y=- I Bmede=:-{l — cosa) = ~(l — coBa), 

CL n/ CL CU 

since Ip = m. 

If E is the magnitude of the resultant attraction and j3 the angle which its 
line of action makes with OX, 

R = VX2 + r2 = ^ sin - a, 

al 2 

, F ^ , 1 — cos a 1 

/3 = tan- 1 — = tan- 1 = - a. 

^X sin a 2 

46. Pressure. Censider a plane surface of area AA immersed 
in a liquid at a imiform depth of h units below the surface. The 
submerged surface supports a column of liquid of volume AAA, 
the weight of which is whAA, where w (a constant for a given 
liquid) is the weight of a unit volume of the liquid. This weight 
is the total pressure on the immersed surface. The pressure per 

unit of area is then 7 . . 

= wily 

AA 

which is independent of the size of AA, We may accordingly 
think of AA as infinitesimal and define wh as the pressure at a 
point h units below the surface. By the laws of hydrostatics 
this pressure is exerted equally in all directions. We may accord- 
ingly determine the pressure on plane surfaces which do not lie 
parallel to the surface of the liquid in the following manner. 

Let OX (fig. 33) be in the surface of the liquid, and OH, for which 
the positive direction is downward, be the axis of h. Consider a 
surface ABCD bounded by a portion of OH, two horizontal 
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lines AD {h = a) and BC(h = b), and a curve with the equation 
x=f(hy Divide AB into n segments, AM^, M^M^, ^2^^s> ''> 

M^_^By each equal to = Ah, 



and 



n 



draw a hne M^I^ through each point M^ 
parallel to OX. Consider now the ele- 
ment of area M^I^^,^ ^M^ ^ ^, where M-I^ = x^ 
=y(A,). It& area is equal to that of a rec- 
tangle with base M-M._^_^ and altitude some 
line between M^J^ and M•^^I^_^_^ (5, § 24), 
and is therefore equal to (a;, -f- ej A^, where 
€i < Ax. The pressure on the element 
would be wh^ {x. + ej AA, if all points of 
the element were at the depth OM^ = A., 
and would be w{h^ + Ah)(x^ + €^)Ah, if all points were at the depth 
OM^_^,^ = h^'hAh, Con€equently, the pressure on M^J^^_^_^M^^^ is 
wJi^x^Ah plus an infinitesimal of higher order. Therefore the total 
pressure P on the area ABCD is 




Fig. 33 



f = n — 1 r* 

P = Lim ^whfX^Ah = i 



whsbdh = w 



n = w 



1 = 



<£hfih) 



dh. 



The modification of this result necessary to adapt it to areas 
of slightly different shapes is easily made by the student and is 
exemplified in the following example. 

Ex. Find the total pressure on a verti- 
cal circular area, a being the radius of 
the circle and b the depth of the center. 

In fig. 34 let OC =6, CA = CK=^ a, 

OM = h, MN = Ah. Then OA = l /a, 

and t he pressure on the striry^IG is 
2wh^a^ — {h - 6)2AA, exoep^i^an infin- 
itesimal of higher order, therefore the 
total pressure on the^rcle is 

b — a 

To integrate, place h — h = asm<p; then 
P = 2w C^a? cos2 <^(6 + a sin <p)d<t> = ira^bw. 

~2 
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If the equation of the curve CD (fig. 33) is x ==/(y), referred to 
an origin at a depth c below the surface of the liquid, OX being 
parallel and OY perpendicular to the surface of the liqmd, the 
pressure on ABCD may be shown to be 

W {(^-^y)f{y)dy> 

a and h being the y coordinates of A and B respectively. 

If this formula is used in the example, the center of the circle 
being taken as the origin of coordinates, we have 

F = 2w l {b-h y) Va^ — y^ dy = ira^w. 

%J — a 

47. Center of gravity. Consider n particles of masses m^^ m^, 
^3> • • •> ^«> placed at the points F^(x^, y^, F^(x^, y^), P^{x^, y^), • • ., 
^{^n* yn) (fig- ^^) respectively. The weights of these particles form 

a system of parallel forces equal to 
m^g, m^g, m^g, . . • , m^, where g is 
the acceleration due to gravity. The 
resultant of these forces is the total 
weight W of the n particles, where 

W= m^g + m^ -f- ni^ H + m^ 



• 

• 

f' y 


r 




Pi 

• 





( 


e 



t= n 



Fig. 36 



=^x^»* 



»=i 



of 



This resultant acts in a line which is determined by the condi- 
tion that the moment of W about is equal to the sum of the 
mcHQents of the n weights. 
^4Npse first that gravity acts parallel to Y, and that the line 
"^i^ PT cuts OX in a point the abscissa of which is x. Then 
the mom»JSi of W about is gx'^m. and the moment of one of the 
n weights il^^ m^x^. 

Hence \^\ gx V m^ = g^ m^x^. 

Similarly, if gravity acts parallel to OX, the line of action of the 
resultant cuts OF in a point the ordinate of which is y, where 
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These two lines of action intersect in the point G, the coordinates 
of which are ^ _^ 

Furthermore, if gravity acts in the XOF plane, but not parallel 
to either OX or OY, the line of action of its resultant always passes 
through G. This may be shown by resolvmg the weight of each 
particle into two components parallel to OX and Y respectively, 
finding the resultant of each set of components in the manner just 
shown, and then combining these two resultants. 

If gravity acts in a direction not in the XOF plane, it may still 
be shown that its resultant acts through Gy but the proof requires 
a knowledge of space geometry not yet given in this course. 

The 'point G is called the center of gravity of the n particles. 

If it is desired to find the center of gravity of a physical body, 
the problem may be formulated very roughly at first by saying that 
the body is made up of an infinite number of particles of matter 
each with an infinitesimal weight ; hence the formulas for the co- 
ordinates of G must be extended to the case in which n is infinite. 
More precisely, the solution of the problem is as follows. The body 
in question is divided into n elementary portions such that the 
weight of each may be considered" as concentrated at a point 
within it. If m is the total mass of the body, the mass of each 
element may be represented by Aw. Then if {x^, y.) are the coordi- 
nates of the point at which the mass of the tth element is concen- 
trated, the center of gravity of the body is given by the equations 

_ Vaj^.Aw _ Vy.Am 

X = Lim ^^ , y = Lim ^^- . 

^^m ^Am 

In case x^, y-^, and Am can be expressed in forms of a single inde- 
pendent variable, these values become 

I xdm I ydm 

X^-L-—, y = ^ , (2) 

i dm I dm 
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where the limits of integration are the values of the independent 
variable so chosen that the siimmation extends over the entire body. 
It is to be noticed that it is not necessary, nor indeed always* 
possible, to determine x^, y^ exactly, since, by § 3, 



t = n t=n 



Lim 2j{^i "^ ^i) ^^ ~ ^^^ 2i ^»' ^^* 

if €, approaches zero as Am approaches zero. 

The manner in wliich the operation thus sketched may be car- 
ried out in some cases is shown in the following articles. Discus- 
sion of the most general cases, however, must be postponed until 
after the subjects of double and triple integration are taken up. 

48. Center of gravity of a plane curve. When we speak of the 
center of gravity of a plane curve we are to think of the curve as 
the axis of a rod, or wire, of uniform small cross section. Let 

LK (fig. 36) be such a curve, and let p 
be the amoimt of matter per unit of 
length of the wire which surrounds LK. 
That is, if s is the length of the wire 
and m is its mass, we have for a homo- 




geneous wire 



o Am 

i^iG- 36 __ p _ a constant ; 

As 

and for a nonhomogeneous wire 

T. Am dm ^ j.- ^ 

Lim = —— = /3 = a function of s. 

As as 

The curve may now be divided into elements of arc, the length of 
each being As and its mass Am, and formulas (2) of § 47 may be 
appUed by placing ^^ ^ ^ ^^^ 

j pxds j py ds 

whence x = — > y = — — (1) 

j pds j pds 

The limits of integration are the values of the independent variable 
for L and if. 
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If /o is constant, these formulas become 



sx 



= j xds, sy=:jyds, (2) 



where s is the length of LK. 

Ex. 1. Find the center of gravity of a quarter circumference of the circle 
x2 -f y2 — q2^ which lies in the first quadrant. 

We have ds = Vdz^ 4. dy^ _ _ ^ _ ^y 

y x 

Therefore ixds = — j ady = a^, 

f yds= I adx = a^f 

and a = — » a quarter circumference. 

2 

_ _ 2a 
Hence x = y = — • 

IT 

The problem may also be solved by using the parametric equations of the 
circle x = a cos 0, y = a sin 0. 

Then f xd8= a'^ C^ cos0 d0 = a% 

f yds = d^ C^ sin 4>d4> = a^, 

_ _ 2a 
Therefore x = y — — » as before. 

TT 

Ex. 2. Find the center of gravity of a quarter circumference of a circle when 
the amount of matter in a unit of length is proportional to the length of the arc 
measured from one extremity. 

We have here p = ks^ where k is constant. Therefore, if we use the para- 
metric equations of the circle, 

«• 
fpxds fszds fJ'a»4'OOB4>d4. (^^.g)^ 



jpds jsda I'^a^4,d4, 

rr 

f pyds isyds j ^ a^4> sin 4> d(f> 
Jpds J sds j^a^4>d<p 



TT^ 
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49. Center of gravity of a plane area. By the center of gravity 
of a plane area we mean the center of gravity of a thin sheet of 

matter having the plane area as its 
middle section. We shall first ^ssume 
that the area is of the form of fig. 37, 
being bounded by the axis of x, the 
curve y =f{x), and two ordinates. 
Divide the area into n elements by 
71 — 1 ordinates which divide AB into 
n parts each equal to Ax. We de- 
note by p the mass per unit area. 
That is, if A is the area and m the 
mass, we have for a homogeneous sheet of matter 

Am 




AA 



= p = sl constant ; 



and for a nonhomogeneous sheet of matter 

T . Am dm . , , 

Lim = — — = p = a variable. 

AA dA 

Hence in (2), § 47, we place , 

dm = p dA = py dx, 

since for the area in question dA — ydx ((1), § 35). 

Consider now any one of the elements MNQP, where 0M=: x, 
ON = a; -f- Axy MP = y, NQ = y + Ay, and draw the lines FR and 
QS parallel to OX. The mass of the rectangle MNRP may be con- 
sidered as concentrated at its middle point G^ ix-\ > - ) > and the 

mass of the rectangle MNQS at its middle point 6^2 ( ^ + "7^ ' f + ~w~ ) * 

Accordingly the mass of MNQP may be considered as concentrated 
at a point which lies above G^, below G^, and between the ordi- 
nates MP and NQ. The coordinates of any such point may be 

expressed as (x-\-jpAx, ^-\-q-^)> where ^^^ 1, ^ ^ ^ 1. 

/ f y\ 

But the coordinates of this point differ from those of 6^ ( ^^ k ) ^7 

an infinitesimal of the same order as A^. 
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Therefore it is sufficient to consider the mass of MNQP as con- 
centrated 2iiG (xyjA- Hence formulas (2), § 47, become 



I pxydx 

x = — 

I pydx 



y = 



U pfdx 
i pydx 



(1) 



If /o is a constant, these formulas become 



X = — - 



ocydx 



\ y dx 



y = — 

\ y dx 



(2) 



which can be written 



Ax 



=/ 



xdAy 



Ay = ij 



yd A. 



(3) 



If it is required to find the center of gravity of a plane area of 
other shape than that just discussed, the preceding method may be 
modified m a manner illustrated by Ex. 2. 

If the area has a line of symmetry, the center of gravity evi- 

dently Hes upon it, and if this line is perpendicular to OX or OY, 

one of the coordinates of the center of gravity may be written 

down at once. 

* 
Ex. 1. Find the center of gravity of the area bounded by the parabola 
2/2 = 4j9x (fig. 38), the axis of «, and the ordinate through a point (^, k) of 
the curve. Here 

Ax- C xydx = 2pi C xUx = JpW = ih% 

Ay = j^ r y^dr= 2p C xdx = ph^=\ hk^, 

and A= f ydx = 2p^ f x^dx = ip^h^ = § hk. 
Jo Jo 




Fig. 38 



Therefore 



x = ihj y = ik. 
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Ex. 2. Find the center of gravity of the segment of the ellipse 1- — = 1 

(fig. 39) cut off by the chord through the positive ends of the axes of the curve. 
Divide the area into elements by lines parallel to OY. If we let y^ be the ordi- 
nate of a point on the ellipse, and y\ the ordinate of a point on the chord, we 

have as the element of area 

dA = (2/2 — Vi) dx. 

Vi + y2> 



The mass of this element may be considered as concentrated at 




Hence 



Fig. 39 



f (y2-yi)xdx 

- Jo 

X = , 

f (y2-yi)dx 

Jo 
I {V2-Vi)^ 

• Jo 



^ H^) 



From the equation of the ellipse ^2 = - "^«^ — a^^, and from that of the chord 
2/1 = - (a - «)• 

tt pa 

The denominator I (y^ — yi) dx is equal to the area of the quadrant of the 

Jo irnh nh 



ellipse minus that of a right triangle, i.e. is equal to 



Hence 



- f "« [ Va2 - a;2 - (a - x)]dx 
_ olJo 



x = 



ah 



(M) 



&2 



y = 



r[(a2_x2)_(a-x)2]cte 
a^Jo 



ah 



(i-^) 



2a 

3(7r~2) 



26 
3(7r-2) 



50. Center of gravity of a solid or a surface of revolution of 
constant density. Consider a solid of revolution generated by re- 
volving about OF the plane area bounded by OF, a curve x =/(y), 
and two lines perpendicular to F. The solid may be resolved into 
elements by passing planes perpendicular to F at a distance dy 
apart (§37). The same planes divide the surface of revolution 
into elements (§ 43). If the density of the solid is uniform, it is 
evident from the symmetry of the figure that the mass either of 
an element of the solid or of the surface may be considered as 
lying in F at the point where one of the planes which fixes the 
element cuts OY. 
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Consequently, the center of gravity lies in Y, so that 

Now if V is the volume of the solid and S the area of the sur- 
face, we have, by § 37 and § 43, 

dV= iTQ^dy and dS=T2Trx ds. 

Consequently, to find the center of gravity of the solid we have 
to replace dm of § 47 (2) by pira^dy with the result 



j pirx^y dy j x^y dy 
I pir^dy \ di? dy 



(1) 



and to find the center of gravity of the surface of revolution we 
have to place in § 47 (2) dm = 
2 irpx ds with the result 

I 2 irpxy ds j xyds 

y^l^ = ^^^ (2) 



J2.p.ds j. 



ds 



Ex. 1. Find the center of gravity 
of a spherical segment of one base 
generated by revolving the area BBE 
(fig. 40) about OY. 

Let OB = a and OE = c. The equa- 
tion of the circle is x^ + i/^ — a^, 




Fig. 40 



and 



y 



Cx^dy r{a^-y'')dy ^ ^^"^^ 



Ex. 2. Find the center of gravity of the surface of the spherical segment 
of Ex. 1. 

Using the notation and the figure of Ex. 1, we have d« = — - , and therefore 

X 



I xyds I ydy 



4-c 



xds I dy 

C m Jc 



The center of gravity lies half way between E and B. 
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51. Center of pressure. The pressures acting on the elements 
of a submerged plane area form a system of parallel forces perpen- 
dicular to the plane. The resultant of these forces is the total 
pressure P(§ 46) and the point at which it acts is the center of 
pressure. To find the center of pressure of an area of the type 
considered in § 46, we may proceed in a manner analogous to that 
used in finding the center of gravity of a plane area, only we have 
now to consider, instead of the weight of an element, the weight 
of the column of liquid which it sustains. 

Let (x, h) be the coordinates of the center of pressure. Then 
the moment of the total pressure about OX is PA, and the moment 
of the total pressure about OH is Px. Also the pressure on an 
element M^M^^^I^^^I^ (fig. 33) is a force equal to wh^x^^Ji plus an 
infinitesimal of higher order (§ 46). By symmetry this force acts 
at the middle point of the element, the coordinates of which are 

X- 

~ and h., except for infinitesimals of higher order (§ 49). Hence 
2 

the moment of this force about OX is wh^x^ AA and the moment 
about OHis ^wh.x^Ah, except for infinitesimals of higher order. 
Now the moment of the resultant must be equal to the sum of the 
moments of the component forces. Hence 

_ »=n-l ^b 

Fh = JAm^wh^x^Ah = w I h^x dh, 

^ = * 1 = *Ja 

Px = Lim V^ wh^xfAh z=^w I ho(?dli. 



Ex. Find the center of pressure of the circular area of the Ex., § 46. 

By symmetry it is evident that x = 0. 
From the discussion just given, 

Ph = 2wf " Va2 -(h- by 

Jh — a 



)^h^dh 



= 2w I ^ a^ cos2 (6 -f a sin (p)^d<fi (where ^ — 6 = a sin 0) 



2 

ir TT 



= 2 a^b^w f ^ cosV d0 + 4 a^bw f ^ cos^(p simpcUp + —w C ^ sin22 cUp 

»/_7r «'_E. 2 «'_E 



2 

But P = ira'^bw (Ex., § 46). Therefore h = b-\- — 

46 
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PROBLEMS 

1. A positive charge m of electricity is fixed at O. The repulsion on a unit 

771 

charge at a distance x from O is — • Find the work done in bringing a unit charge 

from ijifinity to a distance a from O. 

2. A rod is stretched from its natural length a to the length a+x. Assuming 
that the force required in the stretching is proportional to - , find the work done. 

CL 

3. A piston is free to slide in a cylinder of cross section 8. The force acting 
on the piston is equal to p8, where p is the pressure of the gas in the cylinder. 
Find the work as the volume of the cylinder changes from Vi to t?2, (1) assum- 
ing pv =. k, (2) assuming pvY = k,y and k being constants. 

4. A spherical bag of radius a contains gas at a pressure equal to po per unit 
of area. Assuming that the pressure per unit of area is inversely proportional 
to the volume occupied by the gas, show that the work required to compress the 

bag into a sphere of radius 6 is 4 wa^o log - . 

b 

5. The resistance offered by any conductor to the passage of a current of 
electricity is proportional to the distance traversed by the current in the con- 
ductor and inversely as the area of the cross section of the conductor. If a 
source of electricity is applied to the entire interior surface of a cylindrical shell, 
and the current flows radially outward, what resistance will be encountered ? 
The length of the shell is A, the right circular section of the interior surface is 
of radius a and of the exterior surface is of radius 6, and a unit cube of the 
substance of which the shell is made offers a resistance k. 

6. A particle of unit mass is situated at a perpendicular distance c from the 
center of a straight homogeneous wire of mass M and length 2 1. Find the force 
of attraction exerted in a direction at right angles to the wire. 

7. Find the attraction of a uniform straight wire of mass M upon a particle of 
unit mass situated in the line of direction of the wire at a distance c from one end. 

8. Find the attraction of a uniform straight wire of mass M upon a particle 
of unit mass situated at a perpendicular distance c from the wire and so that 
lines drawn from the particle to the ends of the wire inclose an angle 0. 

9. Find the attraction of a uniform circular wire of radius a and mass M 
upon a particle of unit mass situated at a distance c from the center of the ring 
in a straight line perpendicular to the plane of the ring. 

I 

10. Find the attraction of a uniform circular disk of radius a and mass M 
upon a particle of unit mass situated at a perpendicular distance c from the 
center of the disk. (Divide the disk into concentric rings and use the result 
of Ex. 9.) 

11. Find the attraction of a uniform right circular cylinder with mass Jf, 
radius of its base a, and length 2, upon a particle of unit mass situated in the 
axis of the cylinder produced, at a distance c from one end. (Divide the cylinder 
into parallel disks and use the result of Ex. 10.) 
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12. Find the attraction of a uniform wire of mass M bent into an arc of a 
circle with radius a and angle a, upon a particle of unit mass at the center of 
the circle. 

13. Prove that the total pressure on a plane surface is equal to the pressure 
at the center of gravity multiplied by the area of the surface. 

14. Find the total pressure on a vertical rectangle with base b and altitude a, 
submerged so that its upper edge is parallel to the surface of the liquid at a 
distance c from it. 

15. Find the center of pressure of the rectangle in the previous example. 

16. Find the total pressure on a triangle of base b and altitude a, submerged 
so that the base is horizontal, the altitude vertical, and the vertex in the surface 
of the liquid. 

17. Show that the center of pressure of the triangle of the previous example 
lies in the median three fourths of the distance from the vertex to the base. 

18. Find the total pressure on a triangle of base b and altitude a, submerged— 
so that the base Ls in the surface of the liquid and the altitude vertical. 

19. Show that the center of pressure of the triangle of the previous examples 
lies in the median half way from the vertex to the base. 

20. Find the total pressure on an isosceles triangle with base 2 b and alti — 
tude a, submerged so that the base is horizontal, the altitude vertical, and th^ 



vertex, which is above the base, at a distance c from the surface of the liquid 

21. A parabolic segment with base 2 b and altitude a is submerged so tha 
its base is horizontal, its axis vertical, and its vertex in the surface of the liquid — 
Find the total pressure. 

22. Find the center of pressure of the parabolic segment of the previous 
example. 

23. A parabolic segment with base 2 6 and altitude a is submerged so that 
its base is in the surface of the liquid and its altitude is vertical. Find the 
total pressure. 

24. Find the center of pressure of the parabolic segment of the previous 
example. 

25. Find the total pressure on a semiellipse submerged with one axis in the 
surface of the liquid and the other vertical. 

26. Find the center of pressure of the ellipse of the pi-evious example. 

27. An isosceles triangle with its base horizontal and vertex downward is 
immersed in water*. Find the pressure on the triangle if the length of the base 
is 8 ft., the altitude 3 ft., and the depth of the vertex below the surface 6 ft. 

28. The centerboard of a yacht is in the form of a trapezoid in which the 
two parallel sides are 1 and 2 ft. respectively in length, and the side perpen- 
dicular to these two is 3 ft. in length. Assuming that the last-named side is 
parallel to the surface of the water at a depth of 2 ft., and that the parallel 
sides are vertical, find the pressure on the board. 

* The weight of a cubic foot of water may be taken as 62 J lb. 
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^9. Find the moment of the force which tends to turn the centerboard of 
^^e previous example about the line of intersection of the plane of the board 
^ith the surface of the water. 

30. Find the pressure on the centerboard of Ex. 28 if the plane of the board 
^^ turned through an angle of 10® about its line of intersection with the surface 
^^ the water. 

3l. A dam is in the form of a regular trapezoid with its two horizontal sides 

^^ and 100 ft. respectively, the longer side being at the top and the height 20 ft. 

"^^sviming that the water is level w;ith the top of the dam, find the total pressure. 

^2. Find the moment of the force which tends to overturn the dam of Ex. 81 
■^ turning it on its base line. 

^3. A circular water main has a diameter of 6 ft. One end is closed by a 
^^^Ichead and the other is connected with a reservoir in which the surface of 
^^^ water is 100 ft. above the center of the bulkhead. Find the total pressure 
^^^ the bulkhead. 

34. A pond of 10 ft. depth is crossed by a roadway with vertical sides. 

^^ culvert, whose cross section is in the form of a parabolic segment with 

^^rizontal base on a level with the bottom of the pond, runs under the road. 

'A.ssuming that the base of the parabolic segment is 6 ft. and that its altitude 

^^ 4 ft., find the total pressure on the bulkhead which temporarily closes the 

Culvert. 

35. Find the center of gravity of the semicircumference of the circle 
st2 ^ y2 — ^2 which is above the axis of x. 

36. Find the center of gravity of the arc oi the four-cusped hypocycloid 
x^ -\- y^ = a^ which is in the first quadrant. 

37. Find the center of gravity of the arc of the four-cusped hypocycloid 
a' + y^ = a^ which is above the axis of x. 

38. Find the center of gravity of the arc of the curve 9 ay^ — a;(x — 3 a)2= 
between the ordinates x = and aj = 3 a. 

39. Find the center of gravity of the area bounded by a parabola and a 
choixi perpendicular to the axis. 

40. Find the center of gravity of the area bounded by the semicubical 
parabola ay^ = x^ and any double ordinate. 

41. Find the center of gravity of the area of a quadrant of an ellipse. 

42. Find the center of gravity of the area between the axes of coordinates 
and the parabola x* + y^ = a*. 

43. Find the center of gravity of the area contained in the upper half of 
the loop of the curve ay^ = ax^ — x\ 

44. Show that the center of gravity of a sector of a circle lies on the line 

. a 

2 '^"2 
bisecting the angle of the sector at a distance - a ■ from the vertex, where 

a is the angle and a the radius of the sector. — 



i 
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45. Find the center of gravity of the area bounded by the curve y = sinx 
and the axis of x between 2 = and x = tt. 

46. If the area to the right of the axis of y betv^reen the curve y = — — e-* ^ 

and the axis of x is J, what is the abscissa of the center of gravity of this area ? 

47. Find the center of gravity of a triangle. 

48. Find the center of gravity of the area between the parabola y'^ — ^px 
and the straight line y — mz. 

49. Find the center of gravity of the plane area bounded by the two parabolas 
y2 = 4ipx^ and x^ = 4py. 

50. Find the center of gravity of the area bounded by the two parabolas 
x2 — 4p (y — 6) = 0, x2 — 4py = 0, the axis of y, and the line x = a. 

51. Find the center of gravity of the plane area common to the parabola 
aj2 - ^py = and the circle x^ -\- y^ - 32 p^ = o. 

52. Find the center of gravity of the surface bounded by the ellipse 

x^ y^ 

— J- — = 1, the circle x^ + y^ = a^, and the axis of y. 

53. Find the center of gravity of half a spherical solid of constant density. 

54. Find the center of gravity of the portion of a spherical surface bounded 
by two parallel planes at a distance h\ and h^ respectively from the center. 

55. Find the center of gravity of the solid formed by revolving about OX 
the surface bounded by the parabola y^ = 4|)x, the axis of x, and the line x = a. 

56. Find the center of gravity of the solid formed by revolving about OY the 
plane figure bounded by the parabola y^ = 4jpx, the axis of y, and the line y = k. 

57. Find the center of gravity of the solid generated by revolving about the 
line X = a the surface bounded by that line, the axis of x, and the parabola 
y2 — 4px. 

58. Find the center of gravity of the solid formed by revolving about OY 
the surface bounded by the parabola x^ = 4py and any straight line through 
the vertex. 

59. Find the center of gravity of the solid formed by revolving about OY 

x2 1/2 

the surface bounded by the hyperbola — = 1 and the lines y = and y = b, 

a2 62 

60. Find the center of gravity of a hemispherical surface. 

61. Find the center of gravity of the surface of a right circular cone. 

62. Find the center of gravity of the surface of a hemisphere when the 
density of each point in the surface varies as its perpendicular distance from 
the circular base of the hemisphere. 



CHAPTER VI 
INTEGRATION OF RATIONAL FRACTIONS 
52. Introduction. The sum 



H- ^-7- + 



each term of which is a rational fraction in its lowest terms with 

the degree of the numerator less than that of the denominator, is 

f(x) 
known by elementary algebra to be a fraction of the form '^ ^ > 

where ^ ^ 

F(x) = (a^x + 6j) (a^x + \) (a^a^ + \x + Cg) 
and /(a?) = A^(a^x + \) (a^x^+ \x + Cg) +^2(aia? + h^ {a^3C^-\- \x + Cg) 

+ {A^x + ^g) (aio: + h^ (a^x + S^). 

Again, consider the sum 



(a jic + b^f a^x-\- \ a^x + \ {a^oc^ + fegO; + c^f a^a? + &gic + c^ 

Here the linear polynomial a^x + 6^ appears both in the first and 
the second powers as denominators of fractions which have the 
same form of numerator, a constant ; also the quadratic polynomial 
a^ix?+ 63^?+ Cg appears both in the first and the second powers as 
denominators of fractions which have the same form of numerator, 

fix) 
a linear polynomial. If this sum is denoted by 2^-^^-^> then 

F{x) = {a^x H- 6,)^ {a^x + 6^) {a^a? H- 6g« + Cg)^ 

and f{x), when determined, will be of lower degree than F{x), 

In both examples, f{x) and F(x) have no common factor and 
f{x) is of lower degree than F(xy 
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We proceed in the following articles to consider, conversely, the 

f(x) 
possibility of separating any rational fraction ^^-^ in which f(x) 

is of lower degree than F{x) into a sum of fractions of the types 
we have just added. 

53, Separation into partial fractions. Consider now any rational 

fraction /^-^> where f{x) and F{x) are two polynomials having 
F(x) 

no common factor. If the degree of /(a?) is not less than that of 
F{x)y we can separate the fraction, by actual division, into an inte- 
gral expression and a fraction in which the degree of the numera- 
tor is less than that of the denominator. 
For example, by actual division, 

i — ^ = 2 a? + 1-1 — - — 

a; — 9 a; — 9 

Accordingly, we shall consider only the case in which the degree 
oif(x) is less than that of F(x). 

Now F(x) is always equivalent to the product of linear factors 
(I, § 42), which are not necessarily real ; and if the coefficients 
of F{x) are real, it is equivalent to the product of real linear 
and quadratic factors (I, § 45). We shall limit ourselves in this 
chapter to polynomials with real coefficients and shall assume 
that the real linear and quadratic factors of F{x) can be found. 
We shall make two cases: 

Case I, \^here no factor is repeated. 

Case II, where some of the factors are repeated. 

Case I. As an example of this case let 

F{x) = (a^x + & J (a^x + \) {a^a? + \x + Cj). 

May we then assume, as suggested by the work of the previous 
article, that 

F(x) a^x + b^ a^x-\-'b^ a^a?-\-\x + c^ 
where A^, A^, A^, and B^ are constants ? 



SEPAEATION INTO PARTIAL FEACTIONS 105 

It is evident that the sum of the fractions in the right-hand 
member of (1) is a fraction the denominator of which is F{x)y and 
the numerator of which is a polynomial, which, like f{x)y is of 
lower degree than F{x), 

It will be proved in §§ 55, 56 that A^, A^, A^y and B^ exist. As- 
suming this, we may multiply both sides of (1) by F{x), with the 
following result : 

f{x) = A^{a^x + \) {a^3(?-\- \x -f- c^)-\-A^{a^x -f- h^ K^+ \x + Cg) 

+ {A,x + ^3) {a^x + \) {a^x + \). (2) 

As (2) is to hold for all values of x, the coefficients of like 
powers of x on the two sides of the equation must be equal.* 
The right-hand member is of degree three, and by hypothesis the 
left-hand member of degree no higher than three. Hence, placing 
the coefficients of x^, x^, x, and the constant term on the two sides 
of the equation respectively equal, we have four equations from 
which to find the four unknown constants A^, A^, A^, B^. 

Solving these equations and substituting the values of A^, A^, 
A^, and B^ in (1), we have the original fraction expressed as the 
sum of three fractions, the denominators of which are the factors 
of the denominator of the original fraction. The fraction is now 
said to be separated into partial fractions. 

It is evident that the number of the factors of F(x) in no way 
affects the reasoning or the conclusion, and there will always be 
the same number of equations as the number of the unknown 
constants to be determined. 

* If the two members of the equation 

ooa;** + aia;»-i + • • • + a„_ia; + an= 6oaj*» + 6ia;»-i + ••• + &«-!« + &» (1) 

are identical, so that (1) is true for all values of jc, the coeflScients of like powers of x 
on the two sides of (1) are equal, i.e. ao= 6o» <^i= ^i» * * '» ^n=^n' 
Writing (1) in the equivalent form 

(ao-6o)«" + («i-^i)a;"-^ + ----h(an-i -&»-!)« + (««-&«) = 0, (2) 

we have an algebraic equation of degree not greater than n, unless ao= &o> <Zi= &if 
•••,a„=6„. 

Then (2) is true only for a certain number of values of x, since the number of roots 
of an algebraic equation is the same as the degree of the equation. But this is contrary 
to the hypothesis that (1), and therefore (2), is true for all values of x. Hence a© = 6o» 
ai = 61, • • • , On = &n» 2is was stated. 
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x^ + llx + 14 

Ex. 1. Separate into partial fractions . 

(X + 3) (x2 - 4) 

Since the degree of the numerator is less than the degree of the denominator, 

^^*^^°^" x«+llx + 14 ^ A BC 

(X + 3)(x2 - 4) X - 2 X + 2 X + 3' ^ ^ 

where A, B, and C are cofastants. 

Clearing (1) of fractions by multiplying by (x + 3) (x^ — 4), we have 

x2 + 11 X + 14 = ^ (X + 2) (x + 3) + 5 (X - 2) (X + 3) + C (X - 2) (x + 2), (2) 
or x2 + llx + 14 = (^+l? + C)x2 + (6^+5)x + (6^ -65-4C). (3) 

Since (3) is to hold for all values of x, the coefficients of like powers of *x on 
the two sides of the equation must be equal. 

Therefore ^ + 5 + C = 1, 

6^+5 = 11, 
6^-65-4C = 14, 

whence we find A = 2,B=1, and C = — 2. 

Substituting these values in (1), we have 

x2 + llx + 14 2 1 2 



(X + 3) (x2 - 4) X - 2 X + 2 X + 3 

If the factors of the denominator are all linear and different, as in this ex- 
ample, the following special method is of decided advantage. In (2) let x have 
in succession such a value as to make one of the factors of the denominator of 
the original fraction zero, i.e. x = 2, x = — 2, x = — 3. 

When X = 2, (2) becomes 40 = 20^, whence A = 2; when x = — 2, (2) be- 
comes — 4 = — 4 JB, whence B = 1; and when x = — 3, (2) becomes — 10 = 6 C, 
whence C = — 2. 

The method just used may seem to be invalid in that (2) apparently holds 
for all values of x except 2, — 2, and — 3, since these values make the multi- 
plier (x + 3) (x2 — 4), by which (2) was derived from (1), zero. This objection 
is met, however, by considering that the two polynomials in (2) are 'identical 
and therefore equal for all values of x, including the values 2,-2 and — 3. 

Ex. 2. Separate into partial fractions 

x^ — 1 

Since the degree of the numerator is not less than that of the denominator, 
we divide until the degree of the remainder is less than the degree of the 
divisor, and thus find 

x8 + 4x2 4-x _ 4x2 4-x + l .-. 

X8-1 "" X8-1 

The real factors of x^ — 1 are x — 1 and x^ + x -|- 1. Hence we assume 

4X2 4-X-H ^ A Bx+C 

X8-1 X-1X2 + X + 1* ^' 
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Clearing of fractions, we have 

4x2 + X + 1 = ^ (x2 + X + 1) + (BiB + (7) (X - 1) 

= (^ + 5)x2 4- (^ _ B + C)x + (^ - C). (8) 

Equating coefficients of like powers of x in (3), we obtain the equations 

A-B + C = l, 
A-C = l, 

whence A = 2, B = 2, C = 1. 

„ 4x2 + x + l 2 2x-fl 
Hence ■ — = 1 — — , 

X8-1 X~l X2 + X+1 

, x« + 4x2 + x ^ 2 2x + l 

and — —- = 1 + f- 



x«-l x-1 x2 + x + l 

The values of -4, B, and C may also be found by assuming arbitrary values 
of X. Thus when x = 1, (8) becomes 6 = 3^; when x = 0, (3) becomes l = A — C; 
and when x = 2, (3) becomes 19 = 7-4+2J5+C; whence ^ = 2, C = 1, 5 = 2. 

54. Case II. We will now consider the case in which some of 
the factors of the denominator F(x) are repeated. For example, let 

F{x) = (a^x + 6,)^ {a^x + \) {a^a? + \x + c^f. 
We assume 



F{x) (a^x + ftj)^ a^x + h^ a^x + b^ {a^a? + h^x + Cg)^ 

«8^ + ^8^ + ^8 

as suggested by the work of § 52. 

Multiplying (1) by F{x), we have an equation of the 6th degree 
in X, since the degree oif(x) is, by hypothesis, less than that of F(x), 
Equating the coefficients of x^, x^, x^, x^, ar*, x, and the constant 
term on the two sides of the equation, we have seven equations 
from which to determine the seven unknown constants, A^, A[, 

It is evident that, granted the existence of these constants, the 
above method for determining them is perfectly general. 
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Ex. 1. Separate into partial fractions 



x* - 6 a;a 4- 16 



(X + 2) (x2 _ 4) 

Since the degree of the numerator is not less than that of the denominator, 
we find by actual division 



We now assume 



x4- 6x2 + 16 


(X + 2) (x2 ~ 4) 


2x2 



= x-2 + 



2x2 



(X + 2) (x2 - 4) 



+ 



+ 



C 



(x + 2)(x2-4) (x + 2)2 x + 2 X 



(1) 



(2) 



Clearing of fractions, we have 

2 x2 = ^ (x - 2) + B(x2 - 4) + C(x + 2)2 
= (B + CJx2 + (^ + 4C)x + (-2^ 



4B4-4C). 



(3) 



Equating the coeflScients of like powers of x, we obtain the equations 

B + C = 2, 

-2^-45+4C = 0, 

whence ^ = — 2, 5 = |, C = J. 

Therefore substituting in (2), we have 



2x2 



+ 



3 
5 



+ 



(x + 2)(x2-4) (x + 2)2 x + 2 x-2 



so that finally 



X* -6x2+ 16 
(x + 2) (x2 - 4) 



= x -2 - 



2 3 1 



(X + 2)2 2 (X + 2) 2 (X - 2) 



Ex. 2. Separate into partial fractions 
By division we first find 



3x7 + x6 _6x*-8x2-llx + 9 



2(x8-]) 



_ na 



3x7 + xg-6x^-8x2-llx + 9 _3 1 x^ - 4x^ -T x -\- i 
2(x8-l)2 "2* "^2"^ (x8 - 1)2 



(1) 



We now assume 

x8-4x2-7x + 4 

(X8 - 1)2 



B Cx + D 



(X - 1)2 X - 1 (X2 + X + 1)2 

Ex-^-F 



'*"x2 + x + l' 



(2) 



and clear of fractions. The result is 



x^ - 4x^ -Ix + 4 = (B + E)x^ + (A -\-B- E -\-F)x^ 

-\-{2A-\-B + C-F)x^-\-{SA-B-2C-\-D-E)x^ 
+ (2A-B-\-C-2D + E-F)x-^(A-B-\-D + F), (3) 
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Equating the coefficients of like powers of x in (3), we obtain the equations 

J5 + ^ = 0, 

A + JB-JF + F=0, 

2A+B+C-F=l, 

SA-B^2C^I)-E = -4, (4) 

2A-B+C-2D-\-E-F = -7, 

A--B + D + F = 4, 

whence ^=-§,J? = 0, C = 3, i) = 4, ^ = 0, F=|. 

Substituting these values in (2), we have 

x^-4:X^-Tx + 4: _ 2 , 3x4-4 2 

(X8 - 1)2 "" 3 (X - 1)2 "*" (X2 + X + 1)2 3(x2 + X + 1) ' 

so that finally 

3x7 4-xe-6x*-8x2-nx + 9 3 1 2 . 3x + 4 



2(x«~l)2 2 2 3(x-l)2 (x2^ + x + l)« 

2 
H 

3 (x2 + X 4- 1) 

55. Proof of the possibility of separation into partial fractions. 

In the last two articles we have assumed that the given fraction 
can be separated into partial fractions, and proceeding on this as- 
sumption we have been able to determine the unknown constants 
which were assumed in the numerators. We will now give a proof 
that a fraction can always be broken up into partial fractions of 
the types assumed in §§ 53, 54. 

fix) 
Let the given fraction be '^^ ' > where /(x) aud F{x) are poly- 

nomials having no qommon factor. 

Let a: — r be a linear factor of F(x) which occurs m times, 
and F^{x) be the product of the remaining factors. Then F{x) 
= (ic — ryF^{x) and 



— (1) 

F{x) {x-r)'^F^{x) ^ ' 



Now the equation 



f(x) ^ A f{x)-AF,{x) 

{x — r)'"F^{x) {x-ry {x — r)'^F^{x) ^ ' 

is identically true, A being any constant. 
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If we can determine A so that 

/(r) - AF,{r) = 0, (3) 

then f{x)~'AF^{x) is divisible by a: — r (I, § 40) and may be de- 
noted by (x — T)f^{x). 

But by hypothesis neither /(a;) nor F^{x) is divisible by {x — r), 
and hence f{r) ^ and F^(r) 4^ 0. Therefore, from (3), 

A = i^, (4) 

a constant, which is not zero. 
With this value of A we have 

F(x) {x — ry" (x — r)'^-^F^{x) ^ ' 



Applying this same method to •;- — \_i^ , ^ > we have 



{x-'r)"'-^F^{x) 



/i(^) _ ^1 ^ A(^) 



n + 



(iT — r)'^-^F^{x) (X — r)"*-^ (^r — r)'^-^F^{x) 

f(r) 
where ^^ = ^^ and (a? - r)/2(a:) =f^{x) - ^ii^;(^). 

It is to be noted, however, that A^ may be zero, since /^(r) may 
be zero ; but A^ cannot be infinite since F^(r) ^ 0. 

Applying this method m times in succession, we have 

fM A A. A^ , A^ , fmi^) 

F{x) {x — ry {x — r)""-^ (a? — r)"*"*"^ x — r F^(x) 

where A^ A^, A^, • • • ^m ^^® ^ finite constants, of which A is the 
only one which cannot be zero. 

By the above reasoning it is evident that corresponding to any 
linear factor of the denominator which occurs m times we may 
assume m fractions, the numerators of which are constant, and the 
denominators of which are respectively the mth, the (m — l)st, 
• • • , 1st powers of the factor. 

After these fractions have been removed, the remaining frac- 
tion, i.e. '^ ' » may be treated in the same way. 
F^(x) 
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In the above discussion r and the coefiBcients of /(a;) and F(o^ 
may be real or complex. Consequently, the method may be apphed 
successively to each factor of i^(ic), thus making a complete separa- 
tion into partial fractions. If, however, /(a?) and F(x) have real 
coefficients and we wish to confine ourselves to real polynomials, we 
will apply the method to real linear factors only, and proceed in 
the next article to deal with the quadratic factors. 

56. Proceeding now to the case of a quadratic factor of F(x)y of 
the form {x — af-^ 6^ which cannot be separated into real linear 
factors, let ^^^^ ^ ^^^ __ ^^, ^ WTF^ix), 

Then M. = m (1) 

F{x) [(a? - of + WT^^{^) 

Now the equation 

f(x) ^ Ax^B f{x) - (Ax + B)F,(x) 

[(x - ay + byF^(x) [{x - ay + ft"]"* [{x - af + J']'"i^\(;r) ^ ' 

is identically true, A and B being any constants. 
If we can determine A and B so that 



/{a + bi) - [^ (a + bi) + B]F^(a + bi) = 0, 
and f(a - bi) -[A (a- bi) + B] F^{a - bi) = 0, 



(3) 



then /(x) — (Ax + B)F^(x) is divisible by a; — a — bi and x^a + bi 
(I, § 40), and hence is divisible by their product (x— a)^-\- b^, and 
we can place 

f(x) - (Ax + B)F,(x) = [(X - a)^+ 6^/,(a:). 

By hypothesis neither /(x) nor i^i(aj) is divisible by (x — a)^4- 6^; 
hence /(a ± 6t) =?^ and FJ^a ± bi) ^ 0. 

Denoting ff "^ ^\ by P + (?i, and ^^^^^ by P - (?i, we 
shaUhave ^i(« + *^) P,(a-&^) 

and ^(a — Jt) + J5=P-^, 

where P and Q are finite quantities, both of which may not be 
zero at the same time. 
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Therefore aA + B = P, 

two equations from which A and B are found to have real finite 
values which cannot both be zero. 

With these values for A and B we have 

f{x) ^ Ax-hB f,(x) 

F{x) [(X - af + b^'" [(X - aY + J']"»-'i^,(a;) 

and repeating this process as in the case of the linear factor we 
have finally 

f{x)^ Ax + B A,x + B, fjx) 

F{x) [{X - af + h^Y [{x-af^- 6']" " ' F^{x) 

It should be added that A and B may not be zero at the same 
time, and that any or all of the other constants may be zero. 

The same method may evidently be applied to each one of the 
quadratic factors of F{x). 

To sum up, if 

F{x)^{x-T^Y{x-r,Y^^ . [(a;~af+&2y . . ., 

and we apply the above methods to the linear factors in succession 
and then to the quadratic factors in succession, we have finally 

F{x) {x — r^y (^ — r^)"*-' aj — rj 

B B, B 

H 1 1 h " 



{x — rj" {x — rj" - ^ x — T^ 



\(x - af^ &']' [(^ - <+ 2>']'-' 

, fi^ + A , . r 



• • 



where J is either zero or an integral expression in x. 

But if the degree of f(x) is less than that of F{x), and we shall 

always reduce the fraction to this case by actual division, "^ ^ ' and 

^ ' F(x) 



I 
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all the fractions on the right-hand side of the equation are zero 
when aj = 00 ; hence / is zero and the fraction is separated into 
the partial fractions noted. 

57. In the discussion of the last article the quadratic factors of 
the denominator are only thosa which represent the product of two 
conjugate imaginary factors, all the real linear factors having been 
previously removed. But some of these real linear factors may be 
surd, in which case the algebraic work of the determination of the 
numerators (§§ 53, 54) is burdensome. If, however, the surd fac- 
tor is of the form x — a — Vb, where a and b are rational, this work 
may be avoided in the following manner : 

(1) It may be shown by a method similar to that used in I, 
§§ 44, 45, that if F{x) has only rational coefficients, and a; — a — V 6 
is a factor of F(x), then a; — a -h Vj is also a factor, and hence that 
J^(x) contains (x— of— 6 as a factor. 

(2) If [{x—af—l'Y is a factor of the denominator F{x),ihQ 
other factor being F^{x)y then 

F{x) = [{X - af- &]"i^i(aj). 

fix) 
Then the rational fraction ^^-^ may be proved equal to 

Cx-^D Mx) 

[{x-af- by [{X - af- bY-^F^{x) ' 

The proof, being similar to that of the last article, is left to 
the student. 

Accordingly, if all the coefficients of the denominator are rational, 
and the surd factors, if any, are of the type just noted, the fraction 
will be separated into partial fractions, the denominators of which 
shall be of the forms (x - r)», [{x - a)'-h b^]% and [(x - a)'- b]\ 

58. Integration of rational fractions. The integration of a 
rational fraction in general consists of two steps: (1) the sepa- 
ration of the fraction into partial fractions ; (2) the integration of 
each partial fraction, and the subsequent addition of the integrals. 

There will then be four types of integrals to consider : 

/ Adx r_Adx_ r {Ax -\- B) dx , f {Ax-\-B)dx 



am 
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The first three, however, have already been discussed. Turning 
then to the fourth, we may put that in the form 



^[2{x'-a)] + B + aA 



dx, 



which is equal to the sum of the two integrals 



f f[(^ - «)' + ^']"" 2 (x - a) dx 



dx 



/d 
[{X - af + 6^]» 

The first of these integrals is readily seen to be 



2 (-71 + 1) [{x-af-\-h^Y~^ 
The second may be evaluated by placing x — a = l tan 0. Then 

When 71 = 2, this integral is evaluated as in Ex. 3, § 13. The 
case n> 2 rarely occurs in practice, but if it does occur, 

/cos^*'~^0d0 may be evaluated by methods of § 65, or the inte- 
gral I z — 77;:r niay be evaluated by successive applications 

of the reduction formula 

J {u^+ ay ^2{n-l)a:\(u^+ a^"^ "^^^ ^^ ^V (^'+ a^-'] 
which will be derived in § 73. 

Ex. 1. Find the value of f (^^ + ^^ + 3)(fx ^ 

Since x* + 2x2 — x — 2 = (x — 1) (a; + 1) (x + 2), we assume 
x2 + 8x + 3 A B C 



x8 + 2x2-x-2 x-1 x + 1 x + 2 
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Determining A, B, and C by the methods of the previous articles, we have 
x2 + 8x + 3 22 3 



x8 + 2x2-x-2 x-1 x + l x + 2 

. i'(^ + Sx + B)dx^i'/^_ _2 8_X 

Ja8 + 2x2-x-2 J\x-1 x + lx + 2/ 

= 2 r-^ + 2 f-^-S f-^ 
J x-1 J x + 1 J x + 2 

= 2 log(x - 1) + 2 log(x + 1) - 31og(x + 2) + C 



^^g(x-lHx+2)!.+ e 
(x + 2)8 

^ (X + 2)8 ^ 



T. « T.. J XI. 1 . /* (8x* + 2x2 + 6x + 18)dx 

Ex. 2. Fmd the value of I ^ — 

J 8x8+27 



8x8+ 27 

„ ,. . . 8x4 + 2x2 4.6x + 18 2x2-21x4-18 

By division, =xH ■ • (1) 

^ ' 8x8 + 27 8x8 + 27 ^ ' 

The real factors of 8x8 + 27 are 2x+ 3 and 4x2 - 6x + 9, Therefore, we 

^""""^ 2x^-21x4-18 ^ A Bx-\-C 

8x8 + 27 ~2x + 3 4x2-6x + 9* ^' 

Determining A, B, and C by the methods of the previous articles, we have 

2x2-21x + 18 2 3x 



8x8 + 27 2x + 3 4x2-6x + 9 



(3) 



/* (8x* + 2x2 + 6x + 18)dx _ r/ 2 3x \ , 

" J 8x8 + 27 "J \ "*"2x + 3~4x2-6x+ 9/ 

= r^dx+ f-l^- r_J^ (4) 

J J2X + 3 J4x2-6x + 9 ^' 

But fx dx = - x2, f ^^^ = log (2 X + 3), 

J 2 ' J 2x + 3 ^ ' 



and 



2x + 3 
Sxdx 3 r (8x-6)dx 9 f dx 



r 6xax _3/'(»x-0)ax .yr 
J 4x2-6x + 9""8J 4x2-6x + 9 iJ 



6x + 9 8J4x2-6x + 9 4J4x2-6x + 9 

= - log(4x2 _ 6x + 9) + -^ tan-i ^^~^ 
8 4V3 3V3 

Substituting the values of the integrals in (4), we have finally 
(8x* + 2x2 + 6x + 18)dx 



/ 



8x8 + 27 

= -x2+log(2x + 3)-?log(4x2-6x + 9) ^ tan-i ^ "1 + C 

2 8 4V3 3v3 

1 Q . 1 2x + 3 3 ^ -4x-3 ^^ 
= - x2 + log tan-i — + C. 

2 (4x2-6x + 9)^ 4V3 3V3 
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Ex, 3. Find the value of /^ ' 

J 2 (a;8 - 1)2 

The fraction being the same as that of Ex. 2, § 64, we have the first step of 
the work completed. 



/ 



Hence 

(3x7 + x6 _ 6a^ - 8x3 - llx + 9)^ 



2 (x8 - 1)2 

J 2^ J 2 J 3(x-l)2'^J (x2 + x + l)2"^J 3(x2 + x + l)* ^' 

Now the first, the second, the third, and the fifth integrals are readily eval- 

3 1 2 

uated by previous methods, their values being respectively -x2, -x. 



A 0,1 ^ 4 '2 '3(x-l) 

4 _i2x + 1 ^ ' 



and — —tan 

3 V3 V3 



(3x + 4)dx 



-^ ^ — , which may be reduced to 

(X2 + X + 1)2 ^ 



? J(x2 + X + l)-2(2x + l)dx + 5 J 



dx 



(X2 + X + 1)2 



The first integral is , while the second integral may be 

^ (X* -J- X -}- 1 ) 

/dx 
, and can be evaluated by placing 
[(2x + l)2 + 3]2 ^ ^ 

2 X + 1 = V3 tan ^. The result will be 



J [{2x + l)2 + 3]2 oVSJ 



^^ ^ + _^sin2^ 



3V3 3V3 

10 . ,2x + l 5 2x+l 

i-i — j . 



tan- 



3V3 V3 6 X2 + X + 1 

^ r (3x4-4)dx 3 . 10 , ,2x4-1 

Hence I -^^ ■ — = \- = tan-i i^ 

J (x2 + x + l)2 2(x2H-x + l) 3V3 V3 

5 2x + l 



6 X2 + X+1 



Finally, substituting the values of the integrals in (1) and simplifying, we 
have, as the value of the original integral, 

3.1 2 5x-2 14 , ,2x + l ^ 

-x2+ -x + h h — -ztan-1 — ^^ c. 

4 2 3(x-l) 3(x2 + x + l) 3V3 Vs 
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Separate the following fractions into partial fractions : 



1. 



2. 



a^ + 2a?8 + a?-l 
g8 + x2-2x 

J 3x4-1 

* 4x8 4- 8x2 -a -2 

4 x8-llx-l 
' x8 + 2x2- 5x-6 

3x2 -X -3 



9 x2 - X + 6 

* 2x8 + x2 4"4x4"2* 

8x2 -4x 

x»-2x + 4 

12x«4- a;* + 2x«-x-2 

— — • 



10 
11. 



12 



3x*-2x2-l 
2x8 -x2 + 5x + 2 

" ■ ■■■■■■II- - —11 ■ ■ # 



5. 



6. 



7. 



8. 



X* + X8 

x2 -7x + 2 
4x*-4x8 + x2' 

x8-x2-12x--8 
^ ■ x(x + 2)8 

8x*--4x8-2x2 + 7x 

— ■ - ■ -I ■■ g 



(2x + l) 



x* + 3x2 + 4 

13 g*^ - g* + x8 - 2x2 - 2x - 1 

x* + 3x2 + 2 

14 g*+ 5x2 + 2x4- 6 

x6 + 6x8 + 9x 

15 x* + x«-4x2--6x + 8 

' x6 ~2x*-4x8 + 8x2 + 4x-8 

16 a;8 - x2 + X + 3 

• (X2 + X + 1)2 



i^ind the values of the following integrals : 
(14x + 3)dx 

x2 + 4x-: 

(3x + 4)dx 

+ 3x-9a 

(3x-10)dx 

!X2 + 6X-] 

(3x + 7)dx 
;2 + 4x + l' 
(6x + 4)dx 

x2 + 4x + : 

X8 + X2 + X + 1 ^ 

ax. 



17. rJi 

J 4x2 + 4x-15 

18- f-^o 

J 2 + 3x-9x2 

* J 2x2 + 6x-12 

20. r 

./ x2 + 4x + l 

21. f- 

J 4x2 + 4x + 2 

22 r ?!_±_??_±_?_± 

J 3-2x-x2 

23. r»^ + 3:t»-x-8^ 
J 9x2 + 12x + 8 

24. r?Ltl^i±3^<j,. 

-^ x2-2x-l 

25. pf-ll^-«^. 
J x8 + x2-6x 



26. f'-^^^^^^d^ 

J X8 — X 

27 r (g-12x)dx 

* J x8-2x2- 6x + 6* 

*J x8 + x2-4x-4 

J 2x8 + 6x2 -3x 

30 f 6x^ + 17x8-3x2-6x + 4 ^^ 
J 2x8 + 7x2 + 2x-3 

31 f 4x^ + 10x8 -8x2- 20X + 1 
J 4x8 + 8x2-9x-18 

32. r 16^' -18^ + 8 ^. 
J 4x8- 4x2 + x 

gg /> (x2 + 2x + 4)dx 

* J x8 + 6x2 + 12x+8* 
«. /' (6x2-|-i0a;4-9)da 

* J 4x8 + 8x2-3x-9' 
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35. 
36. 
37. 
38. 
39. 



1. 
2. 
3. 



/ 
/ 



4x8 + 12x2 4. 9a; + 2 

(5x — 2)dx 
a;8-|.2x2-4x-8* 
2 + 6x -x2-2x8 



dx. 



x* + 2x8 + x2 

9x8--8x + 2^ 

dx. 

9x8-6x2 

X* -2x8-x-l^ 

— ax. 

x(x-l)8 

16x6-8x^-8x8+2x2 

16x* -8x2 + 1 

4x2 + 6x- 6 J 
dx. 

X8 + X2 - 2 

(x2-13x)dx 
x8_3x2 -2x + 2* 

3x8-12x + 8 



-1 



dx. 



x*-16 
xdx 



dx. 



' f . (16x2-29x-17)dx 
^' J (3x2 + 2)(x2-2x + 8)' 






(2x2 + x + l)dx 
(x2 + 3)(2x2 + x + 6) 



X* +(a-6)x2- ab 



x*-3x8 -7x2-4x + 2 - 
dx. 

x4 + 4 

o r^aJ* - 4x8 + x2 + 13x - 3 ^ 

so. I ax. 

J 8x8 + 27 

^ /» 9x8 + 20x2 + 21x- 5 , 

t9. I ' dx. 

J (x2-3)(3x2 + 3x + 6) 

J (x2 + 3)2 

51. r2x8 + 10x2 + 4x^ 

J (2 X2 + 1)2 

CO r5x8-llx2 + 19x-27 , 

52. I ; — — - — (ix. 

J x8 + 6x8 + 9x 

53. r2 + 100^ + 2x2 -6x8^ 
J X — 4x8 + 4x6 



CHAPTEE VII 
SPECIAL METHODS OF INTEGRATION 

59. Rationalization. By a suitable substitution of a new vari- 
able an irrational function may sometimes be made a rational 
function of the new variable. In this case the integrand is said 
to be rationalized, and the integration is performed by the methods 
of Chap. VI. We shall now discuss in §§ 60-63 some of the 
cases in which this method is possible, together with the appropri- 
ate substitution in each. 

60. Integrand containing fractional powers of a + hx. Expres- 
sions involving fractional powers oi a-\-'bx and integral powers of 
X can be rationalized by assuming 

where n is the least common denominator of the fractional expo- 
nents of the binomial. 

For if a + 6aj = 2;", then a? = - (a:" — a) and dx = - :i^~^dz. Also, 



if (a + bxy is one of the fractional powers of a-i-hx, (a-{-hxy = z'**'y 
where pn is an integer. Since x, dx, and the fractional powers of 
a + bx can all be expressed rationally in terms of z, it follows that 
the integrand will be a rational function of z when the substitution 
has been completed. 

(1 + 2 a;)* 
Here we let 1 + 2 x = z^ . then x= ^{z^ — 1), and dx = f z^dz. 

Therefore f ^^^ = - f(z^ -2z*-\-z)dz 

^ (l+2x)* 8 J 

= ^h^^i^^ - 1^2^ + 20) + C. 
Replacing z by its value (1 + 2x)* and simplifying, we have 

. r x^dx ^ S ^ ^ 235)8(9 - 12x + 20x2) + C. 
^ (l + 2x)* 320 

^ ' 110 
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Ex. 2. Find the value of f (^ + ^) - (^ + ^) ^, 

•^ (X + 2)* + 2 

Since the least common denominator of the exponents of the binomial Is 4, 
we assume a; + 2 = z* ; then x = «* — 2, and dx = ^z^dz. On substitution, the 
integral becomes 

4 C^T^dz = 4 f(z^ _«a_2« + 2 + i|-=i\d« 
J za + 2 J \ 224.2/ 

= 4ri2* - i^s _ -52 + 2« + 2 log(za + 2) - -i^ tan-i^l + O. 
U 3 V2 V2J 

Replacing 2; by its value (x -f 2)*, we have 



/ 



(X + 2)* - (X + 2)i 



(2x 



(X + 2)i + 2 
= X + 2 - J(x'+ 2)* - 4(x + 2)* + 8(x + 2)* + 81og(Vx + 2 + 2) 

_8V2tan-i<^±?l^+C. 

V2 

61. Integrand containing fractional powers of a + bx". If the 
integrand is the product 

or {a + hafy, 

where q and r are integers, there are two cases in which rational- 
* ization is possible. 

Case I. When is an integer or zero. Let us assume 

n 

a + ftic" = ^ 
and observe the result of the substitution. Then 

1 - ^ l_i 

a? = — (2;^— a)**, and dx = — - (2f — a)" ^'"^ dz. 

If nb*" 

Therefore 

af''{a-{-bafydx=z—^;^sf'-^''-\sr-'a) » dz, 

nh " 

But if is an integer or zero, this new integrand is a 

n 

rational function of z, and the assumed substitution is an effect- 
ive one. 
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Ex.1. Find the value of fiKfi{l-{-2x^)^dx, 

wi-f- 1 11 

Since =2, we assume 1 +2 a;«=z«, whence x«=-(2«--l), and aj2cte=-«dz. 

The new integral is J / (z* — z^)dZy which reduces to ^ ««(8z2 « 5) + c, 

Beplacing z by its value, we have 

Jx^(l + 2x«)*(fe = :jiy (1 + 2x«)^(8aj« - 1) + C. 

Case II. When }r- is an integer or zero. Here we will 

n r 
assume . ,_^ 

1 1 

Then x = and tia; = j — dz. 

{^-If 71(2^-6)"'*'' 

Therefore af"(a + lotfYdx = -; dz, 

n(f-l) " *• 

This new expression is a rational function of z. 

/(2 4- x2\l 
^— ^- — ^cte. 

Here f- - = 1, and accordingly we let 2 4- x^ = xH^, After the sub- 

^ ** r z^dz 
stitution we have, as the new integral, — 2 1 1 the value of which is 

z^ — 1 2 z — 1 
Replacing z by its value, we have 

/ ^^ — r-^^ = ^ ^ + -log-— =r + C. 



x-'-x 



62. Integrand containing integral powers of Va + bx~+l?. 
If the integrand contains only integral powers of x and of 
Va '\-bx + s(?, it may be rationalized by the substitution 

Va -{-bx-\-ix^=iZ--x; 
for from this equation 

and ^"= (27T^^'- 

The result of the substitution is evidently a rational function of «, 
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Vl + X + X2 

Letting v 1 + x 4- x^ = 2 — «, we have as the new integral 2 / -^ — — ^ d2, 
which, by the method of Chap. VI, is ^ + ^ 

ir,._3.-i^i±^-log(^z + l)l + C. 
SL 4(2z + l)2 ^^ ^ 'J 

Replacing z by its value x + Vl + x + x^, we have as the value of the 
original integral 

- [(x + Vl + X + x2)2 - 3 (x 4- Vl + X + x2) 

__ 48X4-334-48V1 + X + X2 _ log (2 x + 1 + 2 Vl + x + x2)l + C. 
4(2x + 1 + 2 Vl + X + x2)2 J 

If the coefficient of o? under the radical sign is any positive 
constant other than unity, we may factor it out, thereby bringing 
the expression under the case just discussed. 

63. Integrand containing integral powers of Va + &jr — jc^. In 
this case the substitution of the previous article fails, as x could not 
be expressed rationally in terms of z. We may now, however, write 

a'\'OX — ar=a — (o(r--ox) = ( ^ ~" 9 

an expression which can be factored into two linear factors of 

4 a + 6^ 
the form (r^^ x) (r^— x), which are real except when — - — ^ 0. 

But then it is evident that (^~o) ^^ negative for all 

values of x, and hence Va -{-bx — o(^ is always imaginary. 
Now place 

Va -^bx — x^ = V(^i + ^) (^2"" ^) = 2 (^2" ^)* 
Solving this equation for x, we have 

x = -^ -y ^a-\-bx — or = ^^ — ^^—> 

and dx = —^ 4- dz. 

After the substitution the new integrand is evidently a rational 
function of z. 
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Ex. Find the value 



«'/ 



dx 

X V2 — x — x^ 



Since 2 — x — x^ = (2 + x) (1 — a), we assume 

V2 - X - x2 =V(2 +x)(l- x) = z(l- x). 

, which is equal 



1 , Z-V2 , ^ 
to — =log F + C. 

V2 2+V2 



Eeplacing 2 by its value \\ , we have 



/2 + x 



dx 1 , V2 + X-V2 - 2x 

— = — — log — — = ==: 

X V2 - X - x2 V2 V2 +X+V2 -2x 



64. Integration of trigonometric functions. There are certain 
types of trigonometric functions for which definite rules of pro- 
cedure may be stated. The simplest case is that in which the 
integrand is any power of a trigonometric function multiplied by 

its differential, e.g. / sin^ic cos x dx^ which may be integrated by one 

of the fundamental formulas. It is evident that this class requires 
no further consideration here. To deal with the more complex cases 
it is usually necessary to make a trigonometric transformation of 
the integrand, the choice of the particular transformation being 
guided by the formulas for the differentials of the trigonometric 
functions. Some of these transformations, are given in §§ 65-70. 

65. Integrals of the forms /sin" or tfor and /cos'* jrtfjr. We may 

distinguish three cases. 

Case 1, n an odd integer. In the integral / s\xi''xdx we may 
place 



sin" xdx = sin""^ x sin x dx, 

n-l 



Now mixdx = — d{Go^x), and sin""^a?= (1 — cos^a?) ^ , which 

71—1 

is a rational function of cos x since — - — is an integer. 
Then / sin"ic ^a? = — / (1 — cos^a?) ^ c?(cos a?). 

In like manner we may prove 

/ Q,o^xdx=^ I (1— siu^ic) ^ d(smx). 
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Ex. 1. Find the value of fsin^zdz, 

fein^xdx = — /*(! - cos^ x)^ d (cos x) 

= — cosx + § cos^x — J cos^x + C, 

/(2x 

cos^x 
/dx r d(sinx) ^r, • . . t . ,«, 

/» d(smx) ^r dz ^l_J__l^ l^^ 

J {1- Sin3x)2 J (1 - 22)2 2 1 - z2 4 ® 1 + z ^ 

1 sin X 1 , 1 — sin X ^ 

2 cos2x 4 1 + sinx 

Case II. n a positive even integer. In this case we may evaluate 
the integral by transforming the integrand by the trigonometric 
formulas sin' a; = |(1 - cos 2 x), 

cos' a; = ^ (1 + cos 2 x), 
as shown in the following example. 

Ex. 3. Find the value of icos^xdx. 
Applying the second formula above, we have 

jcos^x,dx = ^ idz 4- i Cco82xdx 4- J f 008^^2x00:. 

Applying this formula a second time, we have 

rcos22 X dx = J I (1 + cos 4 x) dx. 
Completing all the integrations, we have finally 

I X + J sin 2 X 4- ^ sin 4 X 4- C. 

Case III. n a negative even integer. In this case we replace 

sin X by and cos x by and proceed as in 5 68. 

CSC a? sec a; 

66. Integrals of the form j sin"" x cos" x dx. There are two cases 

in which an integral of this type may be readily evaluated. 

Case I. Either morna positive odd integer. If m, for example, 
is a positive odd integer, we place 

sin"* a? cos"a:j dx = sin"*"^a; cos" a; (sin x dx) 



m-l 
.2 



= — (1 — cos x) ' cos" X d (cos x). 
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71ft ~— 1 

Since by the hypothesis — - — is a positive integer, it is evident 

that the new integral can readily be evaluated. 

Similarly, if n is an odd integer we express the integrand as a 
function of sin ik. 

Ex.1. Find the value of TVsinxcos'xcte. 

rVsinajcosSjcdsc = rVsina5(l — 6m^z)d(6mx) 

= ^ 8in*ic (7-8 sin2aj) + C. 

Sometimes when one of the exponents is a negative integer the 
same method is applicable, but it is apt to lead to functions the 
integration of which is laborious. 

/sin^x 
dz, 
cosx 

/sin^x ram^xdisinx) r zHz , , . . 
dx = I 7— — - = I (where z — sin x) 
cosx J l-sm^x J \-z^ 

1 , 1 4- sin X _ 

= -sinx + -log:; ; — +C. 

2 1 — sm X 

Case II. Both m and n positive even integers. In this case the 
integrand is transformed into functions of 2 iK by the two formulas 
of the last article and the additional formula 

sin X cos aj = ^ sin 2 ic. 

Ex.3. Find the value of Tsin^xcos^xdx. 
Placing sin^ x cos* x = (sin x cos x)* cos^ x, 

we have sin^x cos*x = \ sin^ 2 x (1 4- cos 2 x). 

Therefore Tsin^x cos* xdx= \ jsin^ 2 x dx + J jsin^ 2 x cos 2 x dx. 

Applying the same method again, we have 

Tsin^ 2xdx=^r(l — cos 4 x) dx. 

'Completing all the integrations, we have finally 

Tsin^x cos*x dx = -j^ X -f 5^^ sin' 2 x — ^^j sin 4 x + C, 
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67.^ Integrals of the forms I tan" j: dx and / ctn" j: dx. Since tan x 

and ctn x are reciprocals of each other, we need consider only the 
case in which 9i is a positive quantity. Accordingly, if n is a 
'positive integer we may proceed as follows. Placing 

tan" a; = tan"~^a: tan^a;, 

and substituting for tannic its value in terms of sec a?, we have 

tan" a; = tan"~^a;(sec^a?— 1). 

Therefore I \>'Q.v^xdx^ j tsin*'~^xsec^xdx— I tan""^a?c?a? 

= tan"~^a?— I tsiD!'~^xdx, 

n—1 J 

' It is evident that the original integral may be completely evalu- 
ated by successive applications of this method. The same method 

is evidently applicable to the integral I ctn''xdx, 

Ex. 1. Find the value of j tannic dx. 

Placing tan^x = tan^x tan^x = tan8x(sec2x — 1), 

we have T tan^ xdx= j tan^ x sec^ xdx — j tan^ x dx 

= J tan*x — j tan^xdx. 
Again, placing tan^x = tan x (sec^x — 1), 
we have | tan^x dx = j tan x sec^x dx — j tan x dx 

= ^ tan^x + log cosx + C. 
Hence, by substitution, 

r tan^x dx = J tan*x — ^ tan^x — log cosx 4- C. 

Ex. 2. Find the value of rctn*2xdx. 
Placing ctn* 2 x = ctn2 2 x (csc^ 2 x -- 1), 

we have | ctn*2xdx = J ctn22x csc22xdx — | ctn22xdx 

= - J ctn82x - Cctu^2xdx. 
Again, placing ctn^ 2 x = csc^ 2 x — 1, 

we have f ctn2 2 x dx = j (csc^ 2 x — 1) dx 

= — ^ ctn 2 X — X + C7. 
Hence Tctn* 2 x dx = — ^ ctn^ 2x4-^ ctn 2 x + x + C. 
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68. Integrals of the forms jsec"xdxaxLd jcsc"xdx. We shall 
consider these integrals only for the case in which n is an integer. 
Case L If n is a positive even integer^ we place 

/ n-a 
(1 + tan^aj) ^ d{tQnx), 

where the integrand is a rational function of tan x, since — - — is 
a positive integer. 

In the same manner, we may show that 

//* n — 2 

csc"a?c?aj=~ I (1 + ctn^ic) ^ d(ctn.x). 

Ex. 1. Find the value of Tsec* Sxdz. 

fsec* Sxdz= ^ C(l + tan2 Sx)d (tan 3x) 
= Jtan3aj(3 + tan23a;) + C. 

Case II. If n is any integer other than a positive even integer, it 
is evident that the integral falls under the case of § 65 when sec x 

is replaced by or when esc x is replaced by -: — , as the case 

, cos a; smic 

may be. 

Ex. 2. Find the value of j sec xdz, 

/, r dx rcosxdx 
aecxdx = / = i 
J cosx J COS^JC 

/d (sin x) 1 , 1 — sin X ^ 
— ^^ — = — log h C 
sin2 X — 1 2 1 + sin X 

1 , 1 + sin X .^ 

2 1 — sm X 

^1 (l + sin^)^ 

2 * 1-sinaa; 

2 \ cosx / 
= log (sec X 4- tan x) + C 

In like manner it may be shown that fcscxdc = log (esc x — ctnx) 4- C. 
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69. Integrals of the forms I tan*" or sec" jrdx and j ctn"*xcsc''xdx. 

Case I. If n is a positive even integer, we may write 

I taif'xsec''xdx= I tan*"aj(l + tan^a?) * d(tanx), 

and I ctn"*iccsc"ajda; = — I ctn'"ic(l+ ctn^ic) ' d{ctnx), 

where — - — is a positive mteger. 

Ex. 1. Find the value of rtan^2xsec^2x(2x. 

Placing sec* 2 jc = sec^ 2 x sec^ 2 x, we have 

rtan^2xsec*2xdx = J^ rtani2x(l + tan2 2x)d(tan2x) 

= J tan*2x + J tan'2x + C. 

Case II. If m is a positive odd integer, we place 

I tan*"iz;sec''a;tiaj= | (tan'""^ajsec"~^a;)(taniZJseGa;rfa;) 



/ m— 1 
sec**"^aj(sec*a5 — 1) ^ ti(seca;), 

and I ctn*"a? esc" a; dx= j (ctn"*"^a7 csc'^'^x) (ctn xcscx dajS 

/ m— 1 
csc""^aj(csc^iZJ — 1) ' ti(cscic), 

, m — 1 . 
where — - — is a positive integer. 

Ex. 2. Find the value of Ttan^ 3 x sec* Sxdz. 

jtan^S X sec* 3x dx = Mtan^ 3x sec~* 3x) (tan 3x 8ec3 xdx) 

= J fsec" * 3 Xv(sec2 3 x - 1) d (sec 3x) "^ 

= I sec53x — ^c*8x + C. 

Case III. If m is an even integer and n is an odd integer, 

the integral may be thrown under the cases of § 66 by placing 

1 J ^ sin a? 

sec X = and tan x = 

cos a; cos a? . 
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y X 

70, The substitution tan- = z. The substitution tan - = 2;, or 

• 2 

x=2 tan-^^;, is of considerable value in the integration of trigo- 
nometric functions, since if the integrand involves only integral 
powers of the trigonometric functions, the result of this substitu- 
tion is a rational function of z. For, if 



then 



and 



tan — = 
2 


«, 






sin X = 


OS 

2 sin - cos 


X 

'2 


2z 


COSiC = 


2cos»|- 


1= 


l-2» 


tan X = 


2 tan ^ 


■= 


2z 
1-/ 


dx = 


2dz 







1+2? 



When these values for sin a?, cos x, tan a:, and c?ic are substituted, 
it is evident, as stated above, that the result is a rational function. 



1 + 2 cos X 

Placing tan - = «, or x = 2 tan-^z, we ha^e cosx = -, and dx = 



Therefore 



1 + «a 1 + 22 

dx ^ > d« 



r '^ .=-2r 

•/ 1 + 2 cosx •/ 



+ 2 cosx •^ «2 _3 



2 . z -V3 ^ _ 
log -p-^0 



2V3 '2+V3 

tan-+V3 

= -7= log + C. 

^ tan?-V3 



This method is applicable to an integral of any one of the three 

/dx r dx ^ r dx 
— TT -* I — r-TT'- — " and | -^-^ 
a + o cos X J ar\-b &U1X J a cos x-{-osuix 
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71. Algebraic reduction formulas. It was shown in § 61 that 
an integral of the form i af^ {a + hofydx, where ^ is a rational , 



I I sf {a + hx 



number, can be rationalized if "" or f- i? is zero or an 

n n 

integer. In general, however, an integral of this type is evaluated 
by use of the so-called reduction formulas, by means of which the 
original integral is made to depend upon another integral in which 
the power either of x or of the binomial a + 2>ic" is increased Or 
decreased. 

The four reduction formulas are : 



/ 



x"\a + bxrydx 

^m-n+i^^ 4- bx'^y-^^ (m-n + l)a 
(np -\- m + l)b {njp + ^ + 1)& 



/^-(,+.^,v«, (1, 



/ 



af"(a + loif)^dx 



f 



_af*+^(a + 6af)^^ npa 
np-{- m -\-l 

sf'{a + hxf'Ydx 



+ ^?^^^ Cof'la + haf^y-Hx, (2) 

Tip -f- m + 1 J 



(m-f-l)a (m + l)a J V t / > V ; 



/ 



n{p + l)a ^ n{p + l)a J ^ ^ ^ ^ ^ 

These formulas may be verified by differentiation ; their deriva- 
tion will be given in the next article. 

Formulas (1) and (2) fail if np + m -\-\ = 0\ but in that case 
we proved in § 61 that the integrand can be rationalized. 

Formula (3) fails if m -f- 1 = ; and in that case also the inte- 
grand can be rationahzed. 

Formula (4) fails if ^ -f- 1 = ; and in that case it is evident that 
the integration may be performed by the method of § 60. 



ALGEBEAIC REDUCTION FORMULAS 131 

72. Proof of reduction formulas. To derive formula (1), § 71, 
we note that c?(a + hoif) = nbx'^'^dx, and accordingly place 

jjn — n+l 

x^(a + haf'Ydx = (a + hsify nlx'"'^ dx 

nh 

and integrate by parts, letting 

/yjW — n+l 



nh 



= Uy and (a + 6af ) ^ 7i6af* -^dx = dv. 



Then rfi* = ^^—af-''dx, and -y = ^ — ' ^ 

7l6 i? + 1 

As a result, 
/ x"^ {a ■\- hary dx 

To bring this result into the required form, we place 

whence = (^^"* " " + &^) (« + 6^) ^ 

I af-''(a + bafy-^^dx 

= a I ar-''{a + bafydx ■\-b \ x'^{a + bx^ydx. 

Substituting this value in (1), we have 
/ oiT (a -^t bx'^y dx 

= ^^ — ^ J a I a;"* '•(a + 6af)''aiP 

7l6(^+l) 71&(J9+1) t J ^ ' 

+ »/^(, + 5^,-^}. (2) 

Solving (2) for / x'^i^a + bafydx, we have formula (1), § 71. 
If we solve the equation defining formula (1), § 71, for 

jx'^-''{a + bx^ydx, 

and then replace m — ti by m, the result is formula (3), § 71. 
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To derive (2), § 71, we integrate by parts, letting (a + 6af)^= w, 
and afdx^ dv. Then 

z^ + l 

du=pnhaf~^(a'\-haf*y^^dx, and v = -• 

Then "^-^^ 



f 



o(r(a-\-barydx 

m + 1 m+ 1 J ^ 

To bring this result into the required form we place 



= af"| j (a + 6ic") 



p-i 



whence 

jar+'*(a'tiixfy~^dx 

= - rar(a + bafydx — jrar{a-{'ba(fy--^dx. 

Substituting this value in (3), we have 
j ar{a-{'bafydx 

m+1 m-{-l\j ^ ' 



— a I Q^(a + bQi?'y-^dx V 



(4) 



Solving (4) for \o^(a-\- baf'ydXy we have formula (2), § 71. 
If we solve the equation defining (2), § 71, for | a?'"(a + 6af)^~^^a;, 

and replace j? — 1 by p, the result is formula (4), § 71. 

73. We will now apply these reduction formulas to the 
evaluation of a few integrals. Many of these can also be 
evaluated by substitution, without the use of the reduction 
formulas. 
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Ex.1. Find the value of fx^VoC^ + x^dx. 

Applying formula (1), § 71, we make the given integral depend upon 
Cx Va2 + x2 dx, an integral which can be evaluated by the elementary for- 
mulas. The work is : 

jofiVofiT^dx = Jaja(a« + ^)^ - ia^Cx(a^ + x^)^dx 

= i x2(aa 4- a;2)i - ^ a^(a^ + a^)l + C 
= tV (3«^ - 2a2) (a2 + x2)« + G. 

Ex. 2. Find the value of C . 

•^ X* Va^ - x^ 

Applying (3), § 71, we have 

r dx _ x-^ (a« - x«)* _ /* da __ _ Va^ - x» ^ 
•^x«V^7^ -** •^ Vaa-xs"" a^ 

Ex. 3. Find the value of fl^Lz^ cte. 

J x« 

Applying (8), § 71, we have 

Applying (2), § 71, to the integral in the right-hand member of (1), we have 
/(a2 - xa)« dx = J X (a^ - x^)* + f a^J(a^ - x«)* dx. (2) 

Applying (2), § 71, again, we have 

C{a^ - x2)*dx = -X (aa - x^)* + - a« f-— ^ 

J 2 2 •/ -y/^ 

and r = sin-i— + C 

•/ -vZ/ja _ /i-a a 



dx 



xa 



(3) 



Va2 - x* 
Substituting back, we have finally 

J x^ a^x aa 2 ^ ' 



-?aa8in-i- + C. 
2 a 

dx 



/dx 
, where n is a positive integer, 
(x2 + a2)» 

Applying (4), § 71, we have 

r dx _ _ xCxa + g^)""'^^ -2n + 8 r dx 
•/ (x2 + a2)»" 2(-n+l)a2 2(- n+ l)a2J (x^ + a^)""! 

= 1 r ? +(2n-8)r ^ X 

2 (n - 1) a2 L(xa + a2)« -^ ^ V (x2 + a2)» "M 

This formula is the one which is sometimes used in integrating rational 
fractions. 
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xdx 



Ex. 6. Find the value 



"f 



V2ax-x^ 



If we divide both numerator and denominator of the integrand by x^, it 

x< 
becomes — — = « a form to which we can apply a reduction formula. Apply- 

V2a-x 
ing (1), § 71, we have 

r /^ = rx*(2a-xr*dx 



= - X* (2 a - x)* + a r«" * (2 a - x)"*dx. 



(2x 



But /.-J(2«_,)-»<te = /^,^__^ 

= sm-i h C 

Vaa - (X - a)2 « 



dx , .z — a 

==^= = sm- 1 — 

- (X - a)2 a 

Therefore f—^M= = - V2ax-z^ + a sin-i ?^^ + C. 



Ex. 6. Find the value 



-/ 



dx 



(2 ax - x2)« 



Writing 2 ox — x^ as a^ — (x — o)^, and noting that dx = d(x — a), we can 
apply (4), § 71, to advantage. The result is 

f ^ , = f[a^- (X - a)2]Tldx 

•/ (2ax-x2)3 ^ "^ ^ ' ■" 

(x-o)[a2-(x-a)2]-4 ^ ^r « . vo.-i. 



a2 V2 ox - x2 



74. Trigonometric reduction formulas. It was proved in § 67 
that 

ltein''xdx=: -tan^-^ic— / tan"~*ajda:. (1) 

Similarly, / ctn"a; dx = ctn^'^a; — Ictn^-'ic dx, (2) 

Formulas (1) and (2) are evidently reduction formulas for the 
integration of this particular type of integrand. There are four 
others which we shall derive, i.e. 
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sin"*ic cos" X dx 

sin"*+^a5 cos**"^a? n — 1 



m + n 
sin!^ X cos"* X dx 



H I sin"' X cos" ~^x dx, (3) 



sm'"'^^ic cos"''"^a; m + ti + 2 



n-j-1 n + 

sin^xcos>'xdx 

sin"* "^ X cos" "^"^ X . m—1 



- — I sin*"a;cos""*"^icrfa?, (4) 



m + n 
sin^x cos" a; dx 



H / sin"* ""a? cos" ic da;, (5) 

^ 4- ^^ 



m+ 1 



+ ^ "^ ^ t rsin"*+2a; cos"a; driJ. (6) 
m+1 J ^ ^ 



These formulas are useful when m and n are integers, either posi- 
tive or negative, or zero. 

Formulas (3) and (5) fail if m-{-n = 0] but in that case the 
integral can be placed under (1) or (2), by expressing the integrand 
in terms of tan x or ctn x. Formula (4) fails when n-^- 1 = and 
formula (6) fails when m + 1 = ; but in these case^ the integra- 
tion can be performed by the methods of § 66. 

To derive (3) we place sin"* a? cos" ic da? = cos"" ^ a; (sin"* a; cos a: da;) 
and let cos""^a5 = u and sin^aj cos a? da? = dv for integration by parts. 

As a result 



/ 



sin"*a; cos" a; da; 

gjj^m+l^ ^gn-l^ .71—1 



m -h 1 



+ - rsin^+^a;oos"-^a;da;. (1) 

m + lj ^ 



To bring this into the required form we place 



sin"*'*"^a;cos""^aj 



= sin"* a? ( 1 — cos^ a;) cos" ~ ^ a; = sin"* x cos" ~ * a; — sin"* x cos" x. 
Then 



/ sin"*"*" 



^a; cos" "^ a? da; 



= I sin"*a; cos" "^ a; da;— / sin"*a; cos" a; da;. 



136 SPECIAL METHODS OF INTEGRATION 

Substituting this value in (1), we have 



sin"* "'■^ a? cos" "^ a? ^ 



m+ 1 m + 



T^ 



H r I sin"*ajcos"""*a;rfa5 



/sin"*ajcos"ajrfa?. (2) 

Solving (2) for i sin"*iccos"a;rfa;, we obtain formula (3). 

If we solve formula (3) for / sin"* a? cos ""^ a? da; and then replace 

nhy n+2, the result is formula (4). 

The derivations of formulas (5) and (6) are left to the student. 

Ex.1. Find the value of jsin^xcog^xdx. 
By formula (6), 

Tsin^x cos2x(to = — J sin^x cos^x + f Tsinx cos^xdx, 

and / sin x cos^ x dx = — J cos'x, 

by the elementary integrals. 

Therefore Tsin^x cos^x dx = — y^ cos^x (3 sin«x + 2) + C, 

Ex. 2. Find the value of icos^xdx. 

Applying formula (8), and noting that wi = 0, we have 

Tcos^xdx = J sinx cos*x + f Tcos^xcte. 

Applying formula (3) again, we have 

Tcos^xdx = Jsinxcosx + J fdx = J^sinxcosx + J«. 

Therefore, by substitution, 

Tcos^x d!x = J sin X cos«x + | sin x cosx + | x + C. 

75. Use of tables of integrals. In Chap. II we have evaluated 
many simple integrals by bringing them under the fundamental 
formulas collected in § 17, and in Chaps. VI and VII methods of 
dealing with more complex integrals have been discussed. But 
in the solution of problems involving integration it is found that 
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some integrals occur frequently. If these integrals are tabulated 
with the fundamental integrals, it is evident that the work of inte- 
gration may be considerably lightened by reference to such a table. 
Accordingly the reader is advised to acquire facility in the use of 
a table of integrals. 

No table of integrals will be inserted here, but the reader is 
referred to Professor B. 0. Peirce's " Short Table of Integrals." 
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Find the values of the following integrals : 



1. f ^^ 

•^ ^ii + 1 

2. f^^ 

3. J_^+l 



dz. 



4. r (x-2)^-(x-2)^ ^ 

(z- 2)* - (a - 2)i 
f, r xdx 

J (x + l)i_(x + l)i' 

5 rvi-x 



^ 1 

7. f ^ 

^ l+3x 



dx, 

+ x 

^l+3x-2 



+ 2V(l + 3x)6 
8.Jx + VrTx^ 

X — Vl + X 

9 rVxdx 



dx. 



I. r^ 

■^i + Vi 
10. /(l±^^. 

•^ x« 



(1+2 x6)« 
(2x 

X2(8 + X8)* 

x^dx 
(x« + 3)* ' 



4. rx»(8x5 + l)«dx. 

5. rx7(2 + 3x*)'dx. 

6. f ^ 

^ x(3x8 + 2)* 

7. rx(4 + x*)*dx. 



8 



9 



dx 



■f 

20./ 
21./ 
22./ 
23. f 

2*/ 



xVx2 + 3x~2 

(2x 
xV2x2-f 3x + 6 

dx 



xV3-|- 2x-x2 
dx 

.Ill I « 

(X2 + X + 1)1 

xdx 

Vx2 4-2x + 3 
dx 



25 



X2VX-3X2 

x^dx 
(l-x-2x2)* 
X^dx 



. r— 

^ V(2-3x-2x2)« 

26. Tsin^xcosSxdx. 

27. rcos'3xsin83xdx. 
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28. CsinTxdx. 

29. fco^xdx. 

30. rsin«(2x + l)cte. 

31. r{sin 2 X + cos 2 x)^dx. 

32. /(sin — cos - 1 dx, 

33. rsin*axcos*axdx. 

34. rsin^xcos^xdx. 

35. Tsin^xcZx. 

36. fcoefi2xdx. 

/X X 

sin* - cos* - dx, 
2 



48. Tsec^-dx. 
J 2 



49. icsc^-dx. 



50. jcsc^Sxdx. 

51. jse(^2xdx. 



38 



■/ 



sin* 2 X 
"v^cos^ 2 X 



2 
(2x. 



sin*- 
39. I -dx. 

X 

cos- 
2 




«>■/ 



cos24x 
sinS4x 

dx 



dx. 



/ax 
sin8 2x 

I. f ^ 
' J cos^Sx 

13. ft&n^Sxdx, 

14. Jctn^Sxcte. 



[5. rtan*^dx. 



X 

2 



16 

:7 



. fctn^-dx. 
J 3 

. r(ctnx + tanx)'dx. 



52. Tcsc^-dx. 

53. rctn8"csc*"dx. 



X 

6 

X .X 

-csc*- 
3 3 



54. r^^B!^dx. 
J esc ox 



55. Ttan-sec^rdx. 



X .X 

- sec* - 
2 2 



56. Jtan6|j/sec?dx. 

57. J tan^xsec^xdx. 

58. Tsec^dxtan^SxcIx. 
59./ ^ 



60 



6 + 4cosx 
dx 



/ax 
3 cos X -I- 



3 H- sin X 
dx 



62./ 

63. r — p: 

J 3-4si 

64. f(x2 + a»)'(Jx. 

65. /(a' - iB«)'dx. 



3 sin X — 2 cos x 

dx 

L— . 

sin2x 



66 



x^dx 



67. f- 

J a.8 



Vx2 4- a2 
dx 



68 



dx 



•^ x8Va2-x2 
69. fx^Vx^ + a^dx. 

0. Jx^Va^ -x^dz. 

1. /x* Va2 - x2d«. 
2 /• x^dx 



(1 4- x8)^ 
x^dx 

(1 + X8)* 

dx 



, r x^dx 



X2 (1 + X*)* 

;. r— ^? 

dx 



r. f- 

•^ xV2ax — x2 

•^ X 

» 

9. JxV2ax-x'^di 

80. r /'^ . 

•^ V2 ox - xa 
81. rsin2xcos*xd( 

82. r — ^ — . 

J sin^xcos^x 
dx . I 



83 



* J si 



sin^x 
dx 



8*- r^^- 

•/ cos*8x 

M 



85 



■/ 



cos^x 
cos*2x* 



Vx2 + a2 



gg /'COS'^J 

' J sin«2«f 
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87. Find the area bounded by the hyperbola — = 1 and the chord x = h. 

88. Find the area of the loop of the curve cy^ = (x — a) (x — 6)^, (a < 6). 

89. Find the total area of the curve a^y^ = x^ (2 a — x). 

90. Find the area of the loop of the curve 16 a*y2 = 1^2 ^^fl — 2 ox). 

91. Fhid the area of a loop of the curve y^ (a^ + x^) = x^ (a^ - x^). 

92. Find the area of the loop of the curve (x + y)^ = y^(y + 1). 

93. Find the area inclosed by the f our-cusped hypocycloid x' + y' = a*. 

94. Find the area inclosed by the curve / - ) + ( - ) = 1 . 

95. Find the area included between the cissoid y^ = and its 

asymptote. 2a -x 

96. Find the area of the loop of the strophoid y^ = ^ (^ "^ ^> . 

jp2 i(i _i_ jp\ 

97. Find the area bounded by the strophoid jfi = — ^ ' and its asymptote, 
excluding the area of the loop. ~ 

98. Find the area of a loop of the curve r = a cos ?i^ + 6 sin n$. 

99. Find the entire area bounded by the curve (-) + ( -) = 1. 

100. Find the area of the loop of the Folium of Descartes, x' + y' — 3 oxy = 0, 
by the use of polar coordinates. 

101. Find the length of the spiral of Archimedes, r = ad, from the pole to the 
end of the first revolution. 

102. Find the length of the curve 8 a^y = x* + 6 a^x^ from the origin to the 
point X = 2 a. 

103. Find the volume of the solid formed by revolving about OX the figure 
bounded by OX and an arch of the cycloid x = a(0 — sin^), y = a(l — cos0). 

104. Find the volume of the solid bounded by the surface formed by revolv- 
ing the witch y = about its asymptote. 

x2 + 4 a^ 

105. Find the volume of the solid generated by revolving about the asymptote 

x' 
of the cissoid y^ = the plane area bounded by the curve and the asymptote. 

2a — X 

106. A right circular cylinder of radius a is intersected by two planes, the 
first of which is perpendicular to the axis of the cylinder, and the second of 
which makes an angle $ with the first. Find the volume of the portion of the 
cylinder included between these two planes, if their line of intersection is tan- 
gent to the circle cut from the cylinder by the first plane. 

107. An ellipse and a parabola lie in two parallel horizontal planes, the 
distance between which is h, and are situated so that a vertex of the ellipse is 
vertically over the vertex of the parabola, the major axis of the ellipse being 
parallel to and in the same direction as the axis of the parabola. A trapezoid. 
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having for its upper base a double ordinate of the ellipse and for its lower base 
a double ordinate of the parabola, generates a solid, whose upper base Is the 
ellipse, by moving with its plane always perpendicular to the two parallel 
planes. Eind the volume of the solid, the semiazes of the ellipse being a and b, 

and the distance from the vertex to the focus of the parabola being - • 

4 

108. Find the center of gravity of the arc of the cycloid x = a(0 — sin^), 
y = a(l — CO80), between the first two cusps. 

109. Eind the center of gravity of the plane surface bounded by the first 
arch of the cycloid and the axis of x. 

110. Find the center of gravity of the plane surface bounded by the two 
circles, x' + y^ _ q2 and x^ + y2 _ 2 ax = 0, and the axis of x. 

111. Find the center of gravity of that part of the plane surface bounded 
by the four-cusped hypocycloid x' + y* = a', which is in the first quadrant. 

112. Find the center of gravity of the surface generated by the revolution 
about the initial line of one of the loops of the lemniscate r^ = 2 a^cos 2^. 



CHAPTER VIII 
INTEGRATION OF SIMPLE DIFFERENTIAL EQUATIONS 

76. Definitions. A diflferential equation is an equation which con- 
tains derivatives. Such an equation can be changed into one which 
contains differentials, and hence its name, but this change is usually 
not desirable unless the equation contains the first derivative only. 

A dififerential equation containing x, y, and derivatives of y 
with respect to x, is said to be solved or integrated when a relation 
between x and y, but not containing the derivatives, has been 
found, which, if substituted in the differential equation, reduces 
it to an identity. 

The manner in which differential equations can occur in prac- 
tice and -methods for their integration are illustrated in the two 
following examples : 



Ex. 1. Required a curve such that the length of the tangent from any point 
to its intersection with OF is constant. 

Let P (x, y) (fig. 41) be any point on the required 
curve. Then the equation of the tangent at P is 

where (X, T) are the variable coordinates of a moving 
point of the tangent, (x, y) the constant coordinates 

of a fixed point on the tangent (the point of tangency), 

dv 
and — is derived from the, as yet unknown, equa- 

dx 
tion of the curve. The coordinates of JB, where the tangent intersects OF, 




Fig. 41 



dy 



are then X=0, F=y -x. and the length of PR 

dx 



x2 + x3 
Representing by a the constant length of the tangent, we have 



is Y 




x2 + x' 



(l)'=-- 



or 



dy Va2 - x3 

dx X 
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which is the differential equation of the required curve. Its solution is clearly 

(2) 



2 a±va2-x3 



The arbitrary constant C shows that there are an infinite number of curves 
which satisfy the conditions of the problem. Assuming a fixed value for C, we 

see from (1) and (2) that the curve 
is symmetrical with respect to OF, 
that 7^ cannot be greater than a^, 

that -^ = and y = C when x = a, 

and that — becomes infinite as x 
dx 

approaches zero. 

From these facts and the defining 
property the curve is easily sketched, 
as shown in fig. 42. The curve is 
called the iroxirvx, (I, p. 299). 

Ex: 2. A uniform cable is sus> 
pended from two fixed points. Re- 
quired the curve in which it hangs. 

Let A (fig. 48) be the lowest 
point, and P any point on the re- 
quired curve, and let PT be the 
tangent at P. Since the cable is in 
equilibrium, we may consider the 
portion AT as a rigid body acted 
on by three forces, — the tension 
i at P acting along PT, the ten- 
sion h 9X A acting horizontally, 
and the weight oi AT acting ver- 
tically. Since the cable is uniform, the weight of AT is pa, where a is the 
length of AT and p the weight of the cable per unit of length. Equating the 
horizontal components of these forces, we have 

t cos <f> = h, 

and equating the vertical components, we have 

t sin 4> = p8. 

From these two equations we have A 




Fig. 42 



ot 



t3Ui<f> 

dy 



{'■ 



a-^ = s. 



where — = a, a constant. 
P 



dx 
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This equation contains three variables, x, y, and «, but by differentiating 
with respect to x we have (I, § 106, (4)) 

the differential equation of the required path. 

dy 
To solve (1), place — = p. Then (1) becomes 

dx 

dp 



dx 

dp dx 

or = — , 

Vl4.p2 a 
whence log (p + Vl + p^) = - + C. (2) 

Since A is the lowest point of the curve, we know that when x = 0, p = 0. 
Hence, in (2), C = 0, and we have 

X 



or 






whence, since p = — , y = - \e« -f e «/ 4- C". 

dx 2 

The value of C" depends upon the position of OX, since y = a + C^ when 
X = 0. We can, if we wish, so take OX that OA = a. Then C'= 0, and we 
have, finally, 

the equation of the catenary (I, p. 281). 

The order of a differential equation is equal to that of the 
derivative of the highest order in it. Hence (1), Ex. 1, is of the 
first order, and (1), Ex. 2, is of the second order. 

The simplest differential equation is that of the first order and 
of the first degree in the derivative, the general form of which is 

ax 
or Mdx + Ndy = 0, (1) 

where M and iV are functions of x and y, or constants. 



144 SIMPLE DIFFERENTIAL EQUATIONS 

We shaU consider three cases in which this equation • is readily 
solved. They are : 

1. When the variables can be easily separated. 

2. When M and iV'are homogeneous functions of x and y of the 
same degree. 

3. When the equation is linear. 

77. The equation MdX'\-Ndy=^^ when the variables can be 
separated. If the equation (1), § 76, is in the form 

Mx)dX'\-f^{y)dy = Q, 

it is said that the variables are separated. The solution is then 
evidently 



J A{x)dx-hJ My)dy=c, 



where c is an arbitrary constant. 

The variables can be separated if Ma.nd N can each be factored 
into two factors, one of which is a function of x alone, and the 
other a function of y alone. The equation may then be divided 
by the factor of M which contains y multiplied by the factor of N 
which contains x. 

Ex. 1. dy=f(x)dx. 

From this follows y=f f(x) dx-\- c. 

Any indefinite integral may be regarded as the solution of a differential 
equation with separated variables. 

Ex.2, y/l-y^dx+y/l-x^dy^ 0. 
This equation may be written 



Vl-x2 Vl-y2 
whence, by integration, sin-^x + sin-iy = c. (1) 

This solution can be put into another form, thus: Let sin-ix = and 
sin-iy = yp. Equation (1) is then ^ + ^ = c, whence sin(0 + ^) = sine ; that 
is, sin 4> cos \f/ 4- cos ^ sin ^ = A;, where fc is a constant. But sin ^ = x, sin ^ = y, 
cos 4> = Vl — x2, cos ^ = Vl — y^ ; hence we have 



xVl-y24.yVl-x2 = fc. (2) 

In (1) and (2) we have not two solutions, but two forms of the same solution, 
of the differential equation. It is, in fact, an important theorem that the differ- 
ential equation Mdx + Ndy = has only one solution involving an arbitrary 
constant. The student must be prepared, however, to meet different forms of 
the same solution. 



im^j 
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Ex. S. (1 — x^) -^ + ajy = CM5. 

This is readily written as 

(1 - x^)dy + x(y - a)d« = 0, 

dy ^ xdx, 

or — - — h = 0, 

y-a 1-xa ' 
i¥lience, by integration, 

log(y - a) - J log(l - a2) = c, 

i¥hich is the same as log = c, 

Vl-x2 

and this may be written y — a = k Vl — a;^. 

78. The homogeneous equation Ififx + iVifj^ = 0. A polynomial 
in X and y is said to be homogeneous when the sum of the expo- 
nents of those letters in each term is the same. Thus aa^+ hxy + cf^ 
is homogeneous of the second degree, ax^-\-ho^y -^ cx^^-^-e'i^ is 
homogeneous of the third degree. If, in such a polynomial, we 
place y = vx, it becomes o(ff{v) where n is the degree of the poly- 
nomial Thus aa^+hxy + cf^af'ia + bv + cv'), 

aa? 4- ho(?y + cxff^ -}- ey^ = a^ (a + bv -\- cv^ + ev^). 

This property enables us to extend the idea of homogeneity to 
functions which are not polynomials. Eepresenting by /{x, y) 
a function of x and y, we shall say that f{x, y) is a homogeneous 
function of x and y of the rith degree, if, when we place y = vxy 
f(Xy y) = afF(v), Thus Vic^+ y^ is homogeneous of the first degree, 

since V^+^= x^/l + v^, and log - is homogeneous of degree 

y ^ 

0, since log - = log v = x^ log v. 

X 

When M and N are homogeneous functions of the same degree, 
the equation ^^^^ + iVrfy = 

is said to be homogeneous and can be solved as follows : 

Place y = vx. Then dy = vdx + xdv and the differential equar 
tion becomes ^j>^ ^^^ ^ ^ ^y^ ^^^ ^^^^ ^ ^^^ ^ q^ 

or . [f^{v) + vf,{v)\dx + xf^{v)dv = 0. (1) 

^^ /i (") + */a(^) =''= 0> tliis <^ii t)e written 



To 



mai 



k 



or 



ol 
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wher6 the variables are now separated and the equation may be 
solved as in § 77. 

If /i (v) + v/j (v) = 0, (1) becomes dv = 0, whence v = c and y = cx. 

Ex. {x^-y^dz + 2xydy = 0. 
Place y = vz. There results 

(1 - t^)dx + 2iy(xdv + vdx) = 0, 

dx 2vdv ^ 
or — + = 0. 

X l + «^ 
Integrating, we have logx + log (1 + v^) = (f, 

whence x(l + c^) = c, 

or x^ -\- y^ = ex. | ] 

79« The equation 

(aix + biy + ci)dx + (osx + 622^ + C2)dy = (1) 

is not homogeneous, but it can usually be made so, as follows : 

Place x = x' + h, y = y'-\-k. (2) 

Equation (1) becomes 

(aix' + &iy' + dih + hik + Ci)dx' 

+ (oax' + 622^ + OaA + 62A; + C2) dy'= 0. (3) 

If, now, we can determine h and k so that 

aih + bik + ci = 0^ 

aa^+&2ifc + C2 = 0J ' ^^ 

(8) becomes {aixT + 6iy0 ^' + (a2X' + 622/') dy" = 0, 

which is homogeneous and can be solved as in § 78. . 

Now (4) cannot be solved if 0162 — 02^1 = 0. In this case, — = — = fc, where 
k is some constant. Equation (1) is then of the form ^ ^ 

{aix + 612^ + ci)dx + [k (aix + biy) + Cz] dy = 0, (6) 

so that, if we place aix + hiy = x', (5) becomes 

(x'+ci)dx+ {kx' + Ci) "7 ^^ = Q» 

which is dx H dx' = 0, 

(bi — aik)x' + 6iCi — aic^ 

and the variables are separated. 
Hence (1) can always be solved. 

80. The linear equation of the first order. The equation 

^+/i(^)y=/,(^). (1) 

where /^ (x) and f^ (x) may reduce to constants but cannot contain 
y, is called a linear equation of the first order. It is a special case 
of Mdx + Ndy = 0, where M=/^(x)y'-/^{x), iV= 1. 
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To solve the equation we will try the experiment of placing 

-where u and v are unknown functions of x to be determined later 
in any way which may be advantageous. Then (1) becomes 



or 



^S-'-^'^^^^+^S^-^^^^^- ^'^ 



Let us now determine % so that the coeflBcient of t; in (2) shall 
be zero. We have , 

S+/.(«)»-o, 

or h /i(aj) dx = 0, 

of which the general solution is 

logt^H- j /^(x)dx = c. 

Since, however, all we need is a particular function which will 
make the coefficient of i? in (2) equal to zero, we may take c = 0. 



Then log 2^=— I fi{x)dx, 



or u = e -^ . (3) 

With this value of u, (2) becomes 

and w= Cj^'^^^y^{x)dx + e. (4) 

Whence, finally, since y = uv, 



148 



SIMPLE DIFFERENTIAL EQUATIONS 
dy 



Ex. {\-x^)— -^7cy-az. 
dx 



Rewritiiig this equation as 



dy , X ax 

— + z — xy = 



dz l-x^ l-x« 
we recognize a linear equation in which 



l-x2 



l-x« 



Then 
llence 



r/i(x)dx = -logVr^, and J>i<^>^^ = c-io« V^T^ = - ^: 



y = Vl - x« r — ?!^dx + cVl-x« ■ 



Vl-x2 



(1 - ac«)« 
= a-\- c Vl — X*. 



This example is the same as Ex. 3, § 77, showing that the methods of solving 
an equation are not always mutually exclusive. 

81. Bemouilli's equation. 

dy 



IN 



fhi 



The equation 



dx 



+ /i(»)y=/2(x)y», 



while not linear, can be made so, as follows : 
Dividing by y", we have 

y-»^+/i(x)yi— =/s{x), 

and placing yi-» =s z, and multiplying by 1 — n, we have 



a linear equation. 



g+(l-n)A(x)z = (l-n)/s(x), 



c 

r 



Ex. ^-?? = xV. 
dx X 

That is, 



or 



ax X 

— H = — 3x2 where « = y-5. 

dx X 



We have now 


ffi(x)dx = J = logx», 


ence 


>'>^ = x». 


Hence 
i 




^=-lx8+^ 

y« 2 x« 
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82. Certain equations of the second order. There are certain 
equations of the second order, occurring frequently in practice, 
which are readily integrated. These are of the four types : 



.1. ^. . nxv 3. S 



^ /<')• '-^'iy-i}- 



We proceed to discuss these four types in order: 

'■, s -/» 

By direct integration 

This method is equally applicable to the equation — ^ =/(^). 

aX' 

Ex. 1. Differential equations of this type appear in the theory of the bend- 
ing of beams. Each of the forces which act on the beam, such as the loads and 
the reactions at the supports, has a moment about any cross section of the beam 
equal to the product of the force and the distance of its point of application from 
the section. The sum of these moments for all forces on one side of a given section 
is called the bending moment at the section. On the other hand, it is shown in 

EI 

the theory of beams that the bending moment is equal to — , where E, the 

R 

modulus of elasticity of the material of the beam, and J, the moment of inertia 
of the cross section about a horizontal line through its center, are constants, 
and R is the radius of curvature of the curve into which the beam is bent. Now 

by I, § 191, ^ 

dy 
where the axis of x is horizontal. But in most cases arising in practice -- is 

very small, and if we expand — by the binomial theorem, thus : 

B difil 2\dx/ J 



4 



O 
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we may neglect all terms except the first without sensible error. Hence the 
bending moment is taken to be EI—^* This expression equated to the bending 

moment as defined above gives the differential equation of the shape of the beam. 
We will apply this to find the shape of a beam uniformly loaded and sup- 
ported at its ends. 

Let I be the distance between the supports, and to the load per foot-run. 
Take the origin of coordinates at the lowest point of the beam, which, by sym- 
metry, is at its middle point. Take a plane section C (fig. 44) at a distance x 

from O and consider the forces at the 

right of C. These are the load on CB 

Q ^ and the reaction of the support at B. 

ir^ The load on CB iswl — x) , acting at 

Fig. 44 I 

X 

2 

the center of gravity of CB, which is at the distance of — from C. Hence 

the moment of the load is — — ^-^— , which is taken negative, since the load 
acts downward. The support B supports half the load equal to — • The moment 

wl /I \ 

of this reaction about C is -therefore — ( — x V Hence we have 

2 \2 / 

dx2 2\2 / 2\2 / 2\4 / 
The general solution of this equation is 

^^^=2(-r-i2)+'^^+'"- 

dy 
^ But in the case of the beam, since, when x = 0, both y and -^ are 0, we have 

a = 0, C2 = 0. ^ 

Hence the required equation is 



2. 



EIy = -[- 

d^y / ./.A 2\8 



-A- S) 



The essential thing here is that the equation contains -j- and -^ » 

but does not contain y except implicitly in these derivatives. Hence 

dy d^y dp 

if we place -j- =p,we have -^ = -r- > and the equation becomes 

T" =/(^> P)> which is of the first order in p and x. If we can find 

du 
p from this equation, we can then find y from -j-=ip. This 

method has been exemplified in Ex. 2, § 76. 
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The essential thing here is that the equation contains -f- and -t^> 

dy 
but does not contain x. As before, we place •j-=]Py but now write 

d^y dp dpdy dp ^ ^ . ,^ dp 

rf^ = rf^ = ^ rf5 = -p ^ ' '"^ *^*"^^ ^^"^*^*^^ ^^^^'^^ -p ^ =>"(2''^)' 

which is of the first order in p and y. If we can find p from this 

dy 
equation, we can find y from -j- =j?. 

Ex. 2. Find the curve for which the radius of curvature at any point is equal 
to the length of the portion of the normal between the point and the axis of x. 

ri+(^yi* 

The length of the radius of curvature is ± i= ^ ' ^ ^I^ § 192). The 

equation of the normal is (I, § 101) » _J^ 

dy 

This intersects OX at the point ( x + y — » ) . The length of the normal is 
I — \ dx I 

therefore 2/ -4/1 + { — I . . / 

The conditions of the problem are satisfied by either of the differential 
equations ^ ^ 



L \^/J ,, L , (dyV 



(1) 









Placing ~=p and — = p — in (1), we have 
^ dz ^ da;2 ^ dy ^ ^' 

o dp 

l-^P^ = py^i 
dy 

whence V _ V P 



y l + p2 
The solution of the last equation is 



y rrCiVl+p^ 



V2/2 _ c 2 

whence P = - 



ci 
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Replacing p by -:^ , we have - ^ = dx. 

dx Vy2 _ c^ 

This is most neatly solved by the use of hyperbolic functions. We have (§ 16) 

y 

Ci COSh-l — = X — C2, 

or y = Ci cosh 

= — Ve «^t +e ^1 /. 
2 

This is the equation of a catenary with its vertex at the point (ca, Ci). 

If we place — = p, and — ^= p — in (2), we have 
dx dx^ dy 

dy 

, dy — ©dp 

whence — ^ = — ^-^ . 

y l+pa 



The solution of this equation is y = 



Vl+ps 



whence p = — ?^ ?-. . 

y 

Replacing p by — , we have , = cte. 

dx Vc? — y» 



Integrating, we have — Vc^ — y^ = x — C2, 

or (x - C2)2 + 2/2 = c}. 

This is the equation of a circle with its center on OX. 

dy 
If we multiply both sides of this equation by 2 -r- dx, we have 



[[dx) J 



Integrating, we have L^ = j2/{y)dy + c^, 

whence, by separating the variables, we have 

dy 



f 



^2ff(y)dy + c, 



= x + c^. 



2* 
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Ex. 8. Consider the motion of a simple pendulum consisting of a particle P 
(fig. 46) of mass m suspended from a point C by a weightless string of length L 
Let the angle ACP=z 0^ where ^C is the vertical, 
and let J.P = 5. By I, § 108, the force acting in the 

direction ^P is equal to m — ; but the only force 

acting in this direction is the component of gravity. 
The weight of the pendulum being mg^ its compo- 
nent in the direction ^P is equal to — mg sin 0, 
Hence the differential equation of the motion is 

dH 
m — = — mgr sm ^. 

d^ 

Fig. 46 

We shall treat this equation first on the hypothe- 
sis that the angle through which the pendulum swings is so small that we may 

a 

place sin ^ = ^, without sensible error. Then since ^ = - » the equation becomes 

dt^ I 

ds 
Multiplying by 2 — dt, and integrating, we have 

dt 

(I)'— f- =!'--". 

where a^ is a new arbitrary constant. Separating the variables, we have 

whence sin-* - = -W? (t — to), 

where to is an arbitrary constant. From this, finally, 

s = a sin -^y (t — to)* 

The physical meaning of the arbitrary constants can be given. For a is the 
maximum value of « ; it is therefore the amplitude of the swing. When t = to, 
8 = 0; hence to is the time at which the pendulum passes through the vertical. 

We will next integrate the equation 

d^s . ^ 

m — = — mo sin ^ 

dt^ ^ 

without assuming that the arc of swing is small. Placing « = i^, multiplying 

d0 
by 2 — (K, and integrating, we have 
dt 



'(D"-' 



COS $ -H Ci. 
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If, now, the pendulum does not make a complete revolution around the point oi 

do 
support C, — = for some value of which we will call a. Hence C = — 2 gf cos a, 

and our equation becomes /dOV 

1 1 — j =2g (cos 6 — cos a), 

whence f = -W- (« - to), 

•^ ® V 2 (cos ^ — cos a) ' * 

where to is the value of t for which 6 = 0. To bring the integral into a f amil- 

iar form, place cos 5 = 1 — 2 sin^ - , cos a = 1 — 2 sin^ — , and let A; = sin — . We 
have, then, /%$ 




-%/A;2-sin2- 



= ^(*-«o). 



Place, now, sin - = A; sin d>. There results 

2 

•^0 Vl-A;2sin20 ^^ 
If we measure time from the instant in which 5 = 0, we have 

<fr d<l> 



= \aL 



gJo Vl-A;2sin20 

The integral can be evaluated by expanding (1- A;2sin20)~*by the binomial 
theorem, the expansion being valid since A;2sin20< 1, and a table for the value 
of this series is found in B. O. Peirce's Tables, p. 118. 

The pendulum makes one fourth of a complete swing when $ varies from to 

IT 

a, and from to - • If 4 T is the time of a complete swing, then 

as may be verified by the use of Ex. 2, § 27. 

PROBLEMS 

Solve the following equations : 

^ xdx ydy _ 4. sec2a; dx + tan x tan y dy = 0. 

* 1 + 2/ l + x~ * 5. (z^^-y^)dx-^(x^-^y^x^)dy=iO. 

2. 2a;sin2/da; + cosydy = 0. 6. {x + y)dz -zdy = 0. 

3. X Vl + y^dx + y Vl + x2dy = 0. 7. (y + Vx2 + y^)dx - xdy = 0. 

8. ( Vx2 - y2 _ y sin-i ?^ )dx + x sin-i ^dy = 0, 

\ X J X 

9. sin X sin y (2x — cos y cos x dy = 0. 
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10. ( X sin - — y cos - ) dx + jc cos -dy = 0, 

\ X X/ X 

11. \c^ + e~*/ (x dy — y dx) + \c* — c~ */x dx = 0. 

12. J[2y2 - 8xy)dx + (Sx^ -xy-\-y^)dy- 0. 

13. (X + 2y - 8)dx + (2x - y - l)dy = 0. 

14. (y + 8)dx + (x + 2y + 4)dy = 0. ^^ ^__2y = x2 

15. (x + y)dx + (x + y + l)dy = 0. ^ 

16. ^ + y = 8mx. 36- ^-«y = «*^- 
dx ^ 

17. (X + 1) f^ - 2y = e-(x + 1)». 37. ^ = sinox. 

dx dx^ 

18. (x + l)^~y = (x + l)8. 38. ^ = xe-. 

dx dx2 

19. (x — ycos-jdx + xcos-dy = 0. ^_ d^i/ 

\ ^ «/ X 39. — ~ = xlogx. 

dv ^ 

20. x-^ + y = xe*. ,„ , 

• ^ 40. ^*? + x = 0. 



21. (y + x2y)dx + (x - xy2)dy = 0. ^* ^ 

22. xdy - y dx + V^Ty^dx = 0. 41 j^^ - ^ = 0. 

dy X ' dx^ dx ' 



24.$? + 



25. — + V tan x = sin 2 x. j. / ^ v . ^ 

26. (««-2y«)dx+(8x«+4iry)(iy=0. **' ^^' ** 

27 <^S'+ 2J, _ 45. x^-3^ = x + l. 
"•to + ^^-*"^ dx« dx ^ 

28 ''J' „-** + ! 46. ^ + »^ = 0. 

29. x«(l + x!')^-x»y = y». 47. x^ + f^^V- 1 = 0. 

dx dx^ \dx/ 

30. (l + x»)f^-y + y. = 0. 48. 2y^-2(^y=y». 

dx *'dx2 \dx/ 

31. xy(l + x^)dy - (1 - y2)dx = 0. aq(^__ M^ -1 = 

32. (x2\^x8+y»-y»)dx+xy2dy=:0. \ dx* dx/dx ~" 

33;^ + _^y = l. 50.^ = -k^, 
dx e»^ + l^ dx2 

34. 3^ - y secx = y*tanx. 51. ^ = k^. 
dx dx2 
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d^y 2 du 2 

52. Solve — ^ = - y2, under the hypothesis that when x = \,y — \ and — = - . 

dx:^ 3 dx 3 

53. Solve — - = - sin 2 y, under the hypothesis that when x = 1, y — — 
, dx^ 2 2 

and -r^ = 1. . 

dx 

54. Solve — =^ = sin 2 y, under the hypothesis that when y = 0, — = 0. 

dx2 dx 

55. Solve 2 — ^ = , under the hypothesis that — = when y = oo. 

dx2 y2 (jaj 

d^v dv 

56. Solve — - = y + 1, under the hypothesis that when x = 2, y = and -^ = L 

dx2 dx 

57. Find the curve in which the slope of the tangent at any point is n times 
the slope of the straight line joining the point to the origin. 

58. Find the curve in which the chain of a suspension bridge hangs, assuming 
that the load on the chain is proportional to its projection on a horizontal line. 

59. Find the curve in which the angle between the radius vector and the 
tangent is n times the vectorial angle. 

60. Find the curve such that the area included between the curve, the axis 
of X, a fixed ordinate, and a variable ordinate is proportional to the difference 
between the fixed ordinate and the variable ordinate. 

61. Show that, if the normal to a curve always passes through a fixed point, 
the curve is a circle. 

62. Find the curve in which the length of the portion of the normal between 
the curve and the axis of x is proportional to the square of the ordinate. 

63. Find the curve in which the perpendicular from the origin upon the 
tangent is equal to the abscissa of the point of contact. 

64. Find the cui;ye in which the perpendicular upon the tangent from the 
foot of the ordinate of the point of contact is constant. 

65. Find the curve in which the length of the arc from a fixed point to any 
point P is proportional to the square root of the abscissa of P. 

66. Find the curve in which the area bounded by the curve, the axis of x, 
a fixed ordinate, and a variable ordinate is proportional to the length of the 
arc which is part of the boundary. 

67. Find the deflection of a beam fixed at one end and weighted at the 
other. 

68. Find the deflection of a beam fixed at one end and uniformly loaded. 

69. Find the deflection of a beam loaded at its center and supported at its 
ends. 

70. Find the curve whose radius of curvature is constant. 

71. Find the curve in which the radius of curvature at any point varies as 
the cube of the length of the normal between that point and the axis of x. 
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72. A particle moves in a straight line under the influence of an attracting 
force directed toward a fixed point on that line and varying as the distance from 
the point. Determine the motion. 

73. A particle moves in a straight line under the influence of an attracting 
force directed toward a point on the line and varying inversely as the square of 
the distance from that point. Determine the motion. 

74. Find the velocity acquired by a body sliding down a curve without 
friction, under the influence of gravity. 

75. Assuming that gravity varies inversely as the square of the distance from 
the center of the earth, find the velocity acquired by a body falling from infinity 
to the surface of the earth. > 



CHAPTER IX 
FUNCTIONS OF SEVERAL VARIABLES 

83. Functions of more than one variable. A quantity z is said 
to he a function of two variables, x and y, if the values of z are 
determined when the values of x and y are given. This relation is 
expressed by the symbols z =f{x, y), z = F{x, y), etc. 

Similarly, i^ is a function of three variables, x, y, and z, if the 
values of u are determined when the values of x, y, and z are 
given. This relation is expressed by the symbols u=f{x, y, z), 
u = F{x, y, z), etc. 

Ex. 1. If r is the radius of the base of a circular cone, h its altitude, and v 
its volume, v = ^ Trr^h, and r is a function of the two variables, r and h. 

Ex. 2. If /denotes the centrifugal force of a mass m revolving with a velocity 

t) in a circle of radius r, / = , and / is a function of the three variables, m, 

r, and r. 

Ex. 8. Let V denote a volume of a perfect gas, t its absolute temperature, 

and p its pressure. Then — - = A:, where A; is a constant. This equation may be 

t t t 1 

written in the three equivalent forms : p = k--, v = k-i 1 = -pVy by which each 

1? p k 

of the quantities, p, v, and t, is explicitly expressed as a function of the other two. 

A function of a single variable is defined explicitly by the equa- 
tion y =f(x), and implicitly by the equation F(x, y)=0. In either 
case the relation between x and y is represented graphically by 
a plane curve. Similarly, a function of two variables may be 
defined explicitly by the equation z =f{x, y), or implicitly by the 
equation F(x, y, z) = 0. In either case the graphical representa- 
tion of the function of two variables is the same, and may be 
made by introducing the conception of space coordinates. 

84. Rectangular coordinates in space. To locate a point in 
space of three dimensions, we may assume three number scales, 
XX\ YY\ ZZ' (fig. 46), mutually perpendicular, and having their 
zero points coincident at 0. They will determine three planes, 

158 
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XOYy YOZy ZOX, each of which is perpendicular to the other 
two. The planes are called the coordinate planes, and the three 
lines, XX', YY\ and ZZ', are called the axes of x, y, and z 
respectively, or the coordinate axes, and the point is called the 
origin of coordinates. 

Let P be any point in spacie, and through P pass planes perpen- 
dicular respectively to XX\ YY', and ZZ\ intersecting them at 
the points L, M, and N respectively. Then 
if we place x = OL, y = OM^ and z = ON, 
as in I, § 16, it is evident that to any 
point there corresponds one, and only one, 
set of values of x, y, and z', and that to 
any set of values of x, y, and z there cor- 
responds one, and only one, point. These 
values of x, y, and z are called the coordi- 
nates of the point, which is expressed as 

^ . X Fig. 46 

P{x, y, zy 

From the definition of x it follows that x is equal, in magnitude 
and direction, to the distance of the point from the coordinate 
plane YOZ. Similar meanings are evident for y and z. It follows 
that a point may be plotted in several different ways by construct- 
ing in succession any three nonparallel edges of the parallelepiped 
(fig. 46) beginning at the origin and ending at the point. 

In case the axes are not mutually perpendicular, we have a system of oblique 
coordinates. In this case the planes are passed through the point parallel to the 
coordinate planes. Then x gives the distance and the direction from the plane 
YOZ to the point, measured parallel to OX, and similar meanings are assigned 
to y and z. It follows that rectangular coordinates are a special case of oblique 
coordinates. 

85. Graphical representation of a function of two variables. 

Let /(a?, y) be any function of two variables, and place 

^ =/(^. y)' (1) 

Then the locus of all points the coordinates of which satisfy (1) is 
the graphical representation of the function f{x, y). To construct 
this locus we may assign values to x and y, as x = x^ and y=^y^y 
and compute from (1) the corresponding values of z. There will 
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be, in general, distinct values of z, and if (1) defines an algebraic 
function, their number will be finite. The corresponding points all 
lie on a line parallel to OZ and intersecting XOY at the point 
A(^i' ^i)' ^^^ these points alone of this line are points of the locus, 
and the portions of the line between them do not belong to the 
locus. As different values are assigned to x and y, new lines 
parallel to OZ are drawn on which there are, in general, isolated 
points of the locus. It follows that the locus has extension in 
only two dimensions, i.e. has no thickness, and is, accordingly, a 
surface. Therefore the graphical representation of a function of 
two variables is a surface* 

\lf{x, y) is indeterminate for particular values of x and y, the 
corresponding line parallel to OZ lies entirely on the locus. 

Since the equations z =f{x, y) and F{x, y,z)=0 are equivalent, 
and their graphical representations are the same, it follows that 
the locus of any single equation in x, y, and z is a surface. 

There are apparent exceptions to the above theorem, if we demand that the 
surface shall have real existence. Thus, for example, 

x2 + y2 + ^2 = _ 1 

is satisfied by no real values of the coordinates. It is convenient in such cases, 
however, to speak of " imaginary surfaces.'' 

Moreover, it may happen that the real coordinates which satisfy the equa- 
tion may give points which lie upon a certain line, or are even isolated points. 
For example, the equation x^ + i/^ = 

is satisfied in real coordinates only by the points (0, 0, z) which lie upon the 
axis of z ; while the equation 3.2 j_ 7,2 j. ^2 = o 

is satisfied, as far as real points go, only by (0, 0, 0). In such cases it is still con- 
venient to speak of a surface as represented by the equation, and to consider 
the part which may be actually constructed as the real part of that surface. The 
imaginary part is considered as made up of the points corresponding to sets of 
complex values of x, y, and z which satisfy the equation. 

86, The appearance of any surface can be thus determined from 
its equation by assigning values to any two of the coordinates and 
computing the corresponding values of the third. This method, 
however, has practical difficulties. In place of it we may study 

* It is to be noted that this method of graphically representing a function cannot 
be extended to functions of more than two variables, since we have but three dimen- 
sions in space. 
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any surface by means of the sections of the surface made by planes 
parallel to the coordinate planes. If, for example, we place z= Oin. 
the equation of any surface, the resulting equation in x and y is 
evidently the equation of the plane curve cut from the surface by 
the plane XOY. Again, if we place z = z^, where z^ is some fixed 
finite value, the resulting equation in x and y is the equation of 
the plane curve cut from the surface by a plane parallel to the 
plane XOY and z^ units distant from it, and referred to new 
axes (yx' and O'F', which are the intersections of the plane z = Zj^ 
with the planes XOZ and YOZ respectively ; for by placing z = Zj^ 
instead of ;2;=0, we have virtually transferred the plane XOY, 
parallel to itself, through the distance z^. 

In applying this method it is advisable to find first the three 
plane sections made by the coordinate planes x = 0, y = 0, z = 0. 
These alone will* sometimes give a general idea of the appearance 
of the surface, but it is usually desirable to study other plane sec- 
tions on account of the additional information that may be derived. 

The following surfaces have been chosen for illustration because 
it is important that the student should be familiar with them. 

Ex. 1. Ax + By + Cz-i- D = 0. 
Placing 2 = 0, we have (fig. 47) 

Ax + By-^D = 0, (!) 

Hence the plane XOY cuts this surface in a straight line. Placing y = 
and then aj = 0, we find the sections of this surface made by the planes ZOX 
and XOZ to be respectively the straight lines 

Ax-\-Cz+D = 0, (2) I 

and By -\-Cz-^B = 0. (3) ivy 

Placing z = Zi, we have / i N^^/ 

Ax + By + Czi + D = 0, (4) (3)/ |Q.'---^^^— x' 

which is the equation of a straight line in the ^i-^^jT-l-Li— ^^_^^ jr 

plane z = z\. The line (4) is parallel to the yW / ^ 

line (1), since they make the angle tan-i ( ) y^^ 

\ ^/ y/ Fig. 47 

with the parallel lines (YX' and OX and lie in 

parallel planes. To find the point where (4) intersects the plane XOZ^ we place 

y = 0, and the result Ax + Cz\ + D = shows that this point is a point of the 

line (2). This result is true for all values of z\. Hence this surface is the locus 
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of a straight line which moves along a fixed straight line always remaining 
parallel to a given initial position ; hence it is a plane. 

Since the equation Ax + By -{-Cz+BrzO is the most general linear equation in 
three coordinates, we have proved that t?ie locus of every linear equation is a plane. 

Ex. 2. 2 = ax2 + 6y2^ where a > 0, 6 > 0. 

Placing 2 = 0, we have az^ + by^ = 0, (1) 

and hence the XOY plane cuts the surface in a point (fig. 48). Placing y = 0, 

we have ^ ^ ^2^ (2) 

which is the equation of a pa- 
rabola with its vertex at O 
and its axis along OZ. Plac- 
ing X = 0, we have 

z = by^, (3) 

which is also the equation of a 
parabola with its vertex at O 
and its axis along OZ. 

Placing z = zi, where Zi > 0, 
we may write the resulting equa- 
tion in the form 







(4) 



Fig. 48 



which is the equation of an ellipse 

with semiaxes -y/— and -%/— • 

As the plane recedes from the 
origin, i.e. as zi increases, it is 
evident that the ellipse increases 
in magnitude. 



If we place z = — Zi, the result may be written in the form —x^-] — y^T=~l^ 

Zl Zl 

and hence there is no part of this surface on the negative side of the plane XOY. 

The surface is called an elliptic paraboloid, and evidently may be generated by 
moving an ellipse of variable magnitude always parallel to the plane XOY, the 
ends of its axes always lying respectively on the parabolas z = ax^ and z = by^. 

While the appearance of the surface is now completely determined, we shall, 
nevertheless, find it of interest to make two more sections. In the first place, we 
note that both the coordinate planes through OZ cut the surface in parabolas 
with their vertices at O and their axes along OZ, and hence arises the question. 
Do all planes through OZ cut the surface in parabolas ? 

To answer this question we shall make a transformation of coordinates by 
revolving the plane XOZ through an angle 4> about OZ as an axis. The formulas 
of transformation will be ^^^. ^.^s <p - y" sin 0, 

y z=x'sin<p-\- y' cos0, 
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for z will not be changed at all, and x and y will be changed in the same man- 
ner as in I, § 115. The transformed equation is 

z = a(x'c(Mip — y'sin0)2 + 6(x'sin0 + y'cos^)*. 

Placing / = 0, we have z = {a co8«^ + 6 sin^^) x'2, (6) 

which is a parabola with its vertex at O and its axis along OZ. But by chang- 
ing <p we can make the plane X'OZ any plane through OZ, and hence every 
plane through OZ cuts this surface in a parabola with its vertex at O and its 
axis along OZ. 

Finally, we will place 
y = yi and write the result- 
ing equation in the form 

X' = l(z - by*), 

which is the equation of a 
parabola with its axis par- 
allel to OZ and its vertex 
at a distance by} from the 
plane XOY, 

Ex.8. ^ + ?^-?-^l. 
a2 62 c2 

Placing 2 = 0, we have 

^ + ^' = 1, (1) 

a2 ^ 62 ' ^ ' 




Fig. 49 



which is the equation of an ellipse with semiaxes a and 6 (fig. 49). Placing 
y = 0, we have 

(2) 



X2^«2_ 
a2 C2"" ' 



which is the equation of an hyperbola with its transverse axis along OX and 
its conjugate axis along OZ. Placing x = 0, we have 



22 

^ — = 1 

- C2 ^' 



y2 
62 



(8) 



which is the equation of an hyperbola with its transverse axis along OY and 
its conjugate axis along OZ. 

If we place z =±Zi, and write the resulting equation in the form 

x2 



x» y* 



=1. 



(4) 



we see that the section is an ellipse with semiaxes 



«V+1»'«^^Y+1' 



w^hich accordingly increases in magnitude as the cutting plane recedes from 
the origin, and that the surface is symmetrical with respect to the plane XOY, 
the result being independent of the sign of Zi. 
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Accordingly this surface, called the unparted hyperboloid or the hyperboloid 
of one aJieet, may be generated by an ellipse of variable magnitude moving 
always parallel to the plane XOY and with the ends of its axes always lying 

x^ z^ y^ z^ ' 

on the hyperbolas = 1 and ^ — ^ = 1- 

^ If now we revolve the plane XOZ about OZ as an axis by making the trans- 
formation , . ^ • . _y«..^-. 

X = x'cos0 — y'sm^, y = jc'sin^ + y'cos^, 
the transformed equation is 

(x'cos^ — y'sin^)* (x'sin0 + y'cos^)^ 2^ _ ^ 



Placing y- = 0, we have (5?g^ + ?ig^)x'^ - J = l, 



(6) 



and have thus proved that the section made by any plane through OZ is an 
hyperbola with its conjugate axis along OZ, 

Finally, we place y = ± yi, and write the resulting equation in the form 

whence we see that the surface is symmetrical with respect to the plane J^OZ. 
To discuss the equation further we shall have to make three cases according to 
the value of yi. 

If y\ < by we put the equation in the form 



whic h is th e equation of an hyperbola with its transverse axis equal to 

2a\l- and parallel to OX. Hence the vertices will approach coincidence 

as the cutting plane recedes from the origin. 
If yi = 6, the equation may be put in the form 



e-se^^"' 



which is the equation of two straight lines which intersect on OY, 
If yi > 6, we write the equation in the form 

«2 x2 



c2 



(g-fK'^f'" 



whic h is th e equation of an hyperbola with its transverse axis equal to 

fy? 

2 c \— — 1 and parallel to OZ. Hence the vertices separate as the cutting 
plane recedes from the origin. 
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Fig. 50 



Ex.4. ^-^t-.^ = o. 
a2 62 cz 

This surface (fig. 60) is a 
cone, with OZ as its axis and 
its vertex at O. 

/};2 4/2 2^ 

Ex. 5. _ + *L + 1- = 1. 

This surface (fig. 61) is the 
ellipsoid. 

Ex.6. ?!-?^-^ = l. 

a2 62 c2 

This surface (fig. 62) is the 
biparted hyperboloid or the hy- 
perboloid of two sheets. 

The discussions of the last 
three surfaces are very similar to that of the unparted hyperboloid, and for 
that reason they have been left to the student. 

Ex. 7. 2 = aa;2 _ 6y2^ where a > 0, 6 > 0. 
Placing 2 = 0, we obtain the equation 

0x2 - 6y2 = 0, (1) 

i.e. two straight lines intersecting at the origin (fig. 63). Placing y = 0, we have 

2 = ax2, (2) 

the equation of a parabola with its vertex at O and its axis along the positive 

direction of OZ. 

rr 

^ Placing ic = 0, we 

have 

z=-hy\ (8) 

the equation of a pa- 
rabola with its ver- 
tex at O and its axis 
along the negative 
direction of OZ. 

Placing X = ± Xi, 
we have 

z = ax^ — 6y2j 




or 



Fig. 61 



6 



ax 2), (4) 



a parabola with its axis parallel to OZ and its vertex at a distance axi from 
the plane XOY. It is evident, moreover, that the surface is symmetrical with 
respect to the plane YOZ, and that the vertices of these parabolas, as different 
yalues are assigned to Xi, all lie on the parabola z = ax2. 
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Hence this surface may be generated by the parabola z = — bj/^ moving 
always parallel to the plane YOZ^ its vertex lying on the parabola z = ox^. 
The surface is called the 
hyperbolic paraboloid. 

Finally, placing «=2i, 
where zi > 0, we have 



or 






(5) 




[ 

I 

ft. 
] 

PliU 

tlie 
E 



an hyperbola with its 
transverse axis parallel 
to OX and increasing in 
length as the cutting 
plane recedes from the 
origin. 

If 2 = — zi, we may 
write the equation in the 
^orm 

iy«-^a:» = l, (6) 

Zi Zi 

an hyperbola with its transverse axis parallel to OF and increasing in length 
as the cutting plane recedes from the origin. 



ml 




He 



k 



GEAPHICAL EEPRESENTATION 



167 



Ex. 8. 2 = kxy. 

As the algebraic sign of the constant k merely shows which side of the plane 
^OY we take as the positive side, we will assume A;>0, and discuss the surface 
(fig. 64) on that hypothesis. 

Placing 2 = 0, we have xy = 0, which is the equation of the axes OX and OT, 
Placing y = 0, or jc = 0, we have « = 0, and gain no new information about 
the surface. 

Placing z = zi, where Zi > 0, we have 



2l 



(1) 



an hyperbola referred to its asymptotes as axes (I, § 117, Ex.). Placing z = —z^^ 

we have the hyperbola 2i 

zy = — —' {2) 




Hence all sections made by planes parallel to XOY are hyperbolas with OX 
and OF as their asymptotes, and lying in the first and the third quadrants or in 
the second and the fourth quadrants according as the cutting plane is on the 
positive or the negative side of the XOY plane. 

Placing X = Xi, where xi > 0, we have 

z = kxiv, (3) 

which is the equation of a straight line intersecting OX and parallel to the 
plane YOZ. If x = — Xi, we have the straight line 

« = — kxiy. (4) 

Similarly, placing y = yi, where yi > 0, we have 

z = kyix, (5) 
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which is the equation of a straight line intersecting OY and parallel to the plane 
ZOX. If y = — yi, we have the straight line 

As the cutting plane recedes from the origin it is evident that these straiglfe. 
lines revolve about OX and OY respectively as they move along them, bii^ 
always remain parallel to the planes YOZ and ZOX respectively. 

Finally, we will revolve the plane XO 
about OZ as an axis, the transformed equi 
tion being 

2 = A;(a;'cos0 — y'sin0)(a;'sin0 + y'cos0) ^ 

Placing y' = 0, we have 

2 = Axe' 2 cos sin 0, (1 

the equation of a parabol 
with its vertex at O and ii 
axis along OZ. Hence 
planes through OZ cut th 
surface in parabolas wit 
their axes along OZ. 

The surface is a specis 
case of the hyperbolic pt 
raboloid of Ex. 7 ; for 
.^-^ we keep OZ in its original position ai 
swing OX and OY into new positions 
V the formulas of I, § 117, and choose tl 

angle as in the illustrative example 
that article, the equation z = ax^ — bi 
xy. Here the coordinates are oblique unless b = 






-;'' 



Fig. 55 



stesumes the form z = 



4a& 
a-\-b 



but if 6 = a, the coordinates are rectangular and we have the case just co 
sidered, where k = 2a. 

The portion of this surface on which the coordinates are all positive sho 
graphically the relations between the pressure, the volume, and the tempe 
ture of a perfect gas (§ 83, Ex. 8). This part of the surface is shown in ^g. 5 

87. Surfaces of revolution. If the sections of a surface mad 
by planes parallel to one of the coordmate planes are circles wit 
their centers on the axis of coordinates which is perpendicular to th< 
cutting planes, the surface is a surface of revolution (§ 37) with tha 
coordinate axis as the axis of revolution. This will always occu 
when the equation of the surface is in the form i^(v^+^, z) = 
which means that the two coordinates x and y enter only in t 
combination v?+^ ; for if we place z = z^ in this equation 







5^ 
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find the corresponding section, and solve the resulting equation for 
^ + y^> we have, as a result, the equation of one or more circles, 
according to the number of roots of the equation in al^+y^. 

Again, if we place x = 0, we have the equation i^(y, z) = 0, 
which is the equation of the generating curve in the plane YOZ. 
Similarly, if we place y = 0, we have F(x, z) = 0, which is the 
equation of the generating curve in the plane XOZ, It should be 
noted that the coordinate which appears uniquely in the equation 
shows which axis of coordinates. is the axis of revolution. 

Conversely, if we have any plane curve F{Xy 2;) = in the plane 
XOZy the equation of the surface formed by revolving it about OZ as 
an axis is F('>/a?-{- y^, z) = 0, which is formed by simply replacing 
X in the equation of the curve by VV-f-^. 

X'i 9/2 2^ 

Ex. 1. Show that the unparted hyperboloid — H — = lisa surface of 

revolution. «' ^ ^' 

Writing this equation in the form 

^ _ !L _ 1 = 0, 

we see that it is a surface of revolution with OF as the axis. 

Placing 2 = 0, we have — = 1» an hyperbola, as the generating curve. 

The hyperbola was revolved about its conjugate axis. 

Ex. 2. Find the paraboloid of revolution generated by revolving the parabola 
y* = 4pa; about its axis. 

Replacing y by Vy^ + z^, we have as the equation of the required surface 
y^-j- Z^z=i 4tpx. 

88. Cylinders. If a given equation is of the form F{x, y) = 0, 
involving only two of the coordinates, it might appear to represent 
a curve lying in the plane of those coordinates. But if we are 
dealing with space of three dimensions, such an interpretation would 
be incorrect, in that it amounts to restricting z to the value z = 0, 
whereas, in fact, the value of z corresponding to any simultane- 
ous values of x and y satisfying the equation F(x, y)=0 may be 
anything whatever. Hence, corresponding to every point of the 
curve F(x, y)=0 in the plane XO Y, there is an entire straight line, 
parallel to OZ, on the surface F(x, y) = 0. Such a surface is a 
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cylinder, its directrix being the plane curve F{Xy y)= in the 
plane 2 = 0, and its elements being parallel to OZ, the axis of the 
coordinate not present. 

For example, x^-{-y^ = a^ is th^ equation of a circular cylinder, 
its elements bemg parallel to OZ, and its directrix being the circle 
ar^+ y^ = a^ in the plane XOY. 

In like manner, z^ = ky is a parabolic cylinder with its elements 
parallel to OX, 

If only one coordinate is present in the equation, the locus is a 
number of planes. For example, the equation ar^ — (a + 6) a? + a& = 
may be written in the form (x — a)(x — b)= 0, which represents 
the two planes x— a = and a; — 6 = 0. Similarly, any equation 
involving only one coordinate determines values of that coordinate 
only and the locus is a number of planes. 

Regarding a plane as a cylinder of which the directrix is a 
straight line, we may say that any equation not containing all the 
coordinates represents a cylinder. 

If the axes are oblique, the elements of the cylinders are not 
perpendicular to the plane of the directrix. 

89. Space curves. The two surfaces represented respectively by 
the equations /^ (x, y, z)=0 and f^ {x, y, ^^^ intersect, in general, 
in a curve, the coordinates of every point of which satisfy each of 
the equations. Conversely, any point the coordinates of which 
satisfy these equations simultaneously is in their curve of inter- 
section. Hence, in general, the locus of ttvo simultaneous equations 
in X, y, and z is a curve. 

In particular, the locus of the two simultaneous linear equations, 

A^x+B,y+C,z-hI>i=0, 
A,x-[-B^y+C^^D,= 0, 

is a straight line, since it is the line of intersection of the two 
planes respectively represented by the two equations. 

If, in the equations f^{x, y, z) = 0, fj^x, y, z) = 0, we assign a 
value to one of the coordinates, as x for example, there are two 
equations from which to determine the corresponding values of 
y and z, in general a determinate problem. But if values are 
assigned to two of the coordinates, as x and y, there are two 
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equations from which to determine a single unknown z, a prob- 
lem generally impossible. Hence there is only one independent 
variable in the equations of a curve. • 

In general, we may make x the independent variable and place 
the equations of the curve in the form y = <f>i{x), z = <f>^{x), by 
solving the original eqUations of the curve for y and z in terms 
of X. The new surfaces, y =^4^^ {x), z = i^^ (a:), determining the curve, 
are cylinders (§ 88), with elements parallel to OZ and OY respec- 
tively. The equation y = <f>i (x) interpreted in the plane XO Y is 
the equation of the projection (§ 92) of the curve on that plane. 
Similarly, the equation z=^<f>^ (a;), interpreted in the plane ZOX, is 
the equation of the projection of the curve on that plane. 

In particular, if we solve the equations 

^^^ -f- ^ly + C^a; -h A = 0, 
for y and z in terms of x, we have two equations of the form 

as the equations of the same straight line that was represented by 
the original equations. 

90. If t is any variable parameter, and we make x a function 
of t, as x=f^{t), and substitute this value of a; in the equations 
y = <^i(«)>^ = <f>2{^) (§ S9), we have 

^=/i(0. y=/2(0, ^=fM 

as the parametric equations of the curve. 
More generally, the three equations 

^=A(t), y=Mt), z^Mt), 

represent a curve, the equations of which may be generally put in 
the form y = <^^{x),z== <^^{x)y by eliminating t from the first and 
the second equations, and from the first and the third equations. 

Ex. The space curve, called the helix^ is the path of a point which moves 
around the surface of a right circular cylinder with a constant angular velocity 
and at the same time moves parallel to the axis of the cylinder with a constant 
linear velocity. 
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Let the radius of the cylinder (fig. 66) be a, and let its axis coincide with 
OZ. Let the constant angular velocity be w and the constant linear velocity 

be V. Then if denotes the angle through 
which the plane Z OP has swung from its 
initial position ZOX, the codrdinates of 
any point P(x/^, z) of the helix are given 
by the equations 

X = a cos 0, y = a sin ^, z — vt. 

But = at, and accordingly we may have 
as the parametric equations of the helix 

X = a cos ut, y = OL sin wt, z = vt, 

t being the variable parameter. 

Or, since i = — » we may regard as 
to 

the variable parameter, and the equa- 
tions are 

X = a cos ^, y = o sin ^, z = 1cd, 
where k is the constant - < 

91. Ruled surfaces. A surface 
"^ which may be generated by a mov- 
ing straight line is called a ruled 
surface. The plane, the cone, and 
the cylinder are simple examples 
of ruled surfaces, and in § 86, Ex. 8, it was shown that the hyper- 
bolic paraboloid is a ruled surface. 

Ex. 1. Prove that the ruled surface generated by a straight line which 
moves so as to intersect two fixed straight lines not in the same plane and at 
the same time remain parallel to a fixed plane is an hyperbolic paraboloid. 

Let the fixed straight lines have the equations y = 0, « = 0, and y = c, 2 = fee, 
and let YOZ be the fixed plane, the axes of coordinates being oblique. Then the 
straight line x = a, y = m« is a straight line which is parallel to the plane YOZ 
and intersects the line y = 0, 2 = 0, for all values of a and m. If this line 

intersects the line y = c, 2 = fee, evidently m = — Therefore the equations of 

c ^^ 

the required line are x = a, y = — 2. Any values of x, y, 2 which satisfy these 

equations. satisfy their product xy = -2, or z = -xy. Hence the line always 

lies on the surface z = -xy, an hyperbolic paraboloid (§ 86, Ex. 8). 

^ X2 y2 2j2 

Ex. 2. Prove that the unparted hyperboloid "^ + T^ — ^ = lisa ruled sur- 
face having two sets of rectilinear generators, i.e. that through every point of it 
two straight lines may be drawn, each of which shall lie entirely on the surface. 




Fig. 66 



KULED SUKFACES 173 

If we write the equation of the hyperboloid in the form 

It is evident that (1) is the product of the two equations 

a c \ 0/ 

a c ki\ hi 

for any value of k\. But (2) are the equations of a straight line (§ 89). More- 
over, this straight line lies entirely on the surface, since the coordinates of every 
point of it satisfy (2) and hence (1). As different values are assigned to ki^ we 
obtain a series of straight lines lying entirely on the surface. 
Conversely, if Pi (xi, yi, Zi) is any point of (1), 

a c b 



h a c 

Therefore Pi determines the same value of ki from both equations (2). Hence 
every point of (1) lies in one and only one line (2). 

We may also regard (1) as the product of the two equations 



5_? = fc,(i + ^) 

a c \ h/ 

a c k2\ 0/ 



(8) 



whence it is evident that there is a second set of straight lines lying entirely on 
,the surface, one and only one of which may be drawn through any point of 
the surface. 

Equations (2) and (8) are the equations of the rectilinear generators, and 
every point of the surface may be regarded as the point of intersection of one 
line from each set. 

Ex. 8. The conoid (Ex. 52, p. 88) is evidently a ruled surface, since it is gen- 
erated by a straight line moving always parallel to a given plane and at the 
same time intersecting a given curve and a given straight line. 

Ex. 4. Another example of a ruled surface is the cylindroid, i.e. the surface 
generated by a straight line moving parallel to a given plane and touching two 
given curves. 

Ex. 6. Show that the prismoidal formula (§ 89) applies to the volume 
bounded by a ruled surface and two parallel planes. 

The equations x=pz-\- q, y = rz-\-8 represent a straight line. If p, g, r, and 
s are functions of a single independent parameter t, the line generates a ruled 
surface. 
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If we place 2 = 0, we have x = q, y = 8, the parametric equations of the sec- 
tion of the ruled surface by the plane XOY, Similarly, if we place z = 21, we 
have X = pzi + q, y = rzi + s, the parametric equations of a section parallel to 
XOY. Suppose now when t varies trom to to ti, the straight-line generator of 
the surface traverses the perimeter of the section z = Z\. Then the area of this 
section is 

^Jto dt Jto\ dt dtj Jto dt 

This is a quadratic polynomial in zv Hence the prismoidal formula holds for 
a portion of a ruled surface bounded by parallel planes. 
The prismoid itself is a special case of such a surface. 

PROBLEMS 

1. Show that the surface lfi(x, y, z) + kf2(x, y, z) = 0, where I and k are 
constants, is a surface passing through all the points common to the two sur- 
faces /i (x, y, z) = and /2 (ac, y, z) = 0, and meeting them at no other points. 

2. Discuss the surface xyz = a^ by means of plane sections. 

3. Show that the surface z = a — Vx^ + y^ is a cone of revolution, and find 
its vertex and axis. 

4. Prove that the surface ax-^ by = cz^ is a cylinder, and discuss its 
plane sections. 

5. Discuss the surface x* + y^ + 2^ = a* by means of plane sections. 

6. Prove that the surface (ax + by)^ = cz is a cylinder, and discuss its 
plane sections. 

7. Discuss the surface x^ -j- y^ -\- z^ = a^ by means of plane sections. 

8. Find the equation of a right circular cylinder- which is tangent to the 
plane XOZ and has its axis in the plane YOZ. 

9. Find the equation of a right circular cylinder which is tangent to the 
planes XOZ and XOY. 

10. Describe the locus of the equation 2 + (2^ + 1)^ = 0. 

11. Describe the locus of the equation 2y^ — 5y — S=0. 

12. Describe the locus of the equation (ax + by)^ — c^z^ = 0. 

13. Find the equation of the oblate spheroid, i.e. the surface generated by 
an ellipse revolving about its minor axis. 

14. Find the equation of a biparted hyperboloid of revolution with OY 
as its axis. 

15. Find the equation of the prolate spheroid, i.e. the surface generated by 
revolving an ellipse about its major axis. 
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16. Find the equation of the surface generated by revolving the parabola 
f/^ = 4px about OF as an axis. 

17. Find the equation of the ring surface generated by revolving about OX 
the circle x^ -f (y — 6)2 = a^, where a <b, 

18. Write the equation of the surface generated by revolving the hyperbola 
xy = c about either of its asymptotes as an axis. 

19. Find the equation of the surface formed by revolving the four-cusped 
hypocycloid x^ -\- y^ =a^ about OY as an axis. 

20. What surface is represented by the equation x^ + (y^ + z^)^ = a* ? 

V 

21. What surface is represented by the equation x^ ^ ^2 _ ^e _. q p 

22. What is the line represented by the equations y^ _|. ^a — 6 x = 0, 
X -3 = 0? 

23. Show that the line of intersection of the surfaces x^ _|. ^2 — ^2 and y = 2; 
is an ellipse. (Rotate the axes about OX through 46°.) 

24. Show that the projections of the skew cubic x = t, y — i?^ z = t^ on the 
coordinate planes are a parabola, a semicubical parabola, and a cubical 
parabola. 

25. Prove that the projections of the helix x = a cos ^, y = a sin ^, z = k$ 
on the planes XOZ and YOZ are sine curves, the width of each arch of 
which is kw, 

26. Prove that the projection of the curve x = c*, y = e-*, z = tV2y on 
the plane XOY is an equilateral hyperbola. 

27. Turn the plane XOZ about OZ as an axis through an angle of 46°, and 
show that the projection of the curve x = e', y = e-*, z=.t V2 on the new 
XOZ plane is a catenary. 

28. Show that the curve x = <2^ y=:2<, 2 = Msa plane section of a para- 
bolic cylinder. 

29. Prove that the skew quartic x = <, y = i®, z = t* is the intersection of 
an hyperbolic paraboloid and a cylinder the directrix of which is a cubical 
parabola. 

30. The vertical angle of a cone of revolution is 90°, its vertex is at 0, and 
its axis coincides with OZ. A point, starting from the vertex, moves in a spiral 
path along the surface of the cone so that the measure of the distance it has 
traveled parallel to the axis of the cone is equal to the circular measure of the 
angle through which it has revolved about the axis of the cone. Prove that the 
equations of its path, called the conical helix^ are x = t cos ty y = taint, z = t. 
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PLANE AND STRAIGHT LINE 



92. Projection. The projection of a point on a straight line 
is defined as the point of intersection of the line and a plane 
through the point perpendicular to the line. Hence in fig. 46 
Z, M, and N are the projections of the point P on the axes of x, y, 
and z respectively. 

The projection of one straight line of finite length upon a 
second straight line is the part of the second line included 
between the projections of the ends of the first line, its direction 

being from the projection of the 
initial point of the first line to the 
projection of the terminal point of 
the first line. In fig. 57, for ex- 
ample, the projections of A and B 
on MN being A^ and J5' respec- 
tively, the projection of AB on 
MN is A'B\ and the projection of 
BA on MN is j5U'. If MN and 
AB denote the positive directions 
respectively of these lines, it fol- 
lows that A^B^ is positive when it has the same direction as MN 
and is negative when it has the opposite direction to MN 

In particular, the projection on OXoi the straight line P^P^ drawn 
from P^{x^y y^y z^) to P^{x^, y^, z^) is LJ^^, where OL^ — x^ and 
OL^=x^. But L^L^= x^ — x^ by I, §13. Hence the projection 
of ij^ on OX is x^—x^\ and similarly, its projections on OY 
and OZ are respectively y^— y^ and z^— Zy 

If we define the angle between any two lines in space as the 
angle between lines parallel to them and drawn from a common 
point, then the projection of one straight line on a second is the 

176 




Fig. 67 



PROJECTION 



177 



product of the length of the first line and the cosine of the angle 
between the positive directions of the two lines. Then if <^ is the 
angle between AB and MN (fig. 57), 

A^B^ = AB cos <^. 

To prove this proposition, draw -4' (7 parallel toAB and meet- 
ing the plane ST at C. Then A'C=AB, and A'B'=:A'C co8<f>, 
t>y I^ § 14, whence the truth of the proposition is evident. 

Defining the projection of a broken line upon a 
straight line as the sum of the projections 
^f its segments, we may prove, as in I, 
§ 15, that the projections on any straight 
^^^ne of a broken line and the 
^^"^"uight line joining its ends 
^'^B the same, 

^^e will now 
sh.ow that the 

2?^ojection / ^^'d^^'^^ '"" I P'v 

^J^ €xny 




Fig. 68 



^^Gtne area upon another plane is the product of that area and 

^^'« cosine of the angle between the planes, 

Xet X'OY (fig. 58) be any plane through OY making an angle 
* ^yith the plane XOY. Let A'B^ be any area in X^OY such that 
^^y straight line parallel to OX' intersects its boundary in not 
^^^ore than two points, and let AB be its projection on XOY, 

Then (§ 35) areaA^B' = C{x!,--x[)dy, (1) 

^h.e limits of integration being taken so as to include the whole area. 

In like manner, area^J5 = ( (x^— x^) dy, (2) 

the limits of integration being taken so as to cover the whole area. 
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But the values of y are the same in both planes, since 
are measured parallel to the line of intersection of the two pla 
and hence the limits in (1) and (2) are the same. Since tl 
coordinate is measured perpendicular to the line of intersec 



area 



AB = I (a?2— a?{) cos ^ dy 

= cos ^ I (i»2~~ ^i) ^y 

= (cos <^) (area -4'^'). 
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93. Distance between two points. Let ij(a3i, y^, 2;^) and 1 

^2, ^ig) (fig. 59) be any two points. Pass planes through ij.an 

parallel to the coordinate planes, thereby forming a rectang 

^ parallelepiped having the edges par 

5 to OXy OY, and OZ, and having I[j 

:§^ a diagonal. Then the edges are e 
Py^'sii'S. — J.Jq respectively to x^—x^, Vi'^Vv ^^^ ^\ 

' (§ 92), being equal to the projectior 

X PiP^ on OXy OYy and OZ. 

Hence 

If the two points have two coordinates the same, as, for exan 
Vi — Vv ^2 — ^v ^^^ formula reduces to -^^ = x^— x^, 

Ex. 1. Find a point Vli units distant from each of the three p 
(1, 0, 8), {2, - 1, 1), (8, 1, 2). 

Let P («, y, z) be the required point. 
Then (3; _ 1)2 + (^ _ 0)2 -|. (« _ 3)2 := 14, 

(X - 2)2 4. (y + 1)2 + (2: _ 1)2 = 14^ 

(X - 3)2 + (y - 1)2 + (2 - 2)2 = 14. 

Solving these three equations, we determine the two points (0, 2, 0) and (4, — 

Ex. 2. Find the equation of a sphere of radius r with its cente 
■Pi(«i, yi, zi). 

If P (x, y, z) is any point of the sphere, 

(X - Xi)2 + (y - yi)2 + (2 _ 2;i)2 = ^2. 

Conversely, if P(x, y, «) is any point the coordinates of which satisfj 
P is at the distance r from Pi, and hence is a point of the sphere. Ther< 
(1) is the required equation of the sphere. 
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94. Length of a space curve in rectangular co5rdinates. The 

method of finding the length of a space curve is similar to that of 
finding the length of a plane curve, so that the proof of § 40 may 
Joe repeated. 

If AB (fig. 60) is the given curve, we a&sume n — 1 points 
-^, -^, ^, • • ', -?_i between A and B, and connect each pair of 
cionsecutive points by a straight line. The length AB is then 
defined as the limit of the sum 
of the lengths of the n chords AI^, 

^^y'''> ^-i^y ^s n is increased 

without limit and the length of 

each chord approaches zero as a -p^^ q^ 

Umit (I, § 104). ' 

Let the coordinates of ^ be {x., y,., «,) and those of J ^^^ be 

(a;,+ Ax, y,+ Ay, z,+ Az). Then ^ij^^ =^?+1F+^(§ 93). 
Now if X, y, z are functions of a variable parameter t (§90), and 

dx du dz I 2 2 2 

have the derivatives -r- > -r » t- ' then yl Ax -\- Ay -\- Az is an 

dt dt dt 

infinitesimal which differs from the infinitesimal Vc?a?^ + dy^ + dz'^ 
by an infinitesimal of higher order. For we have 




Va.^?' + a/ + a/ N\A^/ ^\At) ^\At) At 
^dx'^-dy^+dz' ~ \/dxy , (dyV , (dzV dt 

Since t is the independent variable, At = dt (§ 4) ; also 

Lin,/Af\ ^, etc. 



Hence Lim ^^^'+^i+^' = 1. 

\^dx^+ dy'^-hdz"^ 

Therefore (§ 3), in finding the length of the curve, we may 
replace y/Ax^-^Ay^+Az^ by y/dx^+ dy^+dz^. Hence, if 8 denotes 



the length of AB, we have 

s 



niB) 

= I Vdx^-hdy^+dz^ 

JiA) 
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where (A) and (B) denote the values of the independent variable 
for the points A and B respectively. From this formula for s it 
follows (§ 9) that , r-— — — 

Ex. Find the length of an arc of the helix x = a cos^, y = asin^, 2 = kd^ 
corresponding to an increase of 2 tt in d. 

Here dx = — a sin^ d^, dy = a GO%edd, and dz = lc dO, 



Therefore 



s 






0l + 2ir 



Va2 + k^de 



= 2irVa2 + fc2. 



95. Direction of a straight line. The direction of any straight 
line in space is determined by means of the angles which it makes 
with the positive directions of the coordinate axes OX, OY, OZ, 

We denote these angles by a, /3, and 
7 respectively (fig. 61). Then their 
cosines, i.e. cos a, cos /3, cos 7, are 
called the direction cosines of the 
line. 

It is to be noted that the same 
straight line makes the angles oc^y ^i> 
7j or TT — a^y TT — /8j, ir — f^^ with the 
coordinate axes, according to the di- 
rection in which the line is drawn. 
Hence its direction cosiiies are either cosa^, cos/S^, cos7j or 
— cosa^, — cos/3j, — cos7j. A straight line in which the direc- 
tion is fixed has only one set of direction cosines. 

The three direction cosines are not independent, for they satisfy 




Fig. 61 



the equation 



cos^o: -j- cos^/3 -j- cos^7 = 1 ; 



that is, the sum of the squares of the direction cosines of any 
straight line is always equal to unity. 

To prove this theorem, let the line I^ (fig. 59) be any straight 
line and let it make the angles a, /3, and 7 with OX, OY, and 
OZ respectively. Then 



cos a = 



Jin 



cos)8 = 



PP 



cos 7 
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Squaring and adding these equations, we have 

cos^a + cos^/S + cos"7 = ^i^[±3^+Ml. . 



But liQ ^P^E -\-F^S =F^F^ . 

Therefore cos^a + cos^/3 + cos^7 = 1. 

96. If ij(a;p y^, z^) is any fixed point (fig. 59), the coordinates of 
any second point i^ may be denoted by (x^-{-Ax, y^ + Ay, z^-{-Az)^ 
where Ax, Ay, and Az are arbitrary. 

If cos a:, cos/3, cos 7 are the direction cosines of the straight 
line ij-^, we have, by the work of the last article, 

Ax ^ Ay 

cos a = y COS p = ^ 



y/Ax^+Ay^-^Az^ ' y/ Ax^-\-Ay^-^Az 

Az 
cos 7 = > 

for ijg = Aiz;, I^E^Ay, F^S = Az, 

and ijij = V Aaj^4- Ay V A«^ . 

Hence, if Ax, Ay, and As; are given, the direction of a straight 
line is determined, but the particular straight line having that di- 
rection is not determined, for the values of Ax, Ay, and Az in no 
way determine x^, y^ and z^, the coordinates of the initial point of 
the line. Moreover, the ratios of Ax, Ay, and Az are alone essen- 
tial in determining the direction of the line. Accordingly we may 
speak of the direction Ax : Ay : Az, meaning thereby the direction 
of a straight line, the direction cosines of which are respectively 

Ax Ay Az 

y ^ y « 

V Aa? V Ay ^4- Az^ v Aaj V Ay^+ Az^ \Ax^-\- Ay^-\- Az^ 

Furthermore, if A, B, and C are any three given numbers, we 
may speak of the direction A:B:C. For we may place Ax =■ A, 
Ay = B, Az = C, and thus determine a direction, the direction 
cosines of which are 

ABC 



■y/A' + ^' 4- C ■y/A' + ^' + C V^^+^^ + C" 
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97. Direction of a space curve. If we regard the position of a 
point P{Xy y, z) of a curve as determined by «, — its distance along 
the curve from some fixed point of the curve, — as in I, § 105, x, 
y, and z are functions of s, i.e. 

^=/i(«). y^fM^ «=/8(«)- 

Then if s is increased by an increment As, a second point 
Q{x-\-^Xy y-\-^y, z-^^z) of the curve is located, and the direc- 
tion cosines of the chord P© are 

Ao? Ay A2; 



\ ^x-\- Ay^-{- ^z wAx^-i- Ay^4- Az^ V Aa3^+ Ay^+ Az^ 



(§96) 



The limits of these ratios, as As == 0, are the direction cosines of 
the tangent to the curve at P. 

T,T Aa? Ax As 

Now 



\/a^Va7+A? ^^ Va^V Ay'+A/ 

- T . Ax dx 

whende Lim _ = — > 

^•*WAaj'+A/+A/ ^^ 

for - lim ^1^ ==L (I, § 104) 

y/Ax •\-Ay ^-Az 

Proceeding in the same way with the other two ratios, we have 

dx dti dz 

— > -^ > -- as the direction\cosines of the curve at any point, 

O/S CvS as 

since the directions of the tangent and the curve at any point are 
the same. 

Instead of giving the direction cosines, we may speak of the 
direction of the curve as the direction dx\dy\ dz, since 



ds=^y/da?-\-df+d^, (§94) 

Ex. Find the direction of the helix 

X = a cos^, y = a sin^, z = k0y 

at the point for which ^ = 0. 

Here (to = — asin^d^, dy = aco^edd, dz = kd0. Therefore, at the point 
for which ^=0, the direction is the direction O:ad0:kd0, and the direction 

cosines are 0, 



Va2 + fc2 Vcfi + 1^ 
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98. Angle between two straight lines. Let the directions of auy 
two straight lines be respectively A^x : A^y : \z and A^x : A^y : A^z, 
where the subscripts are used merely to distinguish the two direc- 
tions. If two straight lines having these direc- ^Pi 
tions are drawn from any point P(x,'y, z) they 
will pass through the two points P^{x-\-A^x, 
y + ^y, « + Ai2) and P^{x + A^x, y + A^y, z + A^^) p. 
(fig.62) respectively. ^'^- ^^ 

Then if is the angle between these two lines, we have, by 
trigonometry, 

cosg= ^^ ^ flfl. (1) 




2PP^PP^ 



But PPy^ =^A^x -\-A^y ^-A^z , 

P^=^A;x\A;y'+A^\ 

P,P^= {A,x - A,^)^ + (A,y - A,y)^ + (A^ - A,;^)^ (§ 93) 

whence, by substitution in (1) and simplification, 

cos = A,a? » A,x + A,y - A,y + A,^ » A^ ^2) 

vA^ic V A^y V A^s^ • V Ag^^V Ag^^V Ajj^;^ 

or if cos oTp cos /S^, cos 7^ are the direction cosines of any straight 
line with the first direction, and cos a^, cos /3^, cos y^ are the direc- 
tion cosines of any straight line with the second direction, the 
above formula becomes 

cos = cos oTj cos a^ -j- cos /8j cos /3^ -j- cos 7^ cos y^. (3) 

If the two directions are given as A^ : B^ : C^, and A^\B^\ Cg, 
(2) evidently becomes 

VA[+Bf+C^ ' ■y/Ai-i-B^+ C^ 

If the lines are perpendicular to each other, 

A,A,^B,B,-i-C,C,:=0, (5) 

since cos = 0; and if they are parallel to each other. 



X ^\ (^^ 



(6) 



since cosaj=cosa2> cos/3j= cos^Sg, cos 7^= cos 73. 
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If represents the angle between any two curves, we have, 

"°°'--(S)(flHS)(Sl-(tXt)- <'> 

99. Direction of the normal to a plane. Let Pi{x^y y^, z^ and 
^(ojj + Aaj, yj + Ay, z^-\-L'£) be any two points of the plane 

^aj + J5y + C2;+i> = 0. (1) 

Substituting their coordinates in (1), we have 

Ax^■\-By^^- Czj + i) = 0, (2) 

^(a;i+ Aic) +5(yj+ Ay) + C(3i+A2) + i> = 0. (3) 

Subtracting (2) from (3), we have 

^ . Aic +^ • Ay + C . A^ = 0, (4) 

whence, by (5), § 98, the direction A\B\C i^ normal to the direc- 
tion Aic : Ay : Aa;. But the latter direction is the direction of 
any straight line of the plane. Hence the direction A\B\C is the 
direction of the normal to the 'plane Ax + By + C'a; -{- 2> = 0. 

We may now show that the equation of any plane is a linear 
equation of the form (1). For let the given plane pass through 
a fixed point ij (x^, y^, z^ and be perpendicular to a straight line 
having the direction A\B\C, 

Now the equation Ax^-By ^Cz^D^^ 

represents a plane perpendicular to the direction A:B:C. This 
plane will pass through I[ if 

Ax^ + By^+Cz^ + D^O, 

whence i> = — {Ax^ + By^ -{- Cz^, 

Therefore ^ (a; - a?,) -{- ^ (y - y^) + (7 (« - sJi) = (5) 

represents a plane perpendicular to the direction A:B iC and 
passing through the* fixed point I[ {x^, y^, z^. But only one plane 
can satisfy these conditions ; hence the given plane has the equa- 
tion just determined. Any plane may be determined in this way, 
however, and hence every plane may be represented by a linear 
equation. 
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Ex. Find the equation of a plane passing through the point (1, 2, 1) and 
onnal to the straight line having the direction 2 : 3 : — 1. 

The equation is 2(x - 1) + S(y - 2) - l(z - 1) = 0, 
r 2x + 3y-2-7 = 0. 

100. Normal equation of a plane. Let a plane be passed through 

'the point Ii{x^, y^, z^) perpendicular to the straight line 01^ (fig. 63). 

IBy § 96, the direction 2 

of Oil is the direction 

■^i-yr-^p ^^d hence the 
equation of the required 
jlane is, by (5), § 99, 

^i(^-^i)+yi(y-yi) 

+ z,{z^z,)=0, (1) 

which may be put in the 
form 

H^i' + l/^ + ^')=0, (2) 

If the direction cosines of ^ ^^' 

0I( are denoted respectively by Z, m, and ti, i.e. Z = cos or, m = cos ^, 

n = cos 7, and the length of OiJ is denoted by p, then 




Z = 



X. 



Vxfhy[+7^ 



m = 



y, 



and 



p^^xl-\-y^+zl 



71 = 



^^xfhy[+7^ 



Accordingly, if we divide equation (2) by V^^4-y^-i-^,it becomes 

Ix-i-my -{- nz—p = 0, (3) 

which is known as the normal equation of the plane. 

Equation (3) may also be derived geometrically as follows: 
Let F(x, y, z) (fig. 63) be any point of the plane, and let OL = x, 
LM=y, MF=z. Draw OP, Then the projection of OF on 0^ 
is 0^, and the projection of the broken line OLMF on OiJ is 
lOL + mLM+n-MF (§ 92). Hence 

I'OL + m- LM+ n • MF - 01^= 0, 

or Ix + my -[- nz — p = 0. 
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The general equation of the plane 

Ax-i'By + Cz-i-I)=0 

may evidently be made to assume the normal form by dividing th^ 
equation by V^'^ -f ^^ + C^ since the direction of the normal to 
the plane is the direction A:B:C. The sign of the radical must 
be taken opposite to the sign of i> in order that the constant term 
may be the negative of the distance of the plane from the origin, 
as in (3). 

Ex . Find the direction cosines of the normal to the plane 2x— 3y+62+14=0, 
also its distance from the origin. 

Dividing by - V22 + 32 + 62, i.e. - 7, 
we have — ^x + ^y — ^z — 2 = 0. 

Hence the direction cosines of the normal to this plane are —^^ ^ , — ^, and 
the plane is 2 units distant from the origin. 

101. Angle between two planes. Let the two planes be 

A,x-{-B^y-^C,z + D,=^0. (2) 

The angle between these planes is the same as the angle between 
their respective normals, the directions of which are respectively 
the directions A^:B^: C^ and A^ : B^ : C^, Hence if is the angle 
between the two planes, 

cos = A,A, + B ,B +C,C, 

^A^ + B^-h C^ • VA^ + B^+ C^ 

The conditions for perpendicularity and parallelism of the planes 
are respectively ^^^^ ^ ^^^^ _^ ^^^^ ^ q 



and 



A A G, 



102. Determination of the direction cosines of any straight line. 

Let the equations of the straight line be in the form 

A^x + B^y + C^z + D^= 0, (1) 

A^x + B^ + C^ + D^= 0, (2) 
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and let its direction cosines be I, m, and n. Since the line lies in 
both planes (1) and (2), it is perpendicular to the normal to each. 
Therefore (by (5), § 98), 

A^l + B^m + C^n^Q, 

also P+m^-f 71^=1. (§95) 

Here are three equations from which the values of I, m, and n may 
be found. 

From the first two equations we have (I, § 8) 



^1 


^x 


• 


Ci 


A 


• 


A 


B, 


A 


c. 


• 


c^ 


A 




A 


B, 



l:m:n = 



Ex. Find the direction cosines of the straight line 2z-\- Sy -\- z 

The three equations for l^ m, and n are 

2Z + 3m + n = 0, 
4i + m — n = 0, 
/2 + m2 + n2 = 1, 



-4 = 0, 



the solutions of which are 

2 



1 = 



V88 



m = — 



V38 



V38 



or 



l = - 



V38 



m = 



8 



V38 



w = — 



V88 



Since cos (180° — 0) = — cos <f>, it is evident that if the angles corresponding 
to the first solution are ai, /8i, 71, the angles corresponding to the second solu- 
tion are 180° — ai, 180° — /3i, 180° — 71. Since these two directions are each the 
negative of the other, it is sufficient to take either solution and ignore the other. 

103. Equations of a straight line determined by two points. 

Let F{x, y, z) be a point on the straight line determined by 
^(^i> l/v ^1) ^^d Ii{x^, y^i ^2)' s^ situated that iJP = k[I(I^, Then, 
as in I, § 18, there are three cases to consider according to the 
position of the point P. If P is between ![ and ^, iJP and I[P^ 
have the same direction, and I^P < ij^ ; accordingly A; is a posi- 
tive number less than unity. If P is beyond P^ from ij, I[P 
and I[P^ still have the same direction, but I[P>11P^] there- 
fore A; is a positive number greater than imity. Finally, if P 
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is beyond ij from ij, iJP and ^ij have opposite directions, and 
Ai is a negative number, its numerical value ranging all the way 
from to 00. 

In fig. 64, which represents the first case, pass planes through 
Jl, Py and 11 perpendicular to 0X\ and let them intersect OX at 
the points M^y My and M^ respectively. Then 0M= 0M^-\- M^M; 
and since I^F = k{I^I^)y by geometry M^M= k(M^M^), 



.•: 0M= OM^-\-h{M^M^y 
whence, by substitution, 

OC s^ tC- "T~ rC \pCn ~~ *^iJ* 



(1) 




Fig. 64 



By passing the planes through the points perpendicular to O F 
and perpendicular to OZ, it may be proved in the same way that 

y = yi+*(y2-3^i), (2) 
z = z^-\-k{z^-'Z^. (3) 

The construction and the 
proof for the other two cases 
are the same, and the re- 
sults are the same in all the 
cases. 
By assigning different values to h we can make equations (1), 
(2), and (3) represent any point on the straight line determined 
by the points I[ and ^. Conversely, if x, y, and z satisfy these 
three equations, the point must be a point of the straight line 
im. Hence (1), (2), and (3) are the parametric equations of the 
straight line determined by two points, h being the variable 
parameter. 

104. By eliminating h from the three equations (1), (2), and (3) 
of the last article, we have 



x — x 



X^ Xy^ 



1 _y~y, 



z — z. 



Vi-Vi "i-^i 



(1) 



Here are but two independent equations in x, y, and z. This 
result proves the converse of § 89, that two linear equations 
always represent a straight line; for we have any straight line 
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represented by two linear equations. The direction of the line 

is the direction x^— x^ : yj"" ^i • ^2~~ ^i (§ ^6)- 

It is to be noted that, if in the formation of these fractions any 
denominator is zero, the corresponding direction cosine is zero, and 
the line is perpendicular to the corresponding axis. 

Ex. Find the equations of the straight line determined by the points 
(1, 6, - 1) and (2, - 3, - 1). 

» — 1_ y — 6 _ z-^1 
2- 1~ -3-6~ -1 + 1 

Hence the two equations of the line are 2 + 1 = 0, since the line is parallel to 
the XOFplane and passes through a point for which « = — 1, and 8 x + y — 13 = 0, 
formed by equating the first two fractions. 

105 . Equations of a tangent line to a space curve. If ![ {x^, y^, z^ 
is any given point of a space curve, and ^ {x^ + Aa:, y^ + Ay, z^ + ^z) 
is any second point of the curve, the equations of the secant ^^ are 

(§ 104) 



or 



x — x^ 


Ay 


z — z^ 


Aa? 


Az 


X x^ 


y-Vi 

Ay 


z — z^ 


Ax 


~ Az 


As 


As 


As 



where As is the length of the arc I^P^. 

Defining the tangent at ^ as in I, § 59, we have as its equa- 
tions 

«~^i y-yi ^ — h 











/dx\ 
\ds\ 


\ds\ 


\ds\ 




f\f 








X ^"^ X-, 


^y-Vx 

dy 


Z — Z^ 

dz 




or 


dx 




where dx. 


dy> 


dz 


are 


to be computed 


at the point 


^- 



Ex. Find the equations of the tangent to the helix 

X = a cos $y y = asinB, z = k6 
at the point = 0. 

Since dx = — a sin OdO, dy = a cos 9 dO, dz = kd0, the required equations are 

-—— = ^ = -, or (§ 104) X = a, - = -. 
Oak a k 
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O 



s 



n> 




Q 



R 



106. Equations of a straight line in terms of its direction 
cosines and a known point upon it. Let Ii{x^, y^ z^ (fig. 65) be 
a known point of the line, and let Z, m, and n be its direction 
cosines. Let P(a:, y, z) be any point of the line. On I^P as a 
diagonal construct a parallelepiped as in § 93. Then if we 
denote I[P by r, we have 

P^Q = Ir, P^R = mr, ^aS^ = nr. 

But IlQ = X'-x^, Il^R = y — y^, I^S^z — z^, 

whence x = x^+lr, y = ^i + rnr, z = z^-\- nr, (1) 

These are the parametric equations of the line, the variable param- 
eter being r, r being positive if the 
point is in one direction from I(, and 
negative if it is in the other direction 
from ij. 

By eliminating r we have 

^Zlfi = ?(JZli = iH^ , (2) 
/ m n 

which are but two independent linear 
equations. 

107. Problems on the plane and the straight line. In this 
article we shall solve some problems illustrating the use of the 
equations of the plane and the straight line. 

1. Plane determined by three known points. Let the three given 
points be P^{x^, y^, z^), P^(x^, y^, z^, and P^{x^, y^, z^), and let the 
equation of the plane determined by them be 

Ax-{-By + Cz-i-D = 0. (1) 

Since ij, I^, and J^ are points of the plane, their coordinates 
satisfy (1). Therefore 

Ax^ + By^+Cz^ + D=0, (2) 

Ax,-hBy,-^Cz,-i-D = 0, (3) 

Ax,-^By,-hCz, + D==0, (4) 

We may now solve (2), (3), and (4) for the ratios of the unknown 
constants A, B, C, and i>, and substitute in (1), or we may eliminate 



Fig. 66 
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A, B, C, and Z) from the four equations (1), (2), (3), and (4). By 
either method the equation of the required plane is found to be 



X 
X, 

x„ 



y 

y^ 
yz 



z 
z. 



1 
1 
1 
1 



= 0. 



Ex. 1. Find the equation of the plane determined by the three points 
(1,1,1), (-1,1, 2), and (2, -3, -1). 
The required equation is 



or 



X 


y z 


1 




1 
-1 


1 1 
1 2 


1 
1 


= 0, 


2 


-3 -1 


1 




4x- 


-3y + 82- 


-9 


=0. 



If the three given points are on the same straight line, no plane 
is determined, and the above equation reduces to = 0. 

2. Distance of a point from a plans. Let the given point be 
^(a?i, y^, z^y and at first let the equation of the plane be in the 
normal form 



Ix + ifn>y '\-nZ'-p = Q, 



(1) 



Then the equation of a plane through ij parallel to (1) is, by (5), § 99, 

l{x — ajj+ m (y — y^ -Vn{z — z^=^ 0, (2) 

which may be put in the form 

Ix 4- my -i-nz — (Ix^ + my^ + nz^ = 0. (3) 

Since equation (3) is in normal form, it is evident that the dis- 
tance of this plane from the origin is lx^+ ^^1+ nz^ Hence the 
distance between the two parallel planes is in magnitude 

Ix^ + my^ + nz^ — p, (4) 

this result being positive if the plane through ij is beyond plane 
(1) from the origin, and negative if the plane through ij is on 
the same side of plane (1) as the origin. But the distance 
between the two planes is the same as the distance of ij from 
the given plane. Hence lx^-\- my^-h nz^— p is the required dis- 
tance in magnitude. 
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If the equation of the plane is in the form 

Ax + By + Cz + D^O, 
finding the values of I, m, n, and p, and substituting in (4), we have 

Ax^-h By^-h Cz^-i- D 

as the magnitude of the required distance, being positive for all 
points on one side of the plane and negative for all points on the 
other side. If we choose, we may take the sign of the radical 
always positive, in which case we can determine for which side of 
the plane the above result is positive by testing for some one point, 
preferably the origin. 

Ex. 2. Find the distance of the point (1, 2, 1) from the plane 2x — Sy 
-I- 6 z + .14 = 0. The required distance is 

2(1) -3(2) + 6(1) + 14 ^,^ 

Furthermore the point is on the same side of the plane as the origin, for if (0, 0, 0) 
had been substituted, the result would have been 2, i.e. of same sign as 2f. 

3. Plane through a given line and subject to one other condi- 
tion. Let the given line be 

A^x + B^y + C^z + i>i = 0, (1) 

^,a? + ^,y + C^ + A=0- (2) 

Multiplying the left-hand members of (1) and (2) by h^ and k^ 
respectively, where k^ and \ are any two quantities independent 
of X, y, and z, and placing the sum of these products equal to zero, 
we have the equation 

k^ {A,x + B,y + C,z + D,) + k, {A,x + B,y + C^ + D,) = 0. (3) 

Equation (3) is the equation of a plane, since it is a linear equa- 
tion, and furthermore it passes through the given straight line, 
since the coordinates of every point of that line satisfy (3) by 
virtue of (1) and (2). Hence (3) is the required plane, and it may 
be made to satisfy another condition by determining the values of 
k^ and k^ appropriately. 
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Ex. 3. Find the equation of the plane determined by the point (0, 1, 0) and 
the line 4x + 8y + 2z - 4 = 0, 2a;-lly -42-12 = 0. 

The equation of the required plane may be written 

*i{4x + 3y + 22 - 4) -|- ik2(2a; - Uy - 42 - 12) = 0. (1) 

Since (0, 1, 0) is a point of this plane, its coordinates satisfy (1), and hence 

Jki + 23A:2 = 0, or ki=- 23^2- 

Substituting this value of fci in (1) and reducing, we have as the required 

equation 

9x-|-8y + 52-8 = 0. 

Ex. 4. Find the equation of the plane passing through the line 4x + 3y + 22 
— 4 = 0, 2 X- lly — 42 — 12 = 0, and perpendicular to the plane 2x-\- y — 2z 
+ 1=0. 

The equation of the required plane may be written 

Jki(4x + 3y + 22 - 4) + A:2(2x - lly - 42 - 12) = 0, (1) 

or {4ki + 2lc2)x -f {3A:i - llfea)^ + (2ki - 4A;2)2 + (- 4A:i - 12A:2) = 0. 

Since this plane is to be perpendicular to the plane 2x-l-y — 22-fl = 0, 

2{4A:i+ 2A:2) + l{3fci - 11 kz) - 2{2A;i - 4A:2) = 0, 

whence k2 = — ^ ki. 

Substituting this value of k^ in (1) and reducing, we have as the required 

equation 

x-8y- 32-8 = 0. 

108. Change of coordinates. 1. Change of origin without change 
of direction of axes. Let 0'{Xq, y^, z^) be taken as a new origin of 
coordinates, the new axes being parallel respectively to the original 
axes, i.e. O'X^ parallel to OX, 0' Y' parallel to F, and O'Z' parallel 
to OZ. Let X, y, and z be the coordinates of any point F with 
respect to the original axes, and let x', y\ and ^ be the coordinates 
of the same point with respect to the new axes. Then 

x^x^->rx\ y^y^-\-y\ z^z^-\-z\ (i) 

the proof being similar to that of I, § 112. 

2. Change of direction of axe% without change of origin. Let 
OX, OY, OZ, and 0X\ 0Y\ OZ^ be two sets of rectangular axes 
meeting at and making angles with each other, whose cosines 
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are given in the following table, where l^ is the cosine of the angle 
between OX and OX', l^ is the cosine of the angle between OX 
and 0Y\ etc. Let x, y, and z be the coordinates of any point P 
with respect to the axes OJT, OF, OZ, and let xfy y\ and d be the 





X' 


y 


z' 


X 


h 


Is 


23 


V 


Wi 


if is 


Tils 


z 


rii 


n« 


W-3 



coordinates of the same point with respect to the axes OX', Y\ 
OZ', Then if OP is drawn, the projection of OP on OX is x, and 
the projection on OX of the broken line joining and P, formed 
by constructing the coordinates a?', y', tI, is l^x' -^ Kv' "^ h^ (§ ^2). 
But these two projections are equal. Hence 

X = i^x' + ^22/' + h^ ; 

in like manner, y = m^a?' -j- mg^' + ^3^', (2) 



In like manner we may derive the formulas 

x' = l^x 4- m^y -{- ti^si, 
y' = Zg^ + m^y + n^, 
z' = l^x 4- m^y + V- 



(3) 



Formulas (2) and (3) may be expressed concisely by the above table. 
Since both systems of coordinates are rectangular, we have, by 

y8+^2^8+^2^8=0> 

ZgZj + mgm^ + ^3^1 = ; 
and l^m^ + Zgmg + Zgmg = 0, 



PROBLEMS 195 

Also, by § 95, l^ + m^ + n^ = 1, 

and /2^/2^/2^1, 

m^ + m| + mg^ = 1, 

All these formulas are easily remembered by aid of the above table. 

PROBLEMS 

1. Find a point of the plane 2x + Sy + 2z = equally distant from the 
three, points (0, 0, - 1), (3, 1, 1), (- 2, - 1, 0). 

2. Find a point on the line Sx — y — z — 6 = 0, x — y-^z — 6=0 equally 
distant from the origin and the point (—2, 1, — 2). 

3. Find the equation of the sphere passing through the points (— 1, 4, 4), 
(-5, 1,3), (4,0,7), (-1,1, -6). 

4. A point moves so that its distances from two fixed points are in the 
constant ratio k. Prove that its locus is a sphere or a plane according as 

k :^ 1 OT k = I. 

5. Prove that the locus of points from which tangents of equal length can 
be drawn to two given spheres is a plane perpendicular to their line of centers. 

6. Find the length of the curve x = t^, y = 2t, z = t from the origin to the 
point for which t = 1. 

7. Find the length of the curve x = e*, y = e-*, z = t V2 between the points 
for which t = and t = 1. 

8. Find the length of the conical helix x = t cos t, y = tsint, z = t between 
the points for which ^ = and t = 2ir. 

9. Prove that a straight line can make the angles 60°, 45°, 60° respectively 
with the coordinate axes. 

10. Show that the helix makes a constant angle with the elements of the 
cylinder on which it is drawn. 

11. Find the angle between the conical helix x = t cos t, y = t8int, z = t and 
the axis of the cone. 

12. Show that the angle between the conical helix x= icost, y = tsmt, 

z = t and the element of the cone is tan- 1 —= . 

V2 

13. Find the equation of a plane three units distant from the origin and per- 
pendicular to the straight line through the origin and (2, — 3, 6). 
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14. The equations of three planes are x-f2y — 3«=1, 2a: — 3y+62; = 3, 
and V X — y — 2 = 2. Find the equation of the plane through their point of 
intersection and equally inclined to the coordinate axes. 

15. If the noimal distance from the origin to the plane which makes inter- 
cepts a, 6, and c respectively on the axes of sc, y, and z is p, prove that 

p2 a2 62 ^ c2 

16. Find the equation of the plane normal to the helix x = a cos ^, y = a sin ^, 
z = kd 9iX the point ^ = 0. 

17. Find the equation of the plane normal to the conical helix x = t cosi, 

TT 

y = < sin t, 2 = t at the point for which t = - . 

18. Find the equation of the normal plane to the curve x = e', y = e-', 
z = tV2. 

19. Find the equation of the normal plane to the skew cubic x = %y = t\ 
2 = ^8 at the point for which t = \, 

20. Find the direction cosines of the line 2x + 3y — 2 = 6, x + 32 — 7=0. 

21. Prove that the three planes 3x — 2y — 1 = 0, 4y — 32 -f 2 = 0, 2 — 2x 
+ 4 = are the lateral faces of a triangular prism. 

22. Prove that the two lines 

r3x + y- 72+ 11=01 r x + 17y + 262-48 = 01 

\ 2x + 4y + 2-3 = 0j \4x - 2y - 152 + 25 = OJ 

are coincident. 

23. Prove that the lines 

r y+l = 0^ r 2y-32 + 5 = 0"1 

\2x + 3y + 22-l = 0J l7x-4y-2-10 = 0J 

intersect at right angles. 

24. If Zi, mi, Til and Z2, m2, ne are the direction cosines of two given straight 

lines, and Z, m, n are the direction cosines of a normal to each of them, prove 

Z m n 

that 



wiiW2 — wi2Tii 711^2 ~ f^h lim2 — hfni 

25. Find the equation of the plane passing through (1, 4, 1) perpendicular to 
the line x + 3y + 52 + 6 = 0, y + 2x-l = 0. 

26. Fipd the angle between the line x — 2y — 8 = 0, 3y + 2 + 8 = and the 
plane 3x + y — 22 + 7 = 0. 

27. Find the coordinates of a point on the straight line determined by 
(0, 1, 0) and (2, 3, 2) and 1 unit distant from (1, 1, 1). 

28. Find the equation of a plane perpendicular to the straight line joining 
(1, 3, 5) and (4, 3, 2) at a point one third of the distance from the first to the 
second point. 

29. Find the equations of a straight line passing through (1, 2, — 1) parallel 
to the line x + 2y-32 + l = 0, 2x + y + 52-l = 0. 
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30. Find the foot of the perpendicular drawn from (1, 2, 1) to the plane 
x-3y-{-z-1 = 0. 

31. Find the equations of the tangent to the skew quartic x = t, y = t^, 
2 = <* at the point for ^hich t= 1. 

32. Find the equations of the tangent to the curve x = 1^, y = 2t, z = t At 
the point for which t= I. 

33. Find the equations of the tangent to the curve x = e', y = e-*, z = tV2. 

34. Find the direction of the conical helix x = t cos t, y =:t sin t, z = t At the 
origin, and the equations of the tangent. 

35. Find the equation of the plane determined by the three points (1,2, — 4), 
(3, - 1, 2), (2, 1, - 2). 

36. Find the angles made with the co5rdinate planes by the plane deter- 
mined by the three points (1, 2, 0), (4, 1, - 2), (- 2, 2, 2). 

37. Find the point of intersection of the lines 

r 2x-y-S = 0\ r3x-2V-5 = 0\ 

l3y-22: + 6 = Q/*°'^\ 2x-z-l = 0j' 

38. Find whether or not a plane can be determined by the lines 

\2 = 7-2xJ \3x + 2y + 2-15 = 0J ' 

39. Find the equation of the plane determined by the two lines 

rx + 2y-f-l = 0\ r7x + 2-24 = 0\ 

\2y + z+l = 0r'''^\ly-hSz + 6 = 0r 

40. Find the equation of the plane determined by the point (2, 4, 2) and the 
straight line passing through the point (1, 2, 8) equally inclined to the coordi- 
nate axes. 

41. Find the equation of a plane passing through the line x — y + « = 0, 
2x-\-y -{• Sz — and perpendicular to the plane x — y + 2z + l=0. 

42. Find the equations of the projection of the line x + y-|-2 — 2 = 0, 
x-|-2y + z — 2 = O'upon the plane Sx + y -\- Sz — 1 = 0. 

43. Find the equation of the plane passing through (2, — 1, 2) and (— 1, 2, 
— 1) perpendicular to the plane 2x — 32/ + 2z — 6 = 0. 

44. Find the equation of a plane passing through the line x — 2y-f« — 3 = 0, 
2x + 3y - 22 - 1 = and parallel to the line 8x + y + 22 - 4 = 0, 2x - 3y 
-2 + 5 = 0. 

45. Prove that the plane 4x + 3y + 52 = 47is tangent to the sphere 

(X - 2)2 + (y - 3)2 -h (2 + 4)2 = 60. 

46. Find a point on the line x — 2 + 3 = 0, 4x — y — 6 = equally distant 
from the planes 3x + 32 — 5 = and x + 4y + 2 = 7. 

47. Find the center of a sphere of radius 7, passing through the points 
(2, 4, — 4) and (3, — 1, — 4) and tangent to the plane 3x — 6y + 22+ 51 = 0. 



CHAPTEE XI 

PARTIAL DIFFERENTIATION 

109. Partial derivatives. Consider f(Xy y), where x and y are 

independent variables. We may, if we choose, allow x alone to 

vary, holding y temporarily constant. We thus reduce f{x, y) to 

a function of x alone, which may have a derivative, defined and 

computed as for any function of one variable. This derivative is 

called the partial derivative of f(x, y) with respect to x, and is 

df(x y) 
denoted by the symbol '^ ^ ' ^^ • Thus, by definition, 

vX 

dx Ax^o Ax 

Similarly, if x is held constant, f(x, y) becomes temporarily a 
function of y, whose derivative is called the partial derivative of 

f(Xy y) with respect to y, denoted by the symbol -^ ^ ' ^^ . Then 

dy 

y(^> y) ^ um f^^' y+^y)-f(^* y) ^2) 

dy Ay=o Ay 

Graphically, if z=^f{x, y) is represented by a surface, the rela- 
tion between z and x when y is held constant is represented by the 
curve of intersection of the surface and the plane y = const., and 

dz 

— is the slope of this curve. Also, the relation between z and y 

ox 

when X is constant is represented by the curve of intersection of 

dz 
the surface and a plane x = const., and — is the slope of this curve. 

dy 

Thus, in fig. 66, if PQSR represents a portion of the surface 

z =/(a?, y), P^ is the curve y = const., and PE is the curve x = const 

Let F be the point {x, y, z), and LK = PK^ = Aa;, LM = PM^ = Ay. 
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nhen LP^f{x, y), KQ=f(x^Ax, y), MB=f{x, y + Ay), 
-J^'Q==f{x + Ax, y)-f(x, y\ M'R=f{x, y+Ay)^f{x, y), and 

^ = I^i^ f^ = slope of FQ, 

— = Lim ; = slope of PR. 

dy PM' ^ 




Fig. 66 



ct 



Ex. 1. Consider a perfect gas obeying the law » = — . We may change the 

"•^^mperature while keeping the pressure unchanged. The relation between the 
'^©lume and the temperature is then represented by a straight line on fig. 66. 
-l^ Ai and Au are corresponding increments of t and r, then 



A.-''(«+^) 


ct cAt 


p 


P P 


dv c 
dt p 





a.nd 



Or, we may change the pressure while keeping the temperature unchanged. 

The relation between the volume and the pressure is then represented by an 

hyperbola on the surface of fig. 55. If Ap and Av are corresponding increments 

of p and », then ^^ ^ 

Av = = — 

p + Ap p p^ -\- pAp 

dv __ ct 
dp^ p3 



and 



So, in general, if we have a function of any number of variables 
f{x> Vi " 'y ^), we may have a partial derivative with respect to 
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each of the variables. These derivatives are expressed by the sym- 
bols ^> ^ , . . . > f- > or sometimes by /.(a;, y, • • ',z\f (x, y, • • .,2;), 
^70? cy oz 

' "i fzi^y y> ' ' 'y ^' To compute these derivatives, we have to 
apply the formulas for the derivative of a function of one variable, 
regarding as constant all the variables except the one with respect 
to which we differentiate. 

Ex. 2. /= x« - 3x2y + 2/8, Ex. 3. /= sin(x2 + y^, 

^=:3x2-6xy, ^ = 2xcos(x2 + y2), 

ax ax 

-^ = -3x2 + 8y2. -^=2ycos(x2 + ya). 

dy by 

Ex. 4. / = log Vx^TyM^, 

a/_ X 

ax~x2 + y2 4.2j2' 

ay x2 + y2 + 2;2' 

a/_ z 

a«~x2 + 2/2+«2* 

j 

110. Increment and total differential of a function of several 
variables. Cousider f{x, y), and let x and y be given any incre- 
ments Ax and Ay. Then / takes an increment A/, where 

V =/(^ -h Aa?, y + Ay) -/(a?, y). 

In fig. 66, NS^f{x^Ax,y'\-Ay) and N'S = Af. If a? and y 
are independent variables, Ax and Ay are also independent. Thus 
the position of S in fig. 66 depends upon the choice of LK and 
LMy which can be taken at pleasure. 

The function f(x, y) is called a continuous function of x and y 
if A/ approaches zero as a limit when Ax and Ay approach zero 
as a limit in any manner whatever. 

Thus in fig. 66, if 2; is a continuous function of x and y, the point 
S will approach the point P as LK and LM approach zero, no 
matter what curve the point N traces on the plane XO Y or the 
point S on the surface. 



INCREMENT AND TOTAL DIFFEEENTIAL 201 

The expression for A/ may be modified as follows : 

A/ =/(« + Aa?, y -f Ay) -/(re, y) 

-=f{x + Aa;, y + Ay) -/(aj, y + Ay) +/(a:J, y + Ay) -/(a?, y). 

But Lim -^^^ + ^^> y + Ay)-/(a;, y + Ay) ^ a/(a;, y + Ay) 

Therefore /(^ + Aa;, y + Ay) -/(a;, y + Ay) ^ g/(a;, y + Ay) _^ ^, 

Aaj dx ' 

or /(a; + Aa;, y + Ay) -/(^, y + Ay) = / ^-^^^^ ^^^ ^^^ + e^) A^, 

where lim e' = 0. Also, since — is a continuous function, 

Ax^o ' dx 

§A2:J±M = §^ + ,. where lime" =0. Therefore 

OX ox Ay^ 

/(x + Ax,y + Ay) -f{x, y + Ay) = (^^ + ^^) ^^, 
where e^ = e' + e". 

Similarly, /(x, y + Ay) -/(x, y) = /§^|il) + A ^y, 
where lim e^ = 0. Hence we have finally 

A/= g Aa; + 1^ Ay + e.Aa; + €,Ay. (1) 

In like manner, if / is a function of any number of variables 
a;, y, ...,2;, then 

A/=/Aa;4-|^Ay4-... + |^A2 + e^Aaj + ^J^y + • • • + €„A«. (2) 
ox oy dz 

In a manner analogous to the procedure in the case of a func- 
tion of one variable (§ 4), we separate from the increment the 
terms e^AaJ + e^Ay 4- • • • + e„A2!, call the remaining terms the dif- 
ferential of the function, and denote them by df The differen- 
tials of the independent variables are taken equal to the increments, 
as in § 4. Thus, we have by definition, when / is a function of 
two independent variables x and y, 
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and if / is a function of the independent variables aj, y, • • • , 2;, 

df=%dx + %dy -\- • ^ ^ ^%dz, (4) 

ox cy oz 

In (3) and (4) dx, dy, etc., may be given any values whatever. 
If, in particular, we place aU but one equal to zero, we have the 
partial differentials, indicated by dj', d^f, etc. Thus, 

A partial ditferential expresses approximately the change in the 
function caused by a change in one of the independent variables ; 
the total differential expresses approximately the change in the 
function caused by changes in all the independent variables. It 
appears from (4) that the total differential is the sum of the 
partial differentials. 

Ex. The period of a simple pendulum with small oscillations is (Ex. 8, § 82) 



r=2.^. 



Small errors dl and dg^ in determining I and gr, will make an error in T of 

dT = — dl-] dg= —r=dl -%/-»fl'- 

^l ^9 -y/lg 9\g 

The ratio of error is dTldlldg 

'~T~2l~2'g" 



111. Derivative of /(x, y) when x and y are functions of t 

We have been considering /{x, y) as a function of two independent 
variables. We shall now suppose that x and y are functions of a 
single independent variable t, so that the variations of x and y are 
caused by the variations of t Graphically, if z =/(«, y) represents 
a surface and x and y are independent, the point P{Xy y, z) may 
move over the entire surface. If, however, x = (f>i(t), y = (jy^it), the 
point P is restricted to a curve on the surface, whose projection on 
the plane XOY has the parametric equations x = <f>i{t), y = (fy^it)- 
The equations of the curve on the surface are, therefore, x = <f>i{t), 
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In this way, /(a;, y) is now a function of t and may have a 
derivative with respect to t, which may be found as follows : 

Give t an increment A^. Then x and y take increments Aa; and 
Ay, and / in turn receives an increment A/, where 

A/ = / Aic -f / Ay + e^Aa; + e^y. 
ox oy 



At dx At dy At ^At " At 



Then t^ = ^A^ + ^^^ + ,^^ + e, 



By allowing A^ to approach zero as a limit, and taking the 
limits, we have ^^^j^Ox d^dy 

dt dx dt dy dt' ^ ^ 

If we multiply each term of (1) by the differential dt, we have 

fdt='l^dt+'^^^dt. 

dt dx dt dy dt 

But since /, x, and y are functions of a single variable t, we have, 

'^yS*' ^^ df ^, ^ dx^^ , dy,^ 

d/=-fdt, dx = --dt, dy = -f-dt. 
dt dt dt 

Hence we have df = '^dx + — dy, (2) 

dx dy 

showing that formula (3) of § 110, made on the hypothesis that 
X and y were independent, holds also when x and y are functions 
of ^. 

In a similar manner, if we have f{x, y, • • •, «), where x, y, * - -, z 
are all functions of t, then 

M_Jf_dx Zldy Zldz^ 

dt dx dt dy dt dz dt , ^ ' 

df=^dx + ^dy+-.' + ^dz. (4) 

cx oy oz 

Ex. Let T(x, y^ z) be the electrical potential at a point in an electrified 

SF SF aF 

field, that is, let — = - X, — = - F, — - = - Z, where X, F, Z are the com- 

' ' dx ' dy ' dz 

ponents of force in the directions of the coordinate axes. Required the rate of 
change of F in a direction which makes the angles a, /9, y with the axes. 
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A straight line making the given angles with the axes has the equations, 

by (1), § 106, 

X = Xi + r cos or, 

z = Zi + r cos y. 

If these values are substituted for x, y, and z in F, it becomes a function of 

dV 
r, and its rate of change with respect to r is — . By (3), 

dV_dVdx dV dy dV dz 
dr dx dr dy dr dz dr 
= — Xcos a — Fcos/3 — Z COS7. 

By the principle of the composition of forces this is minus the component of 
force in the given direction. 

112. Tangent plane to a surface. Let x = <f>i{t), y = ^^(t), 
z =/(a;, y) be a curve on the surface z =f{x, y), and let I^ {x^, y^, z^) 
be a point on the curve. Then the tangent line to the. curve at 
the point ij has the equations (§ 105) 

dx dy dz 

x — x.y — y. z — z. ,^, 

or = - — — = 1 (1) 



The line (1) is perpendicular to the straight line 

x — x^ y — Vi z — z^ 



[dxl 



(2) 



M 
by (5), § 98, and therefore lies in the plane 

Equations (2) and (3) are independent of the functions which 
define the curve, and therefore the tangents to all curves through 
-^ lie in the plane (3). This plane is called the tangent plane to 
the surface, and the line (2), which is normal to it, is called the 
normal line to the surface at the point li. The tangent plane 
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may simply touch the surface, as in the case of the sphere or the 
ellipsoid, or it may intersect the surface at the point of tangency, 
as in the case of the hyperboloid of one sheet. 

In order that the function f(x, y) shall have a maximum or a 
minimum value for x = x^, y = y^, it is necessary, but not suffi- 
cient, that the tangent plane to the surface z=f{x, y) at the point 
(^i> Vxy ^^ should be parallel to the plane XOY. This occurs when 

:r-) = 0, |-^| = 0. These are therefore necessary conditions for 

a maximum or a minimum, and in case the existence of a maxi- 
mum or a minimum is known from the nature of the problem, it 
may be located by solving these equations. 

Ex. 1. Find the tangent plane and the normal line to the paraboloid 
z = ax2 + hy^. 

dz dz 

Here — = 2 ax and — = 2hy. Hence the tangent plane is 

bx . dy ^ ^ 

{x - xi) 2 axi + (y - yi)2byi - (z - zi) = 0, 

or 2 axix + 2 byiy — 2 axi — 2 by^ ^ z -f- «i = 0. • 

But since 2 axi + 2 by^ = 2 «i, this may be written 

2 oa^ix + 2 byiy — z — Zi = 0. 

X — xi y — yi z - zi 



The normal is 



2axi 2byi — 1 



Ex. 2. It is required to construct out of a given amount of material a cistern 
in the form of a rectangular parallelopiped open at the top. Required the 
dimensions in order that the capacity may be a maximum, if no allowance is 
made for thickness of the material or waste in construction. 

Let X, y, z be the length, the breadth, and the height respectively. Then the 
superficial area is xy -f- 2 xz + 2 yz, which may be placed equal to the given 
amount of material, a. If v is the capacity of the cistern, 







V = xyz = 


ttxy - 
2(x 


-x2y2 

+ y) 


• 


dv 


(a 


--2xy-x2)y2 


dv 


_(«- 


-2xy-y2)x2 


dx 




2(x + y)2 ' 


dy 




2 (X + y)2 



Then 

For the maximum these must be zero, and since it is not admissible to have 
X = 0, y = 0, we have to solve the equations 

a — 2 xy — x2 = 0, 
a — 2 xy — y2 = 0, 
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which have for the only positive solutions z 



=y=^. 



whence z = - 



2 \3 



Consequently, if there is a maximum capacity, it must be for these dimensions. 
It is very evident that a maximum does exist ; hence the problem is solved. 

The graphical interpretation of the differential can now be given 
in a manner analogous to that in the case of one variable (§ 5). 
In fig. 67 let. PQ'S'B^ be the tangent plane 9.tP{x^, y^, z^. Then, 




Fig. 67 

if LK = dx and LM = dy, the coordinates of S are (x^ + dx, y^ + dy, 
^i+A^;), and the value of z corresponding to S' is found by 
replacing x hy x^'\- dx and y by yi+ dy in (3). There results 

2 = 2; -I- ( — Wa; + I — \dy = a;, + dz. Therefore 

N^S^ = dz, whereas N'S = ^z, 

113. Derivatives of /(x, y) when x and y are functions of s 
and t If X and y are functions of two independent variables s 
and ty then f(Xy y) is also a function of s and t and may have the 

derivatives -^ and -^ • To find — we will give s an increment As. 
ds dt ds ^ 

Then x and y take increments Aa; and Ay, and / takes an incre- 
ment A/. As in § 111, we find 

A/^^A^_^^Ay_^^A^_^^Ay^ 
As d^ As dy As ^ As ^ As 
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INovv let As approach zero and take the limit, remembering that 

lim -s^ = -^ > Lim -— - = — , etc. We have 
As dB As ds 



ds dx ds dy ds 
Sumlarly, frijt + ^i 



(1) 



So, generally, the partial derivatives of f(x, y, • • • , 2;), where x, 
2/, ' ' 'y z are functions of s, ^, • • • , 2^, are 

ds dx ds dy ds dz ds 

^ = ^^h!§^^+...+^??, (2) 

dt dx dt dy dt dz dt ^ ' 

• ••••• 

du dx du dy du dz du 

A special case worth noting is that in which / is a function of 
^, where « is a f imction of s, ^, • • • , ^. Then 

d£^d£dx_^ ^ = ^^, ^ = ^^. (3) 

ds dx ds dt dx dt * du dx du 

If we multiply the equations (2) by the differentials ds, dt, • --, 
du, add the results, and apply the definition of § 110, we have 

df=^Idx + ^dy+...+^^dz. (4) 

^70? dy dz 

This shows that the expression for the differential df is the same 
whether x, y, - - -, z are independent variables or not 

dz dz 

Ex. 1. If z =flx — y.y — x), prove 1 = 0. 

dx dy 

Place X — y = u, y — x = i?. Then z =f{u, »), and 

ez _ ^ au e^ aw _ ^ _ ^ 

ax du dx dv dx du dv 

dy du dy dv dy du dv 
By addition the required result is obtained. 
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Ex. 2. Let it be required to change from rectangular coordinates (x, y) to 
polar coordinates (r, 0), where x = r cos $,y = r sin $. 



Then 



dx 

— = cos^, 

dr 



dy 
dr 



= sin 0, 



— = — r sin ^, -^ = r cos 0, 
d0 d0 ' 

and consequently, if / is a function of z and y , 

^ = ^cos^ + ^sin^, 
dr dx dy 

df df . df 

— = — r — Bin ■{- r — cos 0, 
d0 dx dy 

Also, since r = Vx^ + y'^ and = tan-i - , 

' x 

dr X ^ dr , y 

— = cos ^, — ^ 



(1) 



(2) 



dx Vx^ + y2 

ax ~ x2 + ys 



= sin 0, 



sin^ 



whence 



dx dr d0 r 

^ = ?^ sin* + ^22^*, 
dy dr d0 r 



^y Vx2 + y2 

5^ _ X _ cos ^ 
dy~ x^ + y^~ r 

df sin ^ 



(3) 



(4) 



^f.^.^f 



dx 
dr 



Equations (4) may also be obtained from (2) by solving for — and — . 

dx dy 

It is to be emphasized that — in (1) is not the reciprocal of — in (3). In (1) 



dr 



dx 



means the limit of the ratio of the increment of x to an increment of r when 





Fig. 68 



Fig. 69 



is constant. Graphically (fig. 68), OP = r is increased by PQ = Ar, and 

dx PR 

PR = Ax is thus determined. Then — = Lim — = cos 0. 

dr ^ PQ 

Also — in (8) means the limit of the ratio of the increment of r to that of x 
dx 

when y is constant. Graphically (fig. 69), OM=x is increased by JfJV=PQ=Ax, 
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and RQ= Aris thus determined. Then — = Lim — -^ = cos 6. It happens here 

that — = — But — in (1) and — in (3) are neither equal nor reciprocal. 
dr dx do dx 

In cases where ambiguity is likely to arise as to which variable is constant 

in a partial derivative, the symbol for the derivative is sometimes inclosed in a 

parenthesis and the constant variable is written as a subscript, thus ( — ). 

Ex. 3. Consider /(x, y, z) when z = (x, y). We may find — from the first 

dx 

dx dy 

of formulas (2) in that we place s = x and t = y. Then — = 1 , — = 1. Direct 

^f ds dt 

substitution in (2) would yield the symbol — in two different senses. On the 

dx 

left of the equation it means the partial derivative of / with respect to x when 
y is constant, and attention is given to the fact that « is a function of x. On the 
right of the equation it means the partial derivative of / with respect to x on 
the assumption that both y and z are constant. Ambiguity is avoided by the 
use of subscripts as suggested at the close of Ex. 2. Thus we have 



\dx/y \dx/i 



_^d^dz 
yz dz dx 



114. Property of the total differential. An important property 
of the total differential is expressed in the following theorem : 

If f(x, y, ' ' ', z)=c for all values of the independent variables^ 
then df= 0. 

1. Let us suppose first that x, y, - ", z are the independent 
variables. Then f{x, y, . . ., z) = c for all values oi x, y, - " , z. 

Hence /(^ + Ao;, y, • . ., z)--f{x, 3^, . . ., «) = 0, 

^^^ /(a? + Aa;, y, » > », z)-f(x, y>-'>^) ^^ 

Aic 

for all values of x. Taking the Kmit as Ax == 0, we have 7^ = 0. 
«/. ^/. ox 

Similarly, -^^ = 0, ..-, — = 0, and hence 

dy dz 

df=^dx-h^dy+.^^ + ^dz=0, 

dx dy dz 

2. Suppose, secondly, that x, y, "*, z are functions of the inde- 
pendent variables s, t, - *-, u. Then ii x, y, -- • , z are replaced in 
f(^> y, • • • > ^) by their values in terms of s, ^, • • • , ^, we have the 

first case again, and hence as before -^ = 0, — = 0, • • • , ~ = 0. 

ds ct du 
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Hence df = -J-dx-\--^dy -{ h — ^« 

dx dy dz 

ds dt du 

It is to be emphasized that the coefiBcients of dx, dy, - - -, dz are 
not equal to zero. 

115. Implicit functions. Case I. f{x, y) = 0. The equation 
f(x, y) = defines y as an implicit function of x, or x as an 
implicit function of y, since if one of the variables is given, the 
values of the other are determined. Then, by § 114, 

df=^^-^dx-^^-^dy^Q, 
-^ dx dy ^ 

dy dx 
whence Tx^-^ ^^^ 

Ex. 1. Find the tangent and the normal to the curve /(x, y) = 0. 

By I) §§ 100, 101, the equations of the tangent and the normal are respectively 

and y-yi = - (—J (X - xi). 

By use of (1) these equations become 

and (a - xi) ^ (y - yi) 

(-) (-) 

\dx/i \dy/i 

Case II. f(x, y, z) = 0. The equation f(x, y^ z)= defines any 
one of the variables x, y, z as Si function of the other two. We 
will take x and y as the independent variables. Then, by § 114, 

df=^dx + ^dy + ^dz=0. 

dx dy dz 

But dz = — dx-] dy. 

dx dy ^ 

Therefore (^I^^l^)dx + (^^ + ^l^)dy =^0. 

\dx dz dx] \dy dz dy) 



IMPLICIT FUNCTIONS 



211 



This is true for all values of the independent differentials dx 
and dy. 



whence 



Therefore 




f- + -^ — = and 

dx dz dx 


df df dz 
dy dz dy 


^f 


^f 


dz dx 

dx" If' 


dz dy 

cy" df 


dz 


dz 



(2) 



Ex. 2. Find the equations of the tangent plane and the normal line to the 
surface F(x, y, z) = 0. 

By § 112 the required equations are 



and 



g - gi _ y - yi _ g ~ gi 
~ ~ -1 



\(bx)\ \dyl\ 
tJsing (2) and reducing, we have 

(x-xo(S)^.(.-.)Q-.(.-.)f4=0 



and 



x — xx y — Vi _ z — zi 
/dF\ ~/SF\ 
\dy/i \dz/i 



\dx/i 



Case III. f^(x, y, z)=0, f^(x, y, 2)=0. The two equations 
fi(x, y, z) = 0, fziXy y, z)= taken simultaneously define any two 
of the variables as functions of the other one. 



By § 114, 



^dx + ^^dy + ^dz 
dx dy " dz 

^ dx -^-^-^ dy + ^-^ dz 
dx dy " dz 



= 0, 



= 0. 



Therefore dx:dy:dz = 



dy dz 
dy dz 


• 
• 


dz dx 

dz dx 


m 
m 


dx dy 

^f. ^A 
dx dy 



(3) 
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Ex. 3. Find the equations of the tangent line to the space curve /i(x, y, z) =0, 
f2(x,y,z) = 0. 

By § 105 the required equations are 

x-xi _ y — yi _ z — zi 
dx dy dz 

where the values of dx, dy, dz given in (3) may be substituted. 

116. Higher partial derivatives. The partial derivatives of 
f{x, y) are themselves functions of x and y which may have 
partial derivatives called the second partial derivatives of f{x^ y), 

T^^y -« ^(1)' 1(1)' 1(1)' l-yQ ^-' '' ^^y ^ ^^«-° 

that the order of differentiation with respect to x and y is imma- 
terial (§117), so that the second partial derivatives are three in 
number, expressed by the symbols 



dx\dy) dy\dx) dxdy *^' 



Similarly, the third partial derivatives of f{x, y) are four in 
number, namely: 

dy\da?J dx\dxdy) d3?\dy) dm^dy' 

a /ay\ ^ g / gy \ g' (df\ ^ gy ^ 

dx\df) dy\dxdy) df\dx) dxdf' 

l/gy\ gy 
g^^W/ gy' 

So, in general, signifies the result of differentiating /(a;, y) 

p times with respect to x and q times with respect to y, the order 
of differentiating being immaterial. 

The extension to any number of variables is obvious. 
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117. To prove the relation -^^-^ = — ^ for any particular values a; =0, y = 6, 



consider the expression 



dxdy dycx 



J ^ /(g + ^, & + k)-f{a, 6 + fc) -/(g + h, h) +/(a, b) 

hk 

where for convenience h and k are taken as positive. We shall prove I equal to 
— ^ I on the one hand, and to ( — — ] on the other hand, where (^1, iji) 

and (^2, ^2) are two undetermined points within the rectangle of fig. 70. 
In the first place, let/(x + A, y) —f{x, y) = F(x, y). Then 



, l F(g,6 + A;)-F(g,6) . 
A A: . 

whence, by § 30, (2), 



I = -Fy(g, m) 
n 

fy(a + A, i?i) -/y (g, i?i) 
= " 1 ' 

where Fy(a, iji) = ( — ) . Apply- 

\ay/x=a 

ing § 30, (2), a second time, we have 

I—fxyi^Xt fix)- 



h 







(a,W 






^^vVx)\ 






Fig. 70 



a-^h 



In the second place, if we let/(a;, y + k) — /(x, y) = *(x, y), we have 



/x(^2, & + fc)-/««8, &) 



= /i«c(^2, lya). 



Therefore /ry(|i, ryi) =/ya;(^2j '72)? since each is equal to I. 
Now let A and k approach zero as a limit. The points (^1, 171) and (^2? "n^) 
both approach the point (g, 6) as a limit ; and since the functions are continuous 



or 



i 



Lim/xy(^i, 171) = Lim/ya;{^2, 172), 
fxv(a, b) =fyx(a, b). 



This result being proved, it is easily extended to any number of variables or 
differentiations. Thus, for example, 

dx \dxdyl cx \dydx/ dx^dy dxdydx 
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118. Higher derivatives of /(x, y) when x and y are functions 
of t, or of s and t. By § 111, if a? and y are functions of t, 

d£^^dx df^dy 

dt dx dt dy dt' ^ ^ 

To differentiate again with respect to t, we must notice that 
each term on the right-hand side of (1) is a product and must 
be handled by the law of products (I, § 96, (4)). We have, 
then, in the first place 

df dx df dt dt \dx) dy df dt dt \dy)' 

Now -y\—\ and -yi — \ may be found from (1) by replacing / by 
dt \dxl dt \dyJ 

— and — respectively. Hence 

dx dy 

d^^dfd^x dx/djdx ay dy\ dfcPy 
df dx df dt \d7? dt dxdy dt) dy df 

dy/dj dx djdy^ 
dt \dxdy dt df dt 

^tlld^.^^d^dj^djld^dl^dld2y_ 
da?\dt) dxdy dt dt df\dt/ dx df dy df ^ ' 

In a similar manner, if x and y are functions of s and t, 

dy_^dV/dxV ^ dy dxdy dJ/dyV dfd'x dfd'y 
ds^ da? \ds) dxdy ds ds df \ds) dx ds^ dy ds' ' 

^f^^f/dxV ^ ay dxdy dy/dyV df^x df^y ^ 

df dx\dt] dxdy dt dt dy'' \dt) dxdf dydf' ^ ' 

^f ^djdxdx ^f /dxdy dxdy\ dydydy 
dsdt da? ds dt dxdy\ds dt dt ds) ^ df ds dt 

_^§f a^_^?/ av. 

dx dsdt dy dsdt 

The extension of these formulas to any number of variables is 
obvious. 
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Ex. 1. Required to express 1 , where F is a function of x and y, in 

polar coordinates. ^*' ^2/^ 

Since r - Vaj2 + y2 and B - tan- 1 ( - j , 



ax Vx2 + y^ ^^^ (x2 + y2)3 ex x2 + y2 eaj2 (x^ + y2)2 

• ^^_ y ev_ xg ag_ x w__~2xy_ 

a2/~VxM^' ^ ~ (aj^ + 2^^)^ ' ay~x2 + y2' ay2 " (^a + y2)a 

Hence, from (3), 

a2F_a2F x2 a2F xy , a2F t/2 dV y^ 



ax2 ar2 x2 + y2 ara^ (x2 + y2)i a^ (x^ + y^ dr (x^ + y^i 
dV 2xy 



+ 



a^ (X2 + 2/2)2 



a2F_a2F 1/2 2——^?^— 4-— g^ g^ ^ X2 

a2/2 ~ ar2 x2 + 2/2 drd0 (x2 + 2/2)i a^ (x2 + 2/2)2 ^^ ^^.a ^ 2/2)8 

aF 2x2/ 

a^ (X2 + 2/^)2 * 

„ a2F . a2F a2F . i a2F i dV 

Hence = = — 

ax2 a2/2 ar2 x2 + y^ dff^ Vx2 + 2/2 ^r 

_ a2F 1 a2F 1 dV 

~ er2 r2 a^ r dr' 



Ex. 2. If 2 =/i(x + at) +/2(x — a<), where /i and /a are any two functions, 

a22 a22 
show that — = a2 

a<2 ax2 
XX ^ ^ ^^ aw ^ au a» ^ at? 

Let X -^ at = u, X — at = v; then — = 1, — = a, — = 1, — = — a, and 

dx ' dt dx ' dt 

dz _ dfx du df2 dv _ dfx d/2 
ax du ax dv ex du dv 

dz dfi du . d/2 av d/i d/2 
— = 1 = a a — • 

dt du dt do dt du dv 

Differentiating these equations a second time, we have 

a2« ^ d^i /aw\2 d^ /^y ^ d2/i d2/2 
ax2 du2 \dx/ dv'2 \dx) du^ dv^ ' 

a22 ^ d^ (duV d^/dvy^ a2^ + a2^. 
a<2 du^Xdt) dv^Xdt) du2 d»2 ' 

By inspection the required result is obtained. 
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119. Differentiation of a definite integral. Consider 



u= I f{x, a)dx, 



where a is a parameter independent of x. In the integration 
a is considered as constant, but the value of the integral is a 
function of a. Let a be given an increment ^a. Then u takes 
an increment Ai^, where 

f{x, a'\- La)dx— I f{x, a)dx 

a %J a 

= I [f{x, a + Aa) —f{x, a)] dx. 

Now by § 31, (1), 

f{x, a + La) =f(x, a) + La ^ \' ^ + ^-^ \ 2 ' 

ca A oa 

Hence A« = rTAc^^i^ + ^^ ?^^1 ^ 

1 8a ^2 j„ aa« 



Dividing by Atr, and taking the limit as La approaches zero as a 
limit, we have ^ ^1.0^/ x 

^=ni^^^A.. (1) 

da J^ da 



The proof assumes that a and 6 are finite. It is not always 
possible to differentiate in this way an integral with an infinite 
limit. The discussion of this lies outside the scope of this book. 

The integral u is also a function of the upper limit 6, and we 
have, by § 25, 

|=m«). (2) 

f(x, a)dx=— I f(x, a)dx, 

a Jb 

f=-/(a,a). (3) 
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Suppose now that a, b, a are all functions of a single variable t 
Then, by § 111, (3), 

du ^du dh du da du da 
'di'^^di da~dt dadi 

Ex. If w = I log (1 — 2 a cos X + a^) cte, 
Jo 

du /•» — 2 cos X + 2 a , 

— = I -dx 

da Jo I — 2aco8x + a^ 

=irri ^-'" idx 

a«/oL 1 — 2a cos x + a^J 



~ a ^1 

t/o 



X 

sec2- 

(2x 



(l-o)2 + (l + a)2tan2? 



a aL \l~a 2/ Jo 



= 0. 

Therefore u = const. But when a = 0, tt = f (log 1) dx = 0. Therefore u = 0. 

Jo 
In this way the value of a definite integral can sometimes be found when 

direct integration is inconvenient or impossible. 
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1. Given z = log(x2 + y^), prove y — — x — = 0. 

dx dy 

2. Given « = x* + x^^a + y*^ prove x \-y — = 4«. 

dx dy 

-. dz dz 

3. Given x^ + 2^2 _ 2xy + 2«2 = c, prove — + — = 0. 

ex ay 

4. Given y = c«* sin 6x, prove x— = a— + 6— • 

dx da db 

5. Given 2 = (x2 + y2\ tan- 1 - , prove x \- y — = 22. 

X dx dy 

6. Given 22 = ^y + tan- 1 - , prove zx \- zy — = xy. 

x dx dy 

7rM. • 1 , V • dz dz 
. Given 2 = ei'sin- 1 (x — y), prove 1 = 2. 

dx dy 

8. Given 2 = y2 + 2 ye*, prove x2 1- y — = 2 y2. 

dx dy 
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9. It z = xy, illustrate the difference between Az and dz by constructing a 
rectangle with sides x and y. 

10. A triangle has two of its sides 6 and 8 in. respectively, and the included 
angle is 30°. Find the change in the area caused by increasing the length of 
each of the given sides by .01 in. and the included angle by 1°, and compare 
with the differential of area corresponding to the same increments. 

11. A triangle has two of its sides 8 and 12 in. respectively, and the included 
angle is 60°. Find the change in the opposite side caused by making the given 
sides 7.9 and 12.1 in., the angle being unchanged, and compare with the differ- 
ential corresponding to the same increments. 

12. A right circular cylinder has an altitude 12 ft. and the radius of its base 
is 3 ft. Find the change in its volume caused by increasing the altitude by . 1 ft. 
and the radius by .01 ft., and compare with the differential of volume corre- 
sponding to the same increments. 

13. The distance of an inaccessible object A from a point B is found by 
measuring a base line BC = h and the angles CBA = a and BCA = p. Find 
the expression for the error in the length ot AB caused by errors of dh, da, d/3 
in measuring h, a, /3, assuming that higher powers of the errors of measurement 
may be neglected. 

Verify the formula — = H ^,in each of the following cases : 

^ dt dxdt dy dt ^ 

14. z = x^ + y^,x = t,y = t^. 

15. z = sinxy, x = e^', y = e^<. 

x 

16. z = -t X = 8mt,y = cos t. 

y 

17. z = e** + »^, X = sini, 2^ = cosf. 



18. Find the tangent plane to the cone z = a — Vx^ + yK 

19. Show that the tetrahedron formed by the coordinate planes and any 
tangent plane to the surface xyz = a^ is of constant volume. 

20. Show that any tangent plane to the surface z = kxy cuts the surface in 
two straight lines. 

21. Find the point in the plane ax -^ by+cz-\-d=0 which is nearest the origin. 

22. Find the points on the surface xyz = a^ which are nearest the origin. 

23. Find a point in a triangle such that the sum of the squares of its distances 
from the three vertices is a minimum. 

24. Of all rectangular parallelepipeds inscribed in an ellipsoid find that 
which has the greatest volume. 

25. Find the point inside a plane triangle from which the sum of the squares 
of the perpendiculars to the three sides is a minimum. (Express the answer in 
terms of K, the area of the triangle, a, 6, c, the lengths of the three sides, and 
X, y, «, the three perpendiculars on the sides.) 



X 
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26. If z =f(^\ prove X- -hy- = 0. 

\vl dx dy 

27. If /(te + my + nz, x^ + y^ + z^) = 0, prove 

dz Sz 

{ly - mx) + {ny - mz) \- {Iz - rue) — = 0. 

dx dy 

28. If 2 = y2 + 2/(1 + logy\ prove ^ = 22/ - - - . . 

\x / dy y dx 

29. If /(x, y) is a homogeneous function of degree n, prove x— -\-y— = vf. 

dx dy 

30. Given x — r 1 y = r , prove 

2 ^ 2 ^ 

/ax\ ^ /ar\ ^ /??^\ = _ /^\ 

\dr/e \dxly \dr)e \dyl 

\delr \dxly \deJr \dylx 

31. Given u = log Vx^ + y^ v = tan- 1 - , prove 

X 

/aw\ /ax\ ^ /aw\ /dy\ ^ ^ 

\dx/y\du/„ \dy/x\du/v ' 

(^) (^) + /^) I'J) = 1. 

\dx/y\dv/u \dy/x\dv/u 

^2 y1 ^2 

32. Find the tangent plane to the ellipsoid — h — H — = 1 at the point 
/ V CL^ b'^ c^ 

(«i, yu «i)- 

33. Show that the sum of the squares of the intercepts on the coordinate 
axes of any tangent plane to x^ + y^ + «^ = a^ is constant. 

34. Show that the sum of the intercepts on the coordinate axes of any tan- 
gent plane to x* + y* + 2* = a* is constant. 

35. Prove that the plane te + my -\- nz = p is tangent to the ellipsoid 

?! + 1^ + 5! = 1 if P = VaH^ + 62^2 + c27l2. 

a2^52^c2 ^ 

36. Prove that the plane Ix + my + nz = p is tangent to the paraboloid 

ax^ + by^ = z li p = ■ 

^ahn 

37. Find the cosine of the angle betwieen the normal to the ellipsoid and the 
straight line drawn from the center to the point of contact, and prove that it 

is equal to — , where p is the distance of the tangent plane from the center and 

T 

r the distance of the point of contact from the center. 

38. Find the angle between the line drawn from the origin to the point 
(a, a, a) of the surface xyz = a^ and the normal to the surface at that point. 

39. Find the angle of intersection of the spheres x^ -\- y^ + z'^ = a^ and 

(X - 6)2 4- y2 + 2-2 = gS. 
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40. Prove that the families of surfaces aj^ys _j_ 2-2x2 = a and x^ — y^ — z'^ = c^ 
intersect everywhere at right angles. 

41. Derive the condition that two surfaces /(x, y, «) = and 0(x, y^ z) = 
intersect at right angles. 

42. K/(x,.,.) = 0. Show that g)^(g)J)^=-l. 

43. If f{x, y) = and 0(x, z) = 0, and z is taken for the independent variable, 

show that ^^^ = ^?*. 
dx dy dz dx dz 

44. Find the equations of the tangent line to the curve of intersection of 'the 

/p2 7/2 z^ 

ellipsoid, — + fr H — = 1 and the plane Ix + my + nz = 0. 
a^ 0^ c^ 

45. Find the equations of the tangent line to the curve of intersection of the 
cylinders x* + y2 = ^2, y^ + z^=:l^. 

/p2 1/2 z2 

46. Find the highest point of the curve of intersection of — \- — -\ — = 1 
and lx + my + nz = 0. a^ 52 c^ 

47. Find the highest point of the curve of intersection of the hyperboloid 
x^ + y^ — z^ = l and the plane x-\-y + 2z = 0. 

48. Find the angle at which the helix x'^ + y^ = d^, z := k tan-i - intersects 
the sphere x^ + y^ + z^ = r^(r>a), ^ 

49. Find the angle at which the curve y^ — z^ = a^ x = b(y + z) intersects 
the surface x^ + 2zy = c. 

d^z d^z 

Verify = in each of the following cases : 

dxdy dydx 

« + y 53. « = sin-i". 
X 

51. 2 = l0gVic2 + y2. 

54. z = e^smy. 



52. z = log(x + Vx2 + y2). 



d^z . d^z 



55. If 2 = log(x2 + y2) 4. tan-i?^, prove ^ + ^ = 0. 

^ ^ X ^ ax2 ay2 

56. If « = (e^ — e-*) cosy, prove 1 = 0. 

dx^ dy^ 

d^z d^z 

57. It z = sec(x — at)-\- tan(x + o<), prove — - = a^ — -. 

dt^ 5x2 

dz dH dz ^z 



58. If z = Vx — y2, prove 



ax dxdy dy dx^ 



d^z d^z dz 

59. If « = sin y + e- y cos (x ■- y), prove 1 1 = 0. 

5x2 dxdy dx 

x2i/2 d^z 

60. If jg = — ^ + logx — ev', prove = xy. 

4 dxdy 

dW 
€1. Given x = e**cos», y = e«sint?, find in terms of the derivatives of 

V with respect to x and y. ou n 
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62. Given x = c* cos », w = e« sin v, prove 1 = e-^"! 1 ) • 

63. Given x = w + v, y = , prove a^ = a* 

' a *^. ax2 ay2 guar 

64. Given x = r » y = r , prove 

^~ ai^" ar^~r^^ rar' 

65. If X =f(u, v) and y = 0(m, «) are two functions which satisfy the equa- 
tions — = _ , — = -, and V is any function of x and y, prove 

aw a« ar aw . 

a^2 "^ av2 ~ \ax2 ay2/LW/ \a«/ J' 

66. If 2 = x0M + ^(??V prove x2|^ + 2xy^ + y2^ = 0. 

\x/ \aJ/ ax2 dxdy dy^ 

I — a2« h^z 

67. If « = 0(x + iy) + ^(x — iy), where i = V— 1, prove — -A = 0. 

ax2 ay2 

68. If w = /(x, y) and y = F(x), find 

dx2 

32/ /a/\2 



69. If /{x, y) = 0, prove ^ = _ £^ 



W/ dxdy dxdy dy^\dx) • 



log (1 + a cos x) dx with respect to a, and thence find 




the value of the integral. 

.ix«--l 



pi. nnM. __ I 

71. Differentiate ( dx with respect to a, and thence find the value 

of the integral. ''» '"S* 
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120. Double integral with constant limits. Let f{x, y) be 
function of x and y which is single valued and continuous and po^ 
tive for all pairs of values of x and y for which a^x^h and c^y^ 
Divide the interval 6 — a into n equal parts, denoting each part 
Aa?, thus forming the series of values of x, x^, x^, ^3> * • * > ^n-i> wh^ 
x^ = a -^Ax, x^ = x^-\-Ax, •••, h = x^_^-{-Ax. 

Similarly, divide the interval d — c into m equal parts, denotir 
each part by Ay, thus forming the series of values of y, y^, j/^ 
Vzy •••,y^_i, where 

y, = cH-Ay, y2 = y, + Ay, ..., d = y^_^-\-Ay. 

The above values of x determine a series of straight lines par- 
allel to Oy, and the values of y determine a series of straight lines 

parallel to OX (fig. 71). 

Every line of either set intersects 
every line of the other set, and any 
one of these points of intersection 
may be represented by I^{x-y yj), 
where i has all integral values from 
to 71 — 1 and / has all integral 
Z values from to m — 1, Xq being a 
and y^ being c. 

Taking the value of f{x, y) at 
each point of intersection, we form the series 

/(a, c)AxAy ■\-f{a, y^AxAy + • • • H-/(a, y^_^)AxAy 

+f(^v c)AxAy +/(«!, y^AxAy + • • • H-/(^i, y^_^)AxAy 

+/(^2> c)AxAy +/(^2, y,)AxAy + • • • -hf(x^, y^_^)AxAy 

I • • • • • • • •• • 
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This series can be expressed more concisely by the notation 



t = n — 1 j=m — l 

2 S 

i=0 j=0 



= T»— i J ^ in — X 

2 S •^<''" y^^^^V' (2) 



where two ^'s are used, since there are two elements i and j 
which vary. 

The limit of (2) as m and n are both increased indefinitely is 
called the double integral of f{Xy y) over the area bounded by the 
lines x = a, x = h,y = Cy and y = d. 

The summation of the terms in (2) may evidently be made in 
many ways, but there are two which we shall consider in par- 
ticular: (1) when the sum of the terms of each row is found, and 
these sums added together ; (2) when the sum of the terms in each 
column is found, and these sums added together. It wUl appear 
from the graphical representation (§ 121) that these two methods 
lead to the same result; and it may be shown that the result is 
always independent of the order of summation. 

If the first method is followed, it is to be noted that the value 
of X is the same in all the terms of any one row, and hence each 
row is exactly the series used in defining a definite integral (§21) 
with y as the independent variable. Accordingly, when we let m 
increase indefinitely, (2) becomes 

■^ {jy^'"'' y)^3/)^^ + • • • + (X /(^n-P 2/)^y)A^. (3) 

But (3) is the series used in defining a definite integral with x 

f(Xy y)dy as the function of x. 
Letting n increase indefinitely, we have 



%Ja \%Je 



fiPy y) dy ) dx, (4) 



which represents the double integral on the hypothesis that first m 
and then n is made to increase indefinitely. 
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Another way of writing (4) is 



c/o %Jc 



f{x, y) dxdy, 



(5) 



where the summation is made in the order of the differentials from 
right to left, Le. first with respect to y and then with respect to a?, 
and the limits are in the same order as the differentials, i.e. the 
limits of y are c and d, and the limits of x are a and K* 
If the second method of summation is followed, we have 



f{x,y)dx]dy. 



or 



c/c \%Ja 

f(Py y) dydx. 



(6) 



(7) 



Ex. The moment of inertia of a particle about an axis is the product of its 
mass by the square of its distance from the axis. From this definition let us 
determine the moment of inertia of a lamina of uniform thickness k a1;)out an 

axis perpendicular to its plane. Let the 
density of the lamina be uniform and de- 
noted by p, and let the plane XOT coin- 
cide with the plane of the lamina, the axis 
being perpendicular to the plane at O. Let 
the lamina be in the form of a rectangle 
(fig. 72) bounded by the lines x = a, x = 6, 
y = c^ y = d. Divide the lamina into rec- 
.y tangles by the lines 



O 









Q 








W/< 








p 



















Fig. 72 






X = X2, 



x = Xs, 

y-vz, 



Then the mass of any element, as PQ^ is pkAxAy. If this mass is regarded as 
concentrated at P{Xi, yj), its moment of inertia would be (x? + yj) pkAxAy, If 
the mass is regarded as concentrated at Q{x,-|-Ax, yj + Ay), its moment of 

dx f /{x, y)dyy in which the order of 
summation is first with respect to y and then with respect to x. 

ph pd 

Some writers also prefer to write (5) in the form I I /{Xy y) dydx, which is 

J a Jc 

merely (4) with the parenthesis removed. In this form it is to be noted that the limits 
and the differentials are in inverse orders, and that the order of summation is the 
order of the differentials from left to right, i.e. first with respect to y and then with 
respect to x. In this text this last form of writing the double integral will not be used. 
In other books the context will indicate the form of notation which the writer has 
chosen. 
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inertia would be [(Xi + Ax)^ + {yj +Ay)^]pk^Aj/, Letting M represent the 
moment of inertia of the rectangle, we have 

i=n — lj=zm — l i=n — lj = rn — 1 

X X (^? + yj)P^^^y<^< X X [(^«-+^«)^+(20H-Ay)2]pA:Aa;Ay. 

i=0 J=0 i=0 j=0 

The limits of these sums as n=oD, m=ao, and Ax= 0, Ay =0 are the same (§ 3), for 

j^.^ [{Xj + Aa)2 + iVj + Ay)^]pkAxAy ^ ^ 
(x^ + yf) pkAxAy 

Hence we define M by the equation 

M= f f {x^ + y^)pkdxdy. 

If p and It are each placed equal to unity, the result is often referred to as the 
moment of inertia of the plane area bounded by the lines a;=a, a;=6, y=c, y =(i. 

121. Graphical representation. Placing z=f{x, y), we have 
the equation of a surface which is the graphical representation 
of f(x, y) (fig. 73). Through the lines x = a, x = b, y = c, y = d 
pass planes parallel to OZ. Then the volume bounded by the 




Fig. 73 

plane XO Y, the planes x = a, x = b, y = c^ y = d, and the surface 
z=f(x, y) is a graphical representation of the double integral of 
§ 120. For if the planes x = x^y x = x^^ x = x^y - - 'yy = yvy = y^y 
y = yg, • • • are constructed, they divide the above volume, which 
we will denote by F, into columns such as MNQP, each of which 
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stands on a rectangular base AajAy in the plane XOY. If the 
coordinates of M are {x^, yj), the corresponding term of (2), § 120, 
is/(«i, yj)AxAy, and since /(a?,., yj) = MF, the term /(a;,., yj)AxAy 
is the volume of a prism standing on the same base as the column 
MNQP, and the volume of this prism is approximately the volume 
of the column. Hence (2), § 120, is the sum of the volumes of 
such prisms, and is approximately equal to F; and as m and n 
both increase indefinitely, the limit of the sum of the volumes 
of these prisms is evidently V, 

The significance of the two ways of summation is now clear. 
For if the integral is written as (5), § 120, the prisms are first 
added together, keeping x constant, the result being a series of 
slices, each of thickness Ao?, which are finally added together to 
include the total volume ; and if the integral is written in the form 
(7), § 120, the prisms are first added together, keeping y constant, 
the result being a series of slices, each of thickness Ay, which are 
finally added together to include the total volume. It follows that 
(5) and (7) are equivalent, as was noted before. 

122. Double integral with variable limits. We may now extend 
the idea of a double integral as follows: Instead of taking the 

integral over a rectangle, 
as in § 120, we may take 
it over an area bounded by 
any closed curve (fig. 74) 
such that a straight line 
parallel to either OX or OY 
intersects it in not more 
than two points. Drawing 
straight lines parallel to F 
and straight lines parallel 
to OX, we form rectangles 
of area AxAy, some of 
which are entirely within 
the area bounded by the 
curve and others of which are only partly within that area. Then 




XXf(^.y)^^^y> 



(1) 
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where the summation includes all the rectangles which are wholly 
or partly within the curve, represents approximately the volume 
bounded by the plane XOY, the surface z =/(a;, y), and the cylinder 
standing on the curve as a base, since it is the sum of the volumes 
of prisms, as in § 121. Now, letting the number of these prisms 
increase indefinitely, while Aa? = and Ay — 0, it is evident that 
(1) approaches a definite limit, the volume described above. 

If we sum up first with respect to y, we add together terms of 
(1) corresponding to a fixed value of x, such as x^. Then if MB is 
the line x = x^, the result is a sum corresponding to the strip 
ABCD, and the limits of y for this strip are the values of y corre- 
sponding to a? = a?j in the equation of the curv^e ; Le. if MA =f^{x^ 
and MB =f^(x^, the limits of y are f^{x>j and /^{x). As different 
integral values are given to i, we have a series of terms correspond- 
ing to strips of the type ABCD, which, when the final summation 
is made with respect to x, must cover the area bounded by the 
curve. Hence, if the least and the greatest values of x for the 
curve are the constants a and h respectively, the limit of (1) appears 
in the form 

\ \ f{x,y)dxdy, (2) 

where the subscript i is no longer needed. 

On the other hand, if the first summation is made with respect 
to X, the result is a series of terms each of which corresponds, to a 
strip of the type A'B^OD\ and the limits of x are of the form 
^^{y) and 4>2{y)y found by solving the equation of the curve for x 
in terms of y. Finally, if the least and the greatest values of y for 
the curve are the constants c and d respectively, the limit of (1) 
appears in the form . ^^^^^ 

/ / f{^yy)dydx. (3) 

While the limits of integration in (2) and (3) are different, it is 
evident from the graphical representation that the integrals are 
equivalent. 

123. In §§ 120-122, /(x, y) has been assumed positive for all 
the values of x and y considered, i.e. the surface z =f(x, y) was 
entirely on the positive side of the plane XOY. If, however, 
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f{x, y) is negative for all the values of x and y considered, the 
reasoning is exactly as in the first case, but the value of the 
integral is negative. Finally, if f(x, y) is sometimes positive and 
sometimes negative, the result is an algebraic sum, as in § 22. 
Furthermore, it is not necessary that all the values of Aa? should 
be equal and all the values of Ay equal ; also in place of f{x^y %•) 
we may use/(f,., t;^.), where x^K^^Kx^^^ and yj<Vj<yj+v 

The work of making these extensions being similar to that of 
§§ 22-23, it is not repeated here, but the student is advised to 
review those articles. 

124. Computation of a double integral. The method of comput- 
ing a double integral is evident from the meaning of the notation. 



>8 /.2 



I xydxdy. 

«/0 

As this integral is written, it is equivalent to f I f zydyjdx, the integral 
in parenthesis being computed first, on the hypothesis that y alone varies. 

j;V.=[f];=2x. 

f 2xdx= [x2]J=9. 

Ex. 2. Find the value of the integral jC xydxdy over the first quadrant of 
the circle x^ ■\- y^ = a^. 

If we sum up first with respect to y, we find a series of terms corresponding 
to strips of the type ABCD (fig. 76), and the limits of y are the ordinates of the 
points like A and J5. The ordinate of A is evidently 0, and fro m the equation 

of the circle the ordinate of B is Va^ — x^^ where OA = x. 
Finally, to cover the quadrant of the circle the limits of 
X are and a. Hence the required integral is 







•yJai- 



ar2 



dx 



= r" - (a2 - a;2) dx 
•/o 2 

""2L 2 ~lJo 

Since the above computation of a double integral is simply the 
repeated computation of a single definite integral, the theorems of 
§ 24 may be used in simplifying the work 
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125. Double integral in polar coordinates. If we have to find 
the double integral of /(r, 6) over any area, we divide that area 
up into elements, such as ABCD (fig. 76), by drawing radii vectors 
at distances A^ apart, and concentric circles the radii of which 
increase by Ar. The area of ABCD 
is the difiference of the areas of the 
sectors OBC and GAD, Hence, if 
OA = T, 

area ABCD = \{t-\- Ar)'A^ - \ r^A0 

= rArA0+^Kr''A0, 

Therefore any term of the sum cor- 
responding to (1), § 120, is, 
a,t first sight, of the form 

-But in taking the limit, rArA^-j- ^Ar • A^ may be replaced by 
^ArAd (§ 3), for 

^.^/(.,g).(.A.A^ + iA^^Ag)^^^/ 1 M^^ 
f{r,0)'{rArAe) \ ^2 rj 

IHence the required integral is 

Lim ^^/{r, 0) rArAO = /T/C^, &) rdrdd, (1) 

If the summation in (1) is made first with respect to r, the result 
is a series of terms corresponding to strips such as A^B^C^D^, and 
the limits of r are functions of found from the equation of the 
hounding curve. The summation with respect to will then add 
all these terms, and the limits of taken so as to cover the entire 
area will be constants, i.e. the least and the greatest values of on 
the bounding curve. 

If, on the other hand, the summation is made first with respect 
to 0, the result is a series of terms corresponding to strips such as 
A^B^C^D^, and the limits of are functions of r found from the 
equation of the bounding curve. The summation with respect to 
r will then add all these terms, and the limits of r will be the 
least and the greatest values of r on the bounding curve. 
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Ex. Find the integral of r* over the circle r = 2a cos 0. 

If we sum up first with respect to r, the limits are and 2 a cos 0, found 

from the equation of the bounding curve, 
and the result is a series of terms cor- 
responding to sectors of the type A OB 
(fig. 77). To sum up these terms so as 
to cover the circle, the limits of 6 are 




and - . The result is 

2 2 
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4 a* COS* ^d^ 



= f Tra*. 



Fig. 77 

The graphical representation may be made by the use of cylin- 
drical coordinates defined in § 127. 

126. Triple integrals. Let any volume (fig. 78) be divided into 
rectangular parallelepipeds of volume AxAyAz by planes paral- 
lel respectively to the coordinate Z 
planes, some of the parallelepipeds 
extending outside the volume in a 
manner similar to that in which 
the rectangles in § 122 extend out- 
side the area. Let (x^, y^ z^ be a 
point of intersection of any three of 
these planes and form the sum 

»=n j = m ifc=p 
»=0 j = it=0 

as in § 122. Then the 
limit of this sum as ti, 
m, and p increase in- 
definitely, while Aic = 0, 
Ay = 0, Aa; = 0, so as to 
include all points of the volume, is called the triple integral of 
f{x, y, z) throughout the volume. It is denoted by the symbol 




Fig. 78 



///■ 



f{x,y,z)dxdydz, 
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the limits remainuig to be substituted. If the summation is made 
first with respect to z, x and y remaining constant, the result is to 
extend the integration throughout a column of cross section AxAy ; 
if next X remains constant and y varies, the integration is extended 
'so as to combine the columns into slices ; and finally, as x varies, 
the slices are combined so as to complete the integration throughout 
the volume. 

127. Cylindrical and polar coordinates. In addition^ to the 
rectangular coordinates defined in § 84, we shall consider two other 
systems of coordinates for space of three dimensions, — (1) cylin- 
drical coordinates, (2) polar coordinates. 

1. Cylindrical coordinates. If the x and 
the y of the rectangular coordinates are 
replaced by polar coordinates r and d in 
the plane XOY, and the z coordinate is re- 
tained with its original significance, the new 
coordinates r, Q, and z are called cylindrical 
coordinates. The formulas connecting the 
two systems of coordinates are evidently 

x^r cos 0, y = r QuiO, z = z. 

Turning to fig. 79, we see that z = z^ determines a plane parallel 
to the plane XOY, that 9^6^ determines a plane MONF, passing 

through OZ and making an angle 0^ with 
the plane XOZ, and that r = r^ determines 
a right circular cylinder with radius r^ and 
OZ as its axis. These three surfaces inter- 
sect at the point P. 

2. Polar coordinates. In fig. 80 the cylin- 
drical co(5rdinates of P are OM=r, MF = z, 
and /.LOM = 9. If instead of placing 
0M= r we place OP = r, and denote the 
angle NOP by <\>, we shall have r, <^, and 9 
as the polar coordinates of P. Then, since 0N= OP co^^ and 
0M= OP sin <l>, the following equations evidently express the con- 
nection between the rectangular and the polar coordinates of P: 

z = r cos <f>, x = r sm<l> cos9, y = r sin^sini^. 
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Fig. 81 



The polar coordinates of a point also determine three surfaces 
which intersect at the point. For 6 = 8^ determines a plane (fig. 81) 

through OZ, making the angle 

6^ with the plane XOZ\ <f> = (}>i 

determines a cone of revolution,* 

the axis and the vertical angle of 

which are respectively OZ and 

2 <f>^ ; and r = r^ determines 

a sphere with its center 

at and radius r^. 

In both sys- 
tems of coordi- 
nates varies 
r from to 2 TT, 
and in polar coor- 
dinates <l> varies 
from to TT. The 
coordinate r is 
usually positive 

in both systems, but may be negative, in which case it will be laid 
off on the backward extension of 
the line determined by the other 
two coordinates, as in I, § 177. 

128. Elements of volume in 
cylindrical and in polar coordi- 
nates. If it is desired to express 
the triple integral of § 126 in 
either cylindrical or polar coor- 
dinates, it is necessary to know 
the expression for the element 
of volume in those coordinates. 

1. The element of volume in 
cylindrical coordinates (fig. 82) 
is the volume bounded by 
two cylinders of radii r and 
r-f-Ar, two planes corresponding to z and z+Az, and two planes 
corresponding to and -f- A^. It is accordingly, except for 





Fig. 82 
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irifinitesimals of higher order, a cylinder with altitude Az and 
base rArA^(§ 125). Hence the element of volume is 

dV=rdrd0dz. (1) 

2. The element of volume in polar coordinates (fig. 83) is the 
"v?"olume bounded by two spheres of radii r and r + Ar, two conical 
^ urf aces correspond- 
ing to <l> and <^4-A<^, 
sind two planes cor- 
X'esponding to and 
^ + A0. The volume 
of the spherical pyr- 
amid O-ABCD is 
^qual to the area of 
its base ABCD mul- 
tiplied by one third 
of its altitude rJ* 
To find the area of 
ABCD we note first 
that the area of the 
zone formed by com- 
pleting the arcs AD 
and -5(7 is equal to 
its altitude, r cos <^ — r cos (<^ + A<^), multiplied by 2 irr. Also the 
area of ABCD is to the area of the zone as the angle A^ is to 2 tt. 

Hence area ABCD = r A^ [r cos <^ — r cos (<^ -h A<^)], 

and vol O-A BCD==\ r'A^ [cos <t> - cos (<^ + A<^)]. 

Similarly, 

vol O^EFGH =\{r'\- ArfM [cos <t> - cos (<^ -h A<^)]. 

Therefore 

vol AB CDEFGH = J [(r + Ar)' - r'] A^ [cos <^ - cos (<^ + A<^)]. 

But this expression differs from r^ sin ^ArA^A0 by an infinitesi- 
mal of higher order. Accordingly, the element of volume is 

dV=7^sin^drd<l>d0. (2) 




Fig. 88 



♦ The volume of a spherical pyramid is to the volume of the sphere as the area of 
its base is to the area of the surface of the sphere. 
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It is to be noted that dV is equal to the product of the 
three dimensions AB, AD, and AE, which are respectively rrfc^, 
r^m<f>dd, and dr, 

129. Change of coordinates. When a double integral is given 
in the form i \f{x, y)docdy, where the limits are to be substituted 

so as to cover a given area, it may be easier to determine the value 
of the integral if the rectangular coordinates are replaced by polar 
coordinates. Then f{x, y) becomes f(r cos 6, r sin 6), i.e. a function 
of r and 6, As the other factor, docdy, indicates the element of area, 
in view of the graphical representation of § 121 and the work of 
§ 125, we may replace dxdy by rdrdO, These two elements of area 
are not equivalent, but the two integrals are nevertheless equiva- 
lent, provided the limits of integration in each system of coordi- 
nates are taken so as to cover the same area. 
In like manner, the three triple integrals 






f{x,y,z)dxdydz, 



/{r cos 6, r sin Q, z) rdrd0dz, 



f{r sin <^ cos 0, r sin <^ sin ^, r cos <^) r^ sin <\>drd<\>d0 

are equivalent when the limits are so taken in each as to cover the 
total volume to be considered. 



PROBLEMS 

Find the values of the following integrals : 

>2 /*!x^ X nir /»aVBin 



I -dxdy. 5. / I r^dSdr. 

1 Ji y Jo Jo 

X 

Jr^w /*lfi cr ... /*** /»co8— 1 - 

/ mi-dydx. 7. f / \rdrde. 
n Jo y Jo •/-C08-1- 



2 



/»4 /iVy , X^ « /»! /•log- pV-2x 

4. ( / zlog-dydx, 8. / ( =" / eP'-^y+'dxdydz, 

Js Ji y Jo Jo Jo 
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9. rr^<^-'*f 

Jo Jo Jo 



Va2 - a?» - y2 _ 2^ 



Ji Jo Jo x2 + y2 12, I I I r^drdSdz. 

Jo Jo Jo • 

11. ( I I rd^drd^. 13. / / | r*sin«0d0d^r. 

Jo Jo Jo Jo Jo Jo 



14. ' ' 



Jf f r sin cos cos ddOd4>dr, 
Jo Jaiixi.it 

15. Prove that C j f{x) 'f(y)dxdy = \C /(x)(toT. 



CHAPTER XIII 

I 

APPLICATIONS OF MULTIPLE INTEGRALS 

130. Moment of inertia of a plane area. The moment of inertia 
of a particle about an axis is the product of its mass and the square 
of its distance from the axis. The moment of inertia of a number 
of particles about the same axis is the sum of the moments of 
inertia of the particles about that axis. From this definition 
we derive (§120) a definition of the moment of inertia of a 
homogeneous rectangular lamina of thickness k and density p 
about an axis perpendicular to the plane of the lamina. The 
result may be written in the form 

r 

{3i?+f)dxdy, (1) 

where M represents the moment of inertia. 

If p and k are both replaced by unity, (1) becomes 

Jf= r f {x'+2/)dxdy, • (2) 

which, as was noted in § 120, is called the moment of inertia of 
the rectangle about an axis perpendicular to its plane at 0, 

Eeasoning in the same way, we may form the general expression 

jj{a?+f)dxdy, (3) 

where the integration is to extend over a given area in the plane 
XOY, Then (3) is the moment of inertia of that area about the 
axis perpendicular to the plane at 0, ^ 

Ex. Find the moment of inertia, about an axis perpendicular to the plane at 
the origin, of the plane area (fig. 84) bounded by the parabola y^ = 4 ax, the line 
y = 2 a, and the axis OY. 
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If the integration is made first with respect to x, the limits of that integra- 

tion are and — , since the operation is the summing of elements of moment 

4a 

of inertia due to the elementary rectangles in any 
strip corresponding to a fixed value of y ; the limit 

is found from the axis of y, and the limit ^— 
is found from the equation of the parabola. ^ 
Finally, the limits of y must be taken so as to 
inchide all the strips parallel to OX, and hence 
must be and 2 a. 

»2a /.rr 



Therefore 3f = f r*"(x2 + y^)dydx 

Jo \192 a8 4 a/ 




Fig. 84 



131. If the plane area is more conveniently defined by means 
of polar coordinates, (3) of § 130 becomes 



M^ffr'irdrde); 



(1) 



for, by § 129, in place of dxdy as the element of area we take 
the element of area rdrdff, and the factor x^ -\- y^ evidently 

becomes r^. 

Formula (1) may also be de- 
rived directly from the fundamen- 
tal definition at the beginning of 
§ 130, and the student is advised 
to make that derivation. 

Ex. Find the moment of inertia, about 
an axis perpendicular to the plane at 0, 
of the plane area (fig. 86) bounded by one 
loop of the curve r = a sin 2 ^. 

Af We shall take the loop in 

Fig. 85 the first quadrant, since the 

moments of inertia of all the 
loops about the chosen axis are the same by the symmetry of the curve. 

If the first integration is made with respect to r, the result is the moment of 
inertia of a strip bounded by two successive radii vectors and a circular arc ; and 
hence the limits for r are and a sin 2 0. Since the values of for the loop of 
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the curve vary from to - , it is evident that those values are the limits for 
in the final integration. 



Therefore 



M 



2 /•a sin 2 



r^dSdr 



sin* 2 0d0 



Jo Jo 
= /? 'ra*. 

132. In the two preceding articles we have found the moment 
of inertia of a plane area about an axis perpendicular to the plane, 
which, with the exception of a constant factor, is the moment 

of inertia of a corresponding 
homogeneous lamina about the 
same axis. We shall now find 
the moment of inertia of a 
homogeneous lamina about an 
axis in its plane. 

Let the lamina be bounded 
by the closed curve (fig. 86), 
and let its density at any point 
be p and its thickness he h 
Let OX be the axis about which 
the moment is to be taken. 
"^ Divide the area into rec- 
tangles of area Aa;Ay. Then 
the mass of any corresponding element of the lamina, as FQ, is 
pkAxAy, If this mass is regarded as concentrated at P, its moment 
about OX is pky^AxAy ; and if the mass is regarded as concen- 
trated at Qy its moment about OX is pk {y -\- Ay^AxAy. 
Therefore, if M^ represents the required moment, 

X^pJcy^AxAy<M^<^^pk(y-\-AyyAxAy, (1) 

the summations to cover the entire area. 

Since Lim ^ T^ — — ^ = 1, the double sums of (1) have 

pky^AxAy 

the same limit (§ 3), and accordingly 




Fig. 86 



^x=jj p^fdxdy, 
where the integration is to cover the entire area. 



(2) 
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If p and k are each replaced by unity, (2) defines the moment 
of inertia of the plane area about OX, 

If M^ denotes the moment of inertia about F, in similar manner 

M^=:ffpka?dxdy. (3) 

Ex. Find the moment of inertia about OF of the plane area bounded by the 
parabola y^ = 4ax, the line y = 2a, and the axis OY, 

Since the above area is the same as that of the Ex. in § ISO, the limits of 
integration will be the same as there determined, but the integrand will be 
changed in that z^ -\-j/^ is replaced by x^. 

j xHydx 
1 r^o 
192 a^ Jo 

If it is desirable to use polar coordinates, (2) becomes 



and (3) becomes 



K 



M, 



= fCpkr'8m^0drde, (4) 

■^ = CCpkr^ cos' ddrdd, (5) 

the substitution being made according to §129. 

133. Area bounded by a plane curve. The area boimded by an 
arc of a plane curve, the axis of x, and the ordinates of the ends of 
the arc has been determined in § 35 by a single integration. By tak- 
ing the algebraic sum of such areas any plane area may be computed. 

The area bounded by any plane curve may also be foimd by a 
double integration as follows : Draw straight lines parallel to OX 
and to OF respectively, forming rectangles of area Ax Ay, some of 
which, as in fig. 74, will be entirely within the curve, and others 
of which will be only partly within the curve. Form the double 

sum ^^AxAy of these rectangles, and then let their nimiber 
increase indefinitely while Aaj = and Ay == 0. Then the double 
integral ^^ 

J J dxdy (1) 

is the required area. 
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Ex. Find the area inclosed by the curve (y — x — 3)2 = 4 — x^ (fig. 87). 

The element of area is the rectangle AxAy. If the first integration is made 
with respect to y, the result is the area of a strip like the one shaded in fig. 87, 
and the limits for y will be found by solving the equation of the curve for y in 

ter ms of x. Since y = x + 3 
± V4 — x'^, the l ower limit 
is yi = X + 3 — V4 — x2 and 
the upper limit is ya = aJ + 3 
+ V4 — x^. For the integra- 
tion with respect to x the 
limits are — 2 and 2, since 
the curve is bounded by the 
lines X = — 2 and x = 2. 
Therefore 




/»2 /»j/a 

area = | | dxdy 

= r (y%-yi)^ 

=z2 C V4 -x^dx 



= 4 IT, 

This example is Ex. 3, 
§ 36. Comparing the two 
solutions, we see that the 
result of the first integra- 
tion here is exactly the inte- 
~^ grand in § 36. It is evident 
that this will be the case 
in all similar problems, and 
hence many areas may be found by single integration. The advantage of the 
double integral consists in the representation of the area of a figure for which 
the limits of integration cannot easily be found. 

134. In like manner, the area bounded by any curve in polar 
coordinates may be expressed by the double integral 



// 



rdrdd, 



(1) 



the element of area being that bounded by two radii vectors the 
angles of which differ by Ad, and by the arcs of two circles the 
radii of which differ by Ar, 

If the first integration of (1) is with respect to r, the result 
before the substitution of the limits is J r^dd. But this is exactly 
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the integrand used in computation by a single integration. Hence 
many areas may be computed by single iategration in polar 
coordinates. 

135. Area of any surface. Let C (fig. 88) be any closed curve 
on the surface /{x, y, z) = 0. Let its projection on the plane XOY 
be C'. We shall assume that the given surface is such that the 
perpendicular to the plane XOY at any point within the curve C' 
meets the surface in but a single point. 

In the plane XOY draw straight lines parallel to OX and OYy 
forming rectangles of area AicAy, which lie wholly or partly 
in the area bounded by C'. Through these lines pass planes 
parallel to OZ. These planes z 
will intersect the surface in 
curves which intersect in points 
the projections of which on the 
plane XOY are the vertices of 
the rectangles ; for example, M 
is the projection of P. At every 
such poiQt as P draw the tan- 
gent plane to the surface. From 
each tangent plane there 
will be cut a parallelo- 
gram * by the 
planes drawn 
parallel to OZ, 

We shall now 
define the area ^' ^'''' ^® 

of the surface f{x, y, z) = 0, bounded by the curve C, as the limit 
of the sum of the areas of these parallelograms cut from the tan- 
gent planes, as their number is made to increase indefinitely, at 
the same time that Ax==0 and Ay = 0. This definition involves 
the assumption that the limit is independent of the manner in 
which the tangent planes are drawn, or of the way in which the 
small areas are made to approach zero. This assumption may be 
proved by careful but somewhat intricate reasoning. 

♦ This parallelogram is not drawn in the figure, since it coincides so nearly with the 
sutface element. 





/^ 



m.. 
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If AA denotes the area of one of these parallelograms in a ^' 
gent plane, and 7 denotes the angle which the normal to the tarxg^^t 
plane makes with OZ, then (§ 92) 

AxAy = A A cos 7, (1) 

since the projection of AA on the plane XOY is AxAy. The direc- 

dz 



tion cosines of the normal are, by § 112, (2), proportional to o 

^^ ' - 1 

cos 7 = 



■r- ' — 1 ; hence 
dy 



H^<i 






and hence 



^ = AMiHiJ^^' 



(2r 



and 



(3) 



According to the definition, to find A we must take the limit 
of (3) as Aaj = and Ay = ; that is 




(^J^^dxdy, (4) 



\dxj ' \dy/ 

where the integration must 
be extended over the area in 
the plane XOFbounded 
by the curve C 

Ex. 1. Find the area of 

an octant of a sphere of 

radius a. 

If the center of 

^ the sphere is taken 

as the origin of co- 
ordinates (fig. 89), 
the equation of the 
sphere is 

«2+y2+22=a2, (1) 

^ Q^ and the projection 

of the required 
area on the plane XOY is the area in the first quadrant bounded by the circle 

and the axes OX and OF. 



> 
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From (1), 



dz 
dx 






X 

z 



dz 
dy 



y 

z 



■■■4^^W^'-4 



x2 + y2 _|. gS 



a 



'<» r Va2 - xs 



.■.A=rf 

Jo t/0 

= ^ira j dx 
= ^ 7ra2. 



Va2 - X2 _ y2 



byW 



Va2 - x2 - ya 



Ex. 2. The center of a sphere of radius 2 a is on the surface of a right cir- 
cular cylinder of radius a. Find the area of the part of the cylinder intercepted 
tiy the sphere. 

Z 




Fig. 90 



Let the equation of the sphere be 

a;2 + y2 +22 = 4^2^ ^1) 

the center being at the origin (fig. 90), and let the equation of the cylinder be 

y2 + z2 _ 2 ay = 0, (2) 

the elements of the cylinder being parallel to OX. 

To find the projection of the required area on the plane XOY it is necessary 
to find the equation of a cylinder passing through the line of intersection of (1) 
and (2), and having its elements parallel to OZ, Now 

ki{x^ + y2 + 2;2 _ 4a2) + Mv^ + ^^ - 2o2/) = (8) 
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represents any surface through the line of intersection of (1) and (2), and hence 
it only remains to choose ki and ^2 so that (8) shall be independent of z. Accord- 
ingly let fci = 1 and A:2 = — 1» and (8) becomes 

a;2 + 2 ay - 4 a2 = 0. 



(4) 



From (2), 



^^ _ dz _a — y 

dx ' dy~ z 



■■■yFWW-^^¥^' 



a 



.'.A 



«/ 



V2 ay - y2 

2« r^^ai-lay ttdydx 



by (2) 



— V4 aa — 2 ay 

= 8a2. 



V2 



ay — y'^ 



Vy 



The limits of integration were determined from (4), which is the projection 
of the bounding line of the required area on the plane XOY. 

As an equal area is intercepted on the negative side of the plane XOY, the 
above result must be multiplied by 2. Hence the required area is 16 a^. 

The evaluation of (4) may sometimes be simplified by trans- 
forming to polar coordinates in the plane XOY, 

Ex. 3. Find the area of the sphere x^ + y^ + z^ = a^ included in a cylinder 
having its elements parallel to OZ and one loop of the curve r = a cos 2 d (fig. 91) 
in the plane XOY as its directrix. 



Proceeding as in Ex. 1, we find the integrand 



a 



Va2 -x^-y^ 



Transform- 



ing this integrand to polar coordinates, we have (§ 129) 

E 




o cos 2d ardedr 



Va^ - r^ 



for the first integration 
with respect to r covers a 
sector extending from the 
origin to a point on the curve 
r = a cos 2^, since the curve 
passes through the origin; 
and the final integration 
with respect to ^ is from 

to — , since the loop 

4 4 

chosen is bounded by the 

TT TT 

radii vectors = and 0= -• The factor 2 before the integral is necessary 

4 4 

because there is an equal amount of area on the negative side of the plane XOY, 



Fig. 91 
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Therefore 



J --Jo Va2-r2 

-- 

If the required area is projected on the plane YOZ, we have 

where the integration extends over the projection of the area on 
the plane YOZ; and if the required area is projected on the plane 
XOZ, we have i -— — — r——z 

where the integration extends over the projection of the area on 
the plane XOZ, 

136. Center of gravity. In § 47 we defined the center of gravity 
of a system of particles all of which lie in the same plane, the result- 
ing formulas bems; ^^ x^ 

If the particles do not all lie in the same plane, we are obliged to 
add a third equation, '^ 



z = 



x^» 



to define the third coordinate of the center of gravity, the deriva- 
tion of which is not essentially different from that given in § 47. 

To determine the center of gravity of a physical body, we divide 
the body into elementary portions, the mass of any one of which 
may be represented by Am. Tlien if {x., y^, z^) is any point such 
that the mass of one of the elementary portions may be considered 
as concentrated at that point, we define the center of gravity 
(^,y,z) of the body by the formulas 

a;=Lim-^^^ > y = Lim^^=^ > z^JAm^^ (1) 

5)^^ X^^ 2^^ 
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The denominator of each of the preceding fractions is evidently M, 
the mass of the body. 

Formulas (1) can be expressed in terms of definite integrals, the 
evaluation of which gives the values of x, y, and z. We shall here 
take up only those cases in which the definite integrals introduced 
are double or triple integrals. 

137. Center of gravity of a plane area. The center of gravity 
of a plane area in the plane XOY has been defined in § 49. From 
that definition we have immediately that « = 0. 

To determine x and y we divide the area into rectangles of area 
AxAy (fig. 86), and if we denote the density by p, Am = pAxAy, 

If we consider the mass of an element, as PQy concentrated at P, 
we have, by substituting in (1), § 136, 

%%XipAxAy 



^'^pAxAy 



(1) 



(2) 



an expression which is evidently less than x ; and if we consider 
the mass of P$ as concentrated at Q, we have 

^^{Xi^- Ax) pAxAy 
^^pAxAy 

an expression which is evidently greater than x. 
But the Kmits of (1) and (2) are the same (§ 3), for 

T^i^ (Xi + Ax)pAxAy ^ ^ 
x^pAxAy 

I j pxdxdy 
The limit of (1) is — > both integrals being taken over the 



entire area. 



I jpdxdy 



I j pxdxdy I \pydxdy 

Therefpre '^^'^ "' y^rC ' ^^^ 

/ j pdxdy I j pdxdy 

y being derived in the same manner as x. 
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If p is constant, it can be canceled; and in any problem in 
which p is not defined, it will be understood that it is constant. 
In that case the denominator of each coordinate is the area of the 
plane figure. 

Ex. Find the center of gravity of the segment of the ellipse — }- — = 1 cut 

off by the chord through the positive ends of the axes of the curve. 

This is Ex. 2, § 49, and the student should compare the two solutions. 

The equation of the chord is bx + ay = db. 

To determine x and y we have to compute the two integrals ijxdxdy and 

ffydzdy over the shaded area of fig. 39, and also find that shaded area. 

■ The area is the area of a quadrant of the ellipse less the area of the triangle 
formed by the coordinate axes and the chord, and is accordingly 

iiwah) - ^db = -iab(ir -2), 

cib ~~ bx 
For the integrals the limits of integration with respect to y are yi = 

J a 

and ^2 = - Va2 — x^, yi being found from the equation of the chord, and y^ being 

found from the equation of the ellipse. The limits for x are evidently and a. 

f f^ "^ xdxdy = f l-xVa^ — x^ — bx-\ )dx 

Jo J ab-bx Jo \a a J 

= i baK 



h I 

(« ydxdy = — I {- b^^ + dbf^) dx 

J ab-bx a^Jo 

= J62a. 
__ 2a _ 26 



3(7r-2) 3(7r-2) 



138. If the equation of the bounding curve of the area is in 
polar coordinates, we have, by transforming equations (3), § 137, 

by § 129, ^^ 

I I pr^ cos ddrdd 



ic = 



I jprdrdO 



(1) 

I jpr^smOdrdd 

y = — 

I j prdrdO 
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Ex. Find the center of gravity of the area bounded by the two circles 

r = aco8$, r = 6 cos $, (b > a) 

It is evident from the symmetry of the area (fig. 92) that y = 0. 

As the denominator of the fractions, after canceling p, is the area, it is 

, . 7r62 ira^ 1 

equal to = - tt (62 — a^). 

4 4 4 

The nilmerator for x becomes 

r^ cos edSdr = J (6« - a^)f^^coal^0de 

= i^(6»-a8).' 

^ Ij^ + ab + a^ 

.*. X = ; • 

2(6 + a) 
Fig. 92 v "^ / 

139. Center of gravity of a solid. To find the center of gravity 
of any solid we have merely to express the Am of formulas (1), 
§ 136, in terms of space coordinates and proceed as in § 137. For 
example, if rectangular coordinates are used. Am = pAxAyAz, and 

I I [pxdxdydz 

I I [pdxdydz 

I I \pydxdydz 
I I jpdocdydz 



x = 



j I I pzdxdydi 
I I I pdxdydz 



the work of derivation being Kke that of § 137. 

If desired, formulas (1) may be expressed in cylindrical or polar 
coordinates. 

Ex. Find the center of gravity of a body of uniform density, bounded by one 
nappe of a right circular cone of vertical angle 2 a and a sphere of radius a, the 
center of the sphere being at the vertex of the cone. 
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If the center of the sphere is taken as the origin of coordinates and the axis 
of the cone as the axis of 2, it is evident from the symmetry of the solid that 
x = y = 0. To find 2, we shall use polar coordinates, the equations of the sphere 
and the cone being respectively r=: a and = a. 

I I r COS . r^ sin <pd0d<pdr 
</o «/0 



Then 



z = 



JyQir nit /%a 
«/0 «/0 



r^ sin 4>d$d(f>dr 



The denominator is the volume of a spherical cone the base of which is a zone 
of altitude a(l — cos or); therefore its volume equals §7ra8(l - cos a) (§ 128). 

I I r^ cos sin <pded4>dr = 4- a^ ( I cos sin (f>d6d<l> 
Jo Jo Jo Jo 

= Ja*{l-cos2a) r ""de 
= J Tra* (1 — cos^a) . 
/. « = 1(1 + cos a) a, 

140. Volume. In §§ 126, 128 we found expressions for the 
element of volume in rectangular, in cylindrical, and in polar 
coordinates. The volume of a solid bounded by any surfaces 
will be the limit of the sum of these elements as their number 
increases indefinitely while their magnitudes approacli the limit 
zero. It will accordingly be expressed as a triple integral 

X* 7/2 z'^ 

Ex. 1. Find the volume bounded by the ellipsoid — + — + — = 1. 

a^ 52 (j2 

From symmetry (fig. 93) it 
is evident that the required 
voltime is eight times the vol- 
ume in the first octant 
bounded by the surface 
and the coordinate 
planes. 

In summing up the 
rectangular parallel- 
opipeds AxAyAz to 
form a prism with 
edges parallel to OZ, 
the limits for z are 



and c 






the latter being 
found from the 
equation of the 
ellipsoid. Y* 




Fig. 93 
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Summing up next with respect to y, to obtain the volume of a slice, we have 

1 as the upper limit. This latter limit is 

determined by solving the equation 1- — = 1, found by letting 2 = in the 

equation of the ellipsoid ; for it is in the plane 2 = that the ellipsoid has the 
greatest extension in the direction OY, corresponding to any value of x. 
Finally, the limits for x are evidently and a. 



Therefore V=s( ( ^ "^ ( "* ^'dxdydz 

Jo Jo Jo 

= J wcLbc. 

It is to be noted that the first integration, when rectangular 
coordinates are used, leads to an integral of the form 

where z^ and z^ are found from the equations of the bounding sur- 
faces. It follows that many volumes may be found as easily by 
double as by triple integration. 

In particular, if z^ = 0, the volume is the one graphically repre- 
senting the double integral (§ 121), 

Ex. 2. Find the volume bounded by the surface z = ae-(^+*'*) and the plane 

2 = 0. 

To determine this volume it will be advantageous to use cylindrical coordi- 
nates. Then the equation of the surface becomes z = ae- »■*, and the element of 
volume is (§ 128) rdrdSdz. 

Integrating first with respect to 2, we have as the limits of integration and 
ae- ^. If we integrate next with respect to r, the limits are and oo, for in the 
plane 2 = 0, r = oo, and as 2 increases the value of r decreases toward zero as a 
limit. For the final integration with respect to the limits are and 2 v. 

I / rdSdrdz 
Jo Jo 

i2ir /*ao 



/ re-*^dedr 
«/ 



J ^2 IT 
^ 



s^wa. 
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In the same way that the computation of the volume in Ex. 2 
has been simplified by the use of cylindrical coordinates, the com- 
putation of a volume may be simplified by a change to polar coor- 
dinates ; and the student should always keep in mind the possible 
advantage of such a change. 

141. Moment of inertia of a solid. The moment of inertia of a 
solid about an axis may be found as follows : Divide the solid into 
elements of volume, and let Am represent the mass of such an 
element. Let h and h+Ah represent the least and the greatest 
distances of any particle of Am from the axis. Then if Am is 
regarded as concentrated at the least distance, its moment of inertia 
would be h^Am; and if Am is regarded as concentrated at the 
greatest distance, its moment of inertia would be {h -t- AKfAm, 
If the moment of inertia of the entire solid is denoted by Jf, 

^h^Am<M<^{h^AhfAm, 

where the two sums include all the elements of volume into which 
the solid was divided. 

Lim ^ — -7—-^ = 1, when the number of the elements of 

A^Am 

volume increases indefinitely while their magnitude approaches 
the limit zero. 

Hence we define M by the equation 

Jf=Lim2j/i'Am. (1) 

It is to be noted that the cases of §§ 130-132 are but special 
cases of (1). 

The computation of M requires us to express (1) as a definite 
integral in terms of some system of coordinates, the choice of a 
particular system of coordinates depending upon the solid. 

Ex. Find the moment of inertia of a homogeneous sphere of density p and 
radius a about a diameter. 

"We shall take the center of the sphere as the origin of coordinates, and the 
diameter about which the moment is to be taken as the axis of z. The problem 
will then be most easily solved by using cylindrical coordinates. 

The equation of the sphere will be r'^ -\- z^ = a^, and dm = prdrdOdz, where p 
is the density ; also ^ = r, so that we have to find the value of the triple integral 

pfffr^dedrdz. 
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Integrating first with resp ect to g, we find the limits, from the equation of 
the sphere, to be — Vc^^-r^ and Vo^T-r^. Integrating next with respect to r, 
we have the limits and a, thereby finding the moment of a sector of the sphere. 
To include all the sectors, we have to take and 2 tt as the limits of $ in the last 

integration. .^ , 

M=p( If __ r^dddrdz, 

Jo Jo J - 



Therefore 



Vas - r» 



As a result of the first integration, 

>2ir /*a 



M=2pf f r^Va^-r^dedr. 
Jo Jo 



Making the next integration by a reduction formula or a trigonometric sub- 
stitution, we have -2ir 

M^^pa^ I de = ^ irpa^. 
Jo 

142. Attraction. In § 45 the attraction between two particles 

was defined, and the component in the direction OX of the attrac- 

Scos 0' 
— ^ Am, 

2 where Am represents an element of mass of 

the body, r^ may be considered the shortest 
distance from any point of the element to 
the particle, and 0^ is the angle between OX 
and the line r^.. This expression is entirely 
general, and similar expressions may be de- 
rived for the components of the attraction 
in the directions OY and OZ. 

Now that we can use double and triple 
integrals the application of these formulas 
is simplified. 

Ex. Find the attraction due to a homogeneous 

circular cylinder of density p, of heights, and radius 

of cross section a, on a particle in the line of the axis 

of the cylinder at a distance h units from 

^ one end of the cylinder. 

Take the particle at the origin of coor- 
dinates (fig. 94), and the axis of the cylin- 
der as OZ. Using cylindrical coor dinates , 
we have dm = prdrdddz and n = Vz^ + r^. 
From the symmetry of the figure the resultant components of attraction in 

the directions OX and OY are zero, and cos Oi = for the resultant 

component in the direction OZ. V« + r 




Fig. 94 
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Therefore, letting Ag represent the component in the direction OZ, we have 

Ag = p I I / dedrdz, 

Jo Jo Jb fz' + r-)^ 

where the limits of integration are evident from fig. 94. 

A, = p f""^ r( "" - '' )d^dr 

Jo Jo \V62 + r2 V{b + h)^ + rV 

= P f ''(a + V62 + a2 -V{b + A)2 + a2)(W 

t/O 



PROBLEMS 

1. Find the moment of inertia of the area between the straight lines aj + y = 1, 
x=l, and y = 1 about an axis perpendicular to its plane at 0. 

2. Find the moment of inertia of the area bounded by the parabolas y^ = 4ax 
+ 4 a2, y2 =3 _ 4 5a; + 4 62 about an axis perpendicular to its plane at 0. 

3. Find the moment of inertia of the area of the loop of the curve 62^2 — 
x^{a — x) about an axis perpendicular to its plane at O. 

4. Determine the moment of inertia about an axis perpendicular to the plane 
at the pole of the area included between the straight line r = asec^ and two 
straight lines at right angles to each other passing through the pole, one of these 
lines making an angle of 60° with the initial line. 

5. Find the moment of inertia of the area of one loop of the curve r = a cos 8 6 
about an axis perpendicular to its plane at the pole. 

6. Find the moment of inertia of the area of the cardioid r = a (cos ^ + 1) 
about an axis perpendicular to its plane at the pole. 

7. Find the moment of inertia of the area of one loop of the lemniscate 
r2 = 2 a2 cos 2 about an axis perpendicular to its plane at the pole. 

8. Find the moment of inertia of the total area bounded by the curve 
r2 = a2 sin 6 about an axis perpendicular to its plane at the pole. 

9. Find the moment of inertia of the entire area bounded by the curve 
r2 = a2 sin 3 about an axis perpendicular to its plane at the pole. 

10. Find the moment of inertia of the area of a circle of radius a about an 
axis perpendicular to its plane at any point on its circumference. 

11. Find the moment of inertia of the area of the circle r = a which is not in- 
cluded in the curve r=a sin 2 about an axis perpendicular to its plane at the pole. 

12. Find the moment of inertia about the axis of y of the area bounded by 
the hyi)erbola xy = a- and the line 2x ■\- 2y — 6a = 0. 

13. Find the moment of inertia about the axis of x of the area of the loop 
of the curve b'^y^ = x^ (a — x). 

14. Find the moment of inertia of the area of one loop of the lemniscate 
r2 = 2 a2 cos 2 about an axis in its plane perpendicular to the initial line at 
the pole. 
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15. Find the moment of inertia of the area of the cardioid r = a(cos^ + 1) 
above the initial line, about the initial line as an axis. 

16. Find the moment of inertia of the area bounded by a semicircle of radius 
2 a and the corresponding diameter, about the tangent parallel to the diameter. 

17. Find the area bounded by the hyperbola xy = a^ and the line 2x + 2y 
- 6 a = 0. 

18. Find the area bounded by the parabola x^ = 4 ay and the witch 
8a8 

^ ic2+4a2 

19. Find the area bounded by the lima^on r = 2 cos ^ + 8 and the circle 
r = 2 cos d. 

20. Find the area bounded by the confocal parabolas y^ = 4i ax -{- 4 a'^, 
2^2 = _46aj + 462. 

21. Find the area bounded by the circles r = a cos 6^ r = a sin $. 

22. Find the areas of the three parts of the circle x^ -^ y^ — 2(ix = into 
which it is divided by the parabola y^ = ax. 

23. Find thearea cut off from the lemniscate r^ = 2 a^ cos2 ^ by the straight 

hne r cos 6 = — a. 

2 

24. Find the area of the surface cut from the cylinder x^ + y^ = a^ by the 
cylinder y^ + z^ = a^. 

25. Find the area of the surface of a sphere of radius a intercepted by a right 
circular cylinder of radius J a, if an element of the cylinder passes through the 
center of the sphere. 

26. Find the area of the surface of the cone x^ + y^ — z^ = cut out by the 
cylinder x^ + 2/^ — 2 ox = 0. 

27. Find the area of the surface of the cylinder x"^ -\- y^ — 2ax = bounded 
by the plane XOY and a right circular cone having its vertex at O, its axis 
along OZ, and its vertical angle equal to 90°. 

28. Find the area of the surface of the right circular cylinder z^ + (x cos a 
+ y sin a)2 = a2 included in the first octant. 

29. On the double ordinates of the circle x'^ + y^ = a^ os bases, and in planes 
perpendicular to the plane of the circle, isosceles triangles, each with vertical 
angle 2 a, are described. Find the equation of the convex surface thus formed, 
and its total area. 

30. Find the area of the surface z = xy included in the cylinder (x^ + y^)^ = 
x2 - 2/2. 

31. Find the area of the sphere x2 + 2^2 _^ ^2 = ^2 included in the cylinder 
with elements parallel to OZ, and having for its directrix in the plane XOF" a 

single loop of the curve r = a cos 3 d. 

x^ — y^ 

32. Find the area of that part of the surface z = — the projection of 

2a 

which on the plane XOY is bounded by the curve r^ =a^ cos^. 
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33. Find the area of the sphere x^ + y^ 4. ^2 _ 4 ^2 bounded by the intersec- 
tion of the sphere and the right cylinder, the elements of which are parallel to 
OZ and the directrix of which is the cardioid r = a (cos 5 + 1) in the plane XOY. 

34. Find the center of gravity of the plane area bounded by the parabola 
x^ 4- y^ = a* and the line x-{-y = a. 

35. Find the center of gravity of the plane area bounded by the parabola 

x^ = 4 ay and the witch y = 

ic2 + 4 a2 

36. Find the center of gravity of the plane area bounded by the cissoid 

2/2 = and its asymptote. * 

2a — X 

37. Find the center of gravity of the area of the part of the loop of the 
curve a*y2 = a^x* — ofi which lies in the first quadrant. 

38. Find the center of gravity of the area in the first quadrant bounded by 
the curves x^ + y^ = a' and x^ + y2 = q2^ 

39. Find the center of gravity of the plane area bounded by OX, OF, and 
the curve x^-\- y^ = a^. 

40. A plate is in the form of a sector of a circle of radius a, the angle of the 
sector being 2 cr. If the thickness varies directly as the distance from the center, 
find its center of gravity. 

41. How far from the origin is the center of gravity of the area included in 
a loop of the curve r = a cos 2 5? 

42. Find the center of gravity of the area bounded by the cardioid r = 
a (cos 5 + 1). 

43. Find the center of gravity of a thin plate of uniform thickness and den- 
sity in the form of a loop of the lemniscate r^ = 2 a^ cos 2 5. 

44. Find the center of gravity of a homogeneous body in the form of an 

jp2 y2 ^2 

octant of the ellipsoid h — H — = 1- 

q2 52 q2 

45. Find the center of gravity of the homogeneous solid bounded by the 
surfaces z = fcix, z = hzxilc^ > fci), x^ + y2 = 2 ax. 

0^2 4/2 ^2 

46. The density of a solid bounded by the ellipsoid \-^-\ — = 1 varies 

a2 o2 c2 

directly as the distance from the plane YOZ. Find the center of gravity of the 
portion of this solid lying in the first octant. 

47. Find the center of gravity of the homogeneous solid bounded by the 
surfaces « = 0, y = 0, y = 6, hH^ = y2 (a2 — x2). 

48. A homogeneous solid is bounded by a sphere of radius a and a right 

circular cone, the vertical angle of which is — •, the vertex of which is on the 

3 

surface of the sphere, and the axis of which coincides with a diameter of the 
sphere. Find its center of gravity. 

49. Find the center of gravity of a right circular cone of altitude a, the den- 
sity of each circular slice of which varies as the square of its distance from the 
vertex. 
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50. Find the center of gravity of an octant of a sphere of radius a, if the 
density varies as the distance from the center of the sphere. 

51. Find the center of gravity of a homogeneous solid bounded by the sur- 
faces of a right circular cone and a hemisphere of radius a, which have the 
same base and the same vertex. 

52. Find the volume bounded by the surface x* + y* + z^ = c^ and the co5r- 
dinate planes. 

53. Find the volume of the part of the cylinder x^ + y^ _ 2 ox = included 
between the planes z = kix^ z = A:2x(A:i < ^2). 

igS 2/2 ^4 

54. Find the total volume bounded by the surface h — H — = !• 

55. Find the volume included in the first octant of space between the coor- 
dinate planes and the surface y^ — IQyl — | 4-8«jl )=0. 

56. Find the volume in the first octant bounded by the surfaces z=(x-{- y)^, 
z^-{-y^ = aK 

57. Find the volume bounded by the surface ft^^a — yi {^^ _ a;2j and the planes 
y = and y — h. 

58. Find the volume bounded by the surfaces aa; = xy, x 4- y + 2; = a, 2 = 0. 

59. Find the volume bounded by the cylindroid z^ = x-\-y and the planes 
X = 0, y = 0, 2; = 2. 

60. Find the volume of the paraboloid y*^ ■\- z'^ = %x cut off by the plane 
y = 2x-2. 

6 1 . Find the volume bounded by the surfaces z = ox^ -|- 6y2^ y^=2cx—x'^, z=0, 

62. Find the volume bounded by the surfaces x^ + y^ = ax, x^ + y2 = bz^ z = 0. 

63. Find the total volume bounded by the surface x^ 4- y^ 4- «' = a'. 

64. Find the volume cut from a sphere of radius a by a right circular cyl- 
inder of radius - , one element of the cylinder passing through the center of the 
sphere. 

65. Find the volume bounded by the surfaces 2 = a(x + y), 2; = a(x2 4- y^). 

66. Find the volume bounded by the surfaces 2; = 0, 2 = ar^, r = b cos 0. 

67. Find the total volume bounded by the surface (x^ + y^ 4- z^)^= 27a^xyz. 
(Change to polar coordinates.) 

68. Find the volume bounded by a sphere of radius a and a right circular 
cone, the axis of the cone coinciding with a diameter of the sphere, the vertex 
being at one end of the diameter and the vertical angle of the cone being 60°. 

69. Find the total volume bounded by the surface (x^ 4- y^ -|- z^Y = axyz. 

70. Find the volume of the sphere x^ -|- y^.-\- z^ = a^ included in a cylinder 
with elements parallel to OZ^ and having for its directrix in the plane XOY one 
loop of the curve r^ a cos 3 9, 
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71. Find the volume bounded by the plane XOY^ the cylinder z^-\-y^'-2ax 
= 0, and the right circular cone having its vertex at 0, its axis coincident with 
OZ^ and its vertical angle equal to 90°. 

72. Find the total volume bounded by the surface r^ -{■ z^ = ar (cos ^ + 1). 

X^ 4#2 £2 

73. Find the moment of inertia of a homogeneous ellipsoid — |- ^ + — = 1, 
of density p, about OX. or c 

74. Find the moment of inertia about its axis of a homogeneous right cir- 
cular cylinder of density />, height A, and radius a. 

75. A solid is in the form of a right circular cone of altitude h and vertical 
angle 2 a. Find its moment of inertia about its axis, if the density of any par- 
ticle is proportional to its distance from the base of the cone. 

76. The density of a solid sphere of radius a varies as the distance from a 
diametral plane. Find its moment of inertia about the diameter perpendicular 
to the above diametral plane. 

77. A homogeneous solid of density p is in the form of a hemispherical 
shell, the inner and the outer radii of which are respectively ri and r2. Find 
its moment of inertia about any diameter of the base of the shell. 

78. A solid is bounded by the plane 2 = 0, the cone z = r (cylindrical coor- 
dinates), and the cylinder having its elements parallel to OZ and its directrix 
one loop of the lemniscate r^ = 2 a^ cos 2 ^ in the plane XOY. Find its moment 
of inertia about OZ^ if the density varies as the distance from OZ. 

79. Find the attraction of a homogeneous right circular cone of mass 3f, 
altitude A, and vertical angle 2 a on a particle at its vertex. 

80. A portion of a right circular cylinder of radius a and uniform density p 
is bounded by a spherical surface of radius 6(6>o), the center of which coin- 
cides with the center of the base of the cylinder. Find the attraction of this 
portion of the cylinder on a particle at the middle point of its base. 

81. Find the attraction due to a hemisphere of radius a on a particle at the 
center of its base, if the density varies directly as the distance from the base. 

82. The density of a hemisphere of radius a varies directly as the distance 
from the base. Find its attraction on a particle in the straight line perpendic- 
ular to the base at its center, and at the distance a from the base in the direc- 
tion away from the hemisphere. 

83. A homogeneous ring is bounded by the plane XOY^ a sphere of radius 
2 a with center at 0, and a right circular cylinder of radius a, the axis of which 
coincides with OZ. Find the attraction of the ring on a particle at 0. 



CHAPTEE XIV 

LINE INTEGRALS AND EXACT DIFFERENTIALS 

143. Definition. Let C (fig. 95) be any curve in the plane XOr 
connecting the two points L and K^ and let M and N be two func- 
tions of X and y which are one-valued and continuous for all points 

on C Let C be divided into n seg- 
ments by the points ^, ^, ^, • • • , ^_i, 
and let Aaj be the projection of one of 
these segments on OX and Ay its pro- 
jection on Y. That is, Aaj = a:?^.^ ^ — x.. 
Ay = yi+i—yi, where the values of Ax 
o '-^ and Ay are not necessarily the same 

for all values of i. Let the value of 
M for each of the n points X, ^, i^, • • •, j^_j be multiplied by the 
corresponding value of Ax, and the value of iV for the same point 
by the corresponding value of Ay, and let the sum be formed 

« = n-l 

^[M{x„ y^Ax-\-N(x,, y,)Ay\ 

t=0 

The limit of this sum as n increases without limit and Ax and 
Ay approach zero as a limit is denoted by 




/ 



{Mdx + Ndy), 

'(C) 

and is called a line integral along the curve C. The point K may 
coincide with the point Z, thus making C a closed curve. 

If X and y are expressed in terms of a single independent vari- 
able from the equation of the curve, the line integral reduces to a 
definite integral of the ordinary type; but this reduction is not 
always convenient or possible, and it is important to study the 
properties of the line integral directly. 

We shall give first a few examples, showing the importance of 
the line integral in some practical problems. 

268 
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Ex. 1. Work. Let us assume that at every point of the plane a force acts, 
which varies from point to point in magnitude and direction. We wish to find 
the work done on a particle moving from L \x) K along the curve C. Let G be 
divided into segments, each of which is denoted by As and one of which is rep- 
resented in fig. 96 by PQ. Let F be the force 
acting at P, PR the direction in which it acts, 
PT the tangent to C at P, and e the angle 
BPT. Then the component of F in the direc- 
tion PTisF cos 0, and the work done on a par- 
ticle moving from P to Q is Fcos 6 As, except for 
infinitesimals of higher order. The work done 
in moving the particle along C is, therefore. 



s- 



W=ljimyFcoseA8 






cos dds. 








X 



Fig. 96 



Now let a be the angle between PR and OX, and <p the angle between PT 
and OX. Then = <p — a and cos = cos <f> cos a -H sin <^ sin a. Therefore 



W= I {F cos <p cos a + F sin <p sin a) ds. 



'(C) 

But i^'cos a is the component of force parallel to OX and is usually denoted by 
X. Also Fsin a is the component of force parallel to OF and is usually denoted 
by Y. Moreover cos <f)ds = dx and sin <pd8 = dy (§ 42). Hence we have finally 



W= f (Xdx + Ydy). 

J(C) 



Ex. 2. Flow of a liquid. Suppose a liquid flowing over a plane surface, the 
lines in which the particles flow being indicated by the curved arrows of fig. 97. 
We imagine the flow to take place in planes parallel to XOY, and shall assume 

the depth of the liquid to be unity. We wish to 
find the amount of liquid per unit of time which 
flows across a curve C. 

Let q be the velocity of the liquid, a the angle 
which the direction of its motion at each point 
makes with OX, u = q cos a the component of 
velocity parallel to OX, and v = qsina the com- 
ponent of velocity paralleL to OY. Take an ele- 
ment of the curve PQ = As. In the time dt the 
particles of liquid which are originally on PQ will 
flow to P'Q;, where PR = QQ' = qdt (except for 
infinitesimals of higher order). The amount of liquid crossing PQ is therefore 
the amount in a cylinder with base PQQ'P' and altitude unity. The volume 
'of this cylinder is PP' • PQ sin = qdt sin 0As, where = P'PQ. Hence the 
amount of liquid crossing the whole curve C in the time dt is 

Lim V qdt sin 0As = dt Itim^q sin 0As = dt i q sin 0ds 
and the amount per unit of time is 




Fig. 97 






q sin 0ds. 
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To put this in the standard form, let <f> be the angle made by PQ with O^. 
Then = 4> — a and sin ^ = sin cos a — cos <f) sin a. Hence 

q sin dds = q sin <^ cos ads — q cos sin ads = — wdx + udy. 
Therefore the amount of liquid flowing across C per unit of time is 



J( — vdx + vdy). 



'(C) 

Ex. 3. Heat. Consider a substance in a given state of pressure p, volume u, 
and temperature t. Then p, u, ^ are connected by a relation /(p, », i) = 0, so 
that any two of them may be taken as independent variables. For a perfect gas 
pv = kt^ if t is the absolute temperature, and the state of the substance is indi- 
cated by a point on the surface of fig. 66, or equally well by a point on any one 
of the three coordinate planes, since a point on the surface is uniquely deter- 
mined by a point on one of these planes. We shall take t and v as the inde- 
pendent variables and shall therefore work on the (<, ») plane. 

Now if Q is the amount of heat in the substance and an amount dQ is added, 
there result changes dp, d», dt in p, r, and t respectively, and, except for infin- 
itesimals of higher order, ^^ ^ ^^^ ^ ^^ ^ ^^ 

From the fundamental relation /(p, v, t) = 0, it follows that 

^dp + ^d« + ?^di = 0, 
dp cv dt ' 



whence we have 



dQ=Mdt + Ndv. 



Hence the total amount of heat introduced into the substance by a variation 
of its state indicated by the curve C is 



Q= f (Mdt + Ndv). 



'(C) 

Ex. 4. Area. Consider a closed curve C (fig. 98) tangent to the straight lines 
X = a, X = 6, y = d, and y = e, and of such shape that a straight line parallel to 

either of the coordinate axes intersects it in 
not more than two points. Let the ordinate 
through any point M intersect C in Pi and 
P2, where MPi = yi and MP2 = ^2* Then, 
if A is the area inclosed by the curve, 

y2dx — I yidx 

a *^a 

y2!dx — / yidx 

h Ja 




A M 



Fig. 98 



= - r ydx. 



the last integral being taken around C in a"direction opposite to the motion of 
the hands of a clock. 
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Similar!;, if the line JTQg intersects C in Qi and Qi, where JTQi = Zi and 
J^Q, = xj, we have ^ ^ 

4 =J x^y —J Xidy 



= Jxtiiy+j' Xtdy 
= f xdV, 



the last luUgral being taken also ii 
lianda of a. clock. Bj adding the U 



o the motion of the 



2A= C i-ydx + xdy). 



If we apply tbis to Und the area of an ellipse, we may take x = a coa ^, 
]/ = 6Bin« (I, §166). Then.4 = ^r oftd^ = n-aft. 

144. Fuadameatal theorem. In using int^rals arouDd closed 
curves, we need some means of distinguishing between the two 
directions in which the curve 



may be traversed. Accordingly, 
when the curve is a portion of 
the boundary of a specified area, 
we shall define the positive direc- 
tion around the curve as that in 
which a person should walk in 
order to keep the area on his left 
hand. Thus in fig. 99, where the 
shaded area is bounded by two 

curves, the positive direction of each curve is indicated by the ai 
With this convention, the fundamental theorem in the i 
line int^rals is as follows ; 




If M,N, 
area A and 



dM 



and —— are continuous and one-valued w 



1 its boundary curve C, then 



{Mdx + JVdjf), 



where the double integral is taken over A and the line integral is 
taken in the positive direction around C. 
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To prove this, we shall first assume that the closed area is of 
the form described in Ex. 4, § 143, and shall use the notation of 
that example and fig. 98. Then 



j f "^ ^^y 



Cy 



■\ ax \ -^dy 

%J a :*J Vx 



dy 



= i [M{x, y^—M{x, yj\dx 
f M{x, y^dx— j M{x, y^)dx 

a %Ja 

\ M{Xyy^dx-- I M{x,y^)d 

b Ja 

= — I MdXy 



(1) 



the last integral being taken in the positive direction around C, 
Similarly, 

By subtracting (2) from (1) we have the theorem proved for a 

closed curve of the simple type considered. 

The theorem is now readily extended to any area which can be 

cut up into areas of this simple type. For example, consider the 

area bounded by the curve C (fig. 100). 
By drawing the straight line LK the 
area is divided into three areas A!y A", 
-4'", and the theorem applied to each 
of these areas. By adding the three 
equations obtained we have on the 
left-hand side of the new equation the 
double integral over the area bounded 
by C, and on the right-hand side the 
line integral along C and the straight 

line LK traversed twice in opposite directions. The integrals 

along the line LK therefore cancel, leaving only the integral 

around C, 




Fig. 100 
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Fig. 101 



The theorem is also true for areas bounded by more than one 
curve. Consider, for example, the area bounded by two curves C 
and C (fig. 101). By drawing 
the line LK the area is turned 
into one bounded by a single 
curve, and the theorem may be 
applied to it. It appears that 
the line integral is taken twice 
along LK in opposite directions, 
and these two integrals cancel 
each other. The result is that 
the double integral over the area 
is equal to the line integral around each of the boundary curves 
in the positive direction of each. In the same way the theorem is 
shown to hold for areas bounded by any number of curves. 

Ex. If M=y and N = — x^ we have 

jj2 dxdy = — j{ydx — xdy), 
agreeing with the result of Ex. 4, § 143. 

145. Line integrals of the first kind, ^ = || . If MandN 

are two functions of x and y, such that = — > and the discus- 

dy dx 

sion is restricted to a portion of the (x, y) jplane in which My iV, 
i and -T— are continuous and one-valued, then 



dy dx 

(1) The line integral I {Mdx -\-Ndy) around any closed 



curve 



%s zero. 



(2) The line integral j {Mdx-^-Ndy) between any two points is 

a function of the coordinates of the points, and is independent 
of the curve connecting the points, , , 

(3) There exists a function </> (x, y) such that —=M, -^ = iV. 

Conversely, if any one of the conclusions (1), (2), or (3) is fulfilled, 

,, oM dJsr 

then — = — • 
dy dx 
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To prove (1), consider the fundamental theorem of § 144. It 

is at once evident that if — = — > | {Mdx -{-Ndy) = around any 
closed curve. ^ ^ 

To prove (2), let L and K be any two points, and C and (7' 
(fig. 102) any two curves connecting them. Let / be the value 
of the line integral from L to JT along C, and P the value of the 
line integral from Lio K along C". Then -- 2' is the value of the 
line integral from ^ to X along C Now by (1) 



o 




Therefore 






To prove (3), consider the line in- 
tegral /*(x.|f) 

X / {Mdx-^-Ndy), 

Fig. 102 J{xo,vo) 

where (x^, y^) is a fixed point and (x, y) a variable point. By (2) 
this integral is independent of the path and is therefore fully 
determined when {Xy y) is given. Hence, by the definition of a 
function of two variables, we may write 



J ^ 

^ (a-o. yo) 



Then 



(Mdx + Ndy) = <^ (a;, y). 

J/»(a: + A, F) 
' {Mdx + Ndy\ 

(xn 



(XQ, Vo) 



and since this integral is independent of the curve connecting the 
upper and the lower limits, we may take that curve as drawn first 
to {x, y) and then along a straight line to {x + h, y). Then 

Jr* (x, y) /^ (x + A, y) 

' (Mdx + Ndy) + I (Mdx + Ndy) 

(ar©, Vo) */ (a:, y) 

J/^x + h 
I M{x,y)dx, 
X 

since in the last integral y is constant and dy = 0. 
Then, by § 30, 

(l>(x + h, y)-<f>(x, y) = hM{i, y), {x<i<x^h) 



whence 



h 
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Letting h approach zero and taking the limit, we have 

In like manner we may show that 

and the third conclusion of the theorem is proved. It is to be 
noted that <^ is determined except for an arbitrary constant which 
may be added. This constant depends upon the choice of the fixed 
point Z. If another point L' is chosen, the value of <f> differs from 
that obtained in using L by the value of the line integral between 
L and L\ 

We must now show that, conversely, if any one of the conclusions 

of the theorem is fulfilled, then — = 

dy dx 

Let us first assume that the integral around any closed path 

whatever is zero ; we wish to show that = 0. If 

dy dx dy dx 

is not zero at all points, let us suppose it is not zero at a particular 

point K, Then, since — - and -7- are continuous functions by hy- 

dM dN ^ ^^ 

pothesis, is also a continuous function, and hence has, at 

dy dx 

points sufficiently near to K, the same sign which it has at K. 

It is therefore possible to draw a closed curve aroimd K, so that 

dM dN 

— ^ has the same sign for all points in the area bounded by the 

dy dx rr/^M dN\ 

curve. Then ( ( ( | dxdy taken over this area is not zero, 

JJ\dy dx) ^ 

and therefore I {Mdx + Ndy) taken around the bounding curve is 
not zero. But this is contrary to the hypothesis that | {Mdx -\- Ndy) 

taken around any curve whatever is zero. Hence — = — at all 

. . dy dx 

pomts. ^ 

Let us now assume that | {Mdx 4- Ndy) between any two points is 
independent of the curve connecting the points. This is equivalent 
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t4> assmning that the integral around a closed curve is zero, and 

hence, as alreadr shown, — = — ^- 

cy ex 

Finally, let us assume that a function ^ exists such that 

— = My — = X. Then it follows that -^— = -^9 since each is 
ex cy cy ex 

equal to — ^- 
exey 

The theorem of this article is now completely proyed. 



/ 



Ex-l. Letjr= =^» :V^= ; then — = — = — Hence 

-vdx + xdf ^* + y* x2 + y« cy ex (x* + y«)* 

— ^— = 0, if taken around a closed curve within which Jf, 3r, and 

a^ + y* 

their deriYatives are finite and continuous. These conditions are met if the 
curve does not inclose the origin. In fact, if we introduce polar coordinates, 

placing x = r cos $ y = r sin 0, then / = fdff. Now, for any path 

•^ x^-\-y^ J 

which does not inclose the origin, $ varies from its initial value a back to the 
same value, and therefore j dd = 0. If the path winds once around the origin, $ 
varies from a to a + 2 ir, and therefore idS = 2v. 

The function ^ of the general theorem is, in this example, equal to = tan- ^ - . 

X 

Ex. 2. Work. If X and T are components of force in a field of force, and 

— = — f then the work done on a particle moving around a closed curve is 
dy CX 

zero, and the work done in moving a particle between two jK)ints is independent 
of the path along which it is moved. Also there exists a function ^, called a 
force function, the derivatives of which with respect to x and y give the com- 
ponents of force parallel to the axes of x and y. It follows that the derivative 
of 4> in any direction gives the force in that direction (Ex., § 111). Such a force 
as this is called a conservative force. Examples are the force of gravity and 
forces which are a function of the distance from a fixed point and directed along 
straight lines passing through that point. 

Ex. 8. Flow of a liquid. If we consider a liquid flowing as in Ex. 2, § 143, it is 
clear that the net amount which flows over a closed curve is zero, since as much 
must leave the closed area as enters, there being no points within the area at 

which liquid is given out or drawn off. Hence M— vdx + udy), taken over any 

closed curve, is zero : and consequently 1 = 0. There exists also a function, 

dy dx 

B\p c\i^ 

tisually denoted by f , such that -^ = — r, -^ = ti. 

dx cy 
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146. Line integrals of the second kind, -r— ^^-r-* In case M 

and N are, such functions that — ^ — > the value of the line inte- 

/oy ox 
(Mdx-\-Ndy) depends upon the path, and there exists no func- 
tion of which M and N are partial derivatives. 

(ydx — xdy). 

(0,0) 

Let us first integrate along a straight line connecting and Pi (fig. 103). 
The equation of the line is y= — as, and therefore along this line ydz — xdy = 0, 

and hence the value of the integral is zero. 

Next, let us integrate along a parabola connecting 

and Pi, the equation of which my^ziz—x. Along this 
parabola ^ 



(ydx^xdy) = — — / Vxdx = ixiyi. 
(0, 0) 2 V Xi •'o 




Next, let us integrate along a path consisting of the pj^ ^03 

two straight lines OMi and MiPi. Along 03fi, y = 
and dy = 0; and along JlfiPi, x = xi and dx = 0. Hence the line integral 

reduces to — / Xidy = — Xiyi. 
Jo 

Finally, let us integrate along a path consisting of the straight lines ONi 
and NiPi. Along OiVi, x = and dx = ; and along NiPi, y = yi and dy = 0. 

yidz = XiVi. 



Ex. 2. Work. If the components of force X and Y in a field of force are 

r) JIT r)V 

such that — ^ — , then the work done on a particle moving between two 
dy dx 

points depends upon the path of the particle, the work done on a particle 
moving around a closed path is not zero, and there exists no force function. 
Such a force is called a nonconservative force. 

Ex. 3. Heat. If a substance is brought, by a series of changes of temperature, 
pressure, and volume, from an initial condition back to the same condition, 
the amount of heat acquired or lost by the substance is the mechanical equiva- 
lent of the work done, and is not in general zero. Hence the line integral 

Q= f (Mdt-}-Ndv) around a closed curve is not zero, and there exists no function 

whose partial derivatives are M and N. In fact, the heat Q is not a function of 
t and tJ, not being determined when t and v are given. 

Ex. 4. Adidbatic lines. The line integral uMdt -i-Ndv) of Ex. 3 is zero if taken 
along a curve whose differential equation is 

Mdt + Ndv = 0. 
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We will change this equation by replacing the variable t by p, which can be 

done by means of the fundamental relation /(p, v, t) = 0. 

It is shown in the theory of heat that for a perfect gas the equation then 

becomes 

vdp + ypdv = 0, 

where 7 is a constant. The solution of this equation is 

pv^ = c. 

If, then, a gas expands or contracts so as to obey this law, no heat is added 
to or subtracted from it. Such an expansion is called adiabatic expansion, and 
the corresponding curve is called an adiabatic curve. 

The mathematical interest here is in the concrete illustration of a line integral 
being zero along any portion of a certain curve or family of curves. 

In the line integrals of the kind before us, ( — =#= — |> there is 

\dy dx) 

still a meaning to be attached to M and N, For, suppose the inte- 
gral to be taken along the straight line y = c from x to x+^x, 
and let ^u be the value of the integral ; that is, 

»(«+Aa:, y) 



' {Mdx + Ndy) 



f M{x, y) dx 

X 

==AxM(^,y), (§30) 

where a; < f < x+Ax. 

Consequently lim — = M(x, y). 

Similarly, lim — =N(x,y), 

We shall write these two equations as 

dx)^ \dy)^ 

It is to be noticed that these derivatives are of dififerent 
character from the partial derivatives of Chap. XI, since u is 
not a function of x and y. The property proved in § 117 does 
not hold here. 
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Ex. 6. Heat. Returning to the notation of Ex. 8, we have 

\dt/v \dv/t 

M is the limit of the ratio of the increment of heat to the increment of tem- 
perature when the volume is constant. Therefore, if we consider M as sensibly 
constant while the temperature changes by unity, M may be described as the 
amount of heat necessary to raise the temperature by one unit when the volume 
is constant. 

Similarly, N may be described as the amount of heat necessary to change the 
volume by one unit when the temperature is constant. 

147. Exact differentials. We have seen that if M and N are 
two functions of x and y satisfying the condition — = — > there 

exists a function d> such that — = Jf. — =iNr. Then 

^ dx dy 

Mdx + Ndy =^ — dx -{- — dy = d(f>, 

dx dy 

and Mdx -{-Ndy is called an exact differential* Then also 

(Mdx + Ndy) = <f> (x^, y^ — ^ {x^, y^), 

the integral being independent of the curve connecting (x^^ y^) and 
{^v Vi)' "^^^ fimction <f> may be found by computing the line inte- 
gral along a conveniently chosen path, but it is usually more con- 

venient to proceed as f oUows : Since -^ = M(x, y), it follows that 

/ox 
M(x, y) dx, where y is considered constant, will give that part 

of <l> which contains x, but not necessarily all the part which 
contains y. We may write, therefore, 

<l> (^> y) = f^dx +'f{y), 

where f{y) is a function of y to be determined. This determination 
is made by using the relation — =N, Then -— I Mdx -hf^y) = iV, 

if if %/ 

which is an equation from which f(y) may be found. 

*In § 110, where the emphasis is on the fact that both a; and y are varied, d<p is 
called a total differential. Here the emphasis is shifted to the fact that d<i> is exactly 
obtained by the process of differentiation, and hence it is called an exact differential. 



/ 
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This method is valuable in solving the equation 

when the condition — = — is satisfied. Such an equation is 

dy dx ^ 

called an exact differential equation. Its solution is 

<^ = c, 

where c is an arbitrary constant and <^ is the function obtained in 
the manner just described. 

Because of the importance of the method of obtaining <^, we give 
it in a rule as follows : 

Integrate I Mdx, regarding y as constant and adding an unknown 

function ofy; differentiate the result with respect to y and equate 
the new result to N ; from the resulting equation determine the 
unknown function of y. 

If more convenient, the above rule may be replaced by the 
following : 

Integrate I Ndy, regarding x as constant and adding an unknown 

function of x ; differentiate the result with respect to x and equate 
the new result to M ; from the resulting equation determine the 
unknown function of x, 

Ex. 1. (4aj8 + lOxyS - 3y*)dx + (16ajV - 12 xy^ + 6y*)dy = 0. 

Here — = 30 xy^ _ 12 ys = — , and the equation is therefore exact. Pro- 
dy dx ^ 

ceeding according to the rule, we have 

= J(4a:8 + lOa^s _ Zy^)dz +f{y) 

= x* + 6xV - 3xy* +/(?y). 

Then from — = ^, we have 
dy 

16xV - 12xy8 -hf{y) = 15x2y2 - 12xy8 + 6y*, 

whence /'(y) = 6y*, and/(y) = y^. The sohition of the differential equation is 

therefore 

X* + 6 xV* — 3 xy* + y6 = c. 



z^ 
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Ex.2. /- /^ \dx4- ^ dy-Q. 

\x xVy2 -xV Vy2_x2 



dM X dN 

Here — = = — » and the equation is therefore exact. Following 

dy (y2 _ x2)3 dx 
the second rule, we have 

From — = 3f, we have 



V2/2 _ x2 (y + Vy2 _ x2) * xVy2_x2 

whence /' (x) = 0, and f{x) — c. Hence the solution of the differential equation is 

log {y + Vy2 _ a;2) = c', 
which reduces to x2 — 2 cy + c2 = 0. 

148. The integrating factor. We have seen that Mdx + Ndy is 

not an exact differential when — ^ But in all cases there 

dy dx 

exist an infinite number of functions such that, if Mdx + ^dy is 
multiplied by anj'^ one of them, it becomes an exact dififerential. 
Such functions are called integrating factors. That is, if fi is one 
of the integrating factors of Mdx •+■ Ndy^ then, by definition, 
^ {Mdx -I- Ndy) is an exact differential. 

• Ex. 1. The expression ydx — xdy is not an exact differential. But 

ydx — xdy _ ^/ _y\ 
x2 ~ V ^/ 

^^-^^^ = d(tan-i?), 



x2 + y2 

ydx — xdy 



= .(.og^) 



xy 

are exact differentials, and the functions — ? » — are integrating factors. 

' x2 x2 + y2 xy 5 5 

To show that integrating factors always exist, we shall need to 
assume (§ 173) that the differential equation 

Mdx + Ndy = (1) 

has always a solution of the form 

f{x, y, c) = 0, (2) 

where c is an arbitrary constant, and that (2) can be written 

^ («, y) = c. (3) 
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C{f> 

Now (3) gives us -^ == — -_- , 

dy 



and (1) gives us 



dx n' 



dy 



and since (3) is the solution of (1), these two values of -^ must be 
the same. That is. 

dx _^dy _ 

where ft is some function of x and y. Consequently 

liiMdx^-Ndy) = ^dx-\-^dy = dd>, ' 

dx dy 

and therefore /jl is an integrating factor. 

To prove that there is an infinite nimiber of integrating factors, 
multiply the last equation by f(<f>), any function of <^. Then 

,if{<f>) Mdx + tif{4>) Ndy =f{4>) d<f>. 

But f{<^)d^ is the exact differential of the function I /(<l>)d<f>. 
Hence /a/(<^) is an integrating factor of Mdx + Ndy. 

Ex. 2. Heat. It has been noticed (§ 146, Ex. 8) that CdQ around a closed 
path is not zero, and consequently dQ is not an exact differential. It is found 

in the theory of heat that f — around a closed path is zero. Hence — is an 

* . dQ * 

exact differential, and we may write -^ = d4>. The function 0, thus defined, is 

called the entropy. 

149. No general method is known for finding integrating factors, 
but the factors are known for certain cases. We give a list of the 
simpler cases, leaving it as an exercise for the student to verify by 
differentiation that each of the equations mentioned satisfies the 
condition for an exact differential equation after it is multiplied 
by the proper factor. 
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dM__dN 

7^11 fix \ f(.x)dx 

1. If -^ =/(^)> then 6"^ is an integrating factor of 

MdX'\-Ndy = Q. 

dM . dN 

2. If — =f{y)> then e •' is an integrating factor of 

Mdx'\-Ndy=0. 

3. If M and iV are homogeneous and of the same degree, then 

is an inteffratinff factor of Mdx + Ndy = 0. 

xM-\-yN 6 5 1 

4 liM= yf^{xy\ iV= xf^{xy) ; then ^^__ ^ is an integrating 
factor of Mdx -\-Ndy = 0. ^ 

5. e-^ ^ is an integrating factor of the linear equation -^ + 

As a practical point, the student should look for an integrating 
factor only after he has tried to integrate by other methods. 

Ex. 1. (4a;22/ - Zy^)dx + (z^ - 3xy)dy = 0. 

dM dN 

Here —2 = - . 

N X 

Cdx 

Consequently e^ * = » is an integrating factor. After multiplication by the 
factor, the equation becomes 

(4x8y - 3xy^)dx + (x* - 3x2y)dy = 0, 

the integral of which is x^y — ^ x^y^ = c. 

Ex. 2. (x2 - ifi)dx + 2xydy - 0. 

Since this equation is homogeneous, it has the integrating factor 

11 

x3f + yiV ~ x8 + X2/2 ' 
After multiplication by the factor, the equation becomes 

x2-y2^ 2xy 
x8 + xy2 aj8 + xy2 

\a;2 + y2 a;/ x2 + y2 ^ 

the solution of which is log (x2 + y2) _ log x = cf, 

or X + — = c. 

X 
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For this equation we have also 

dM dN 

dy dx _ 2 

N ~"x* 

Hence it has also the integrating factor 

/-i^x 1 

After multiplication by this, the equation becomes 

\ xy X 

the solution of which is x ■\ — = c. 

X 

The equation may also be solved by the substitution y = vx(% 78). 

150. Stokes's theorem. The theorems of §§ 144-145, which are 
limited to a plane, may be extended to space as follows : If P, Qy R 

are three functions of a?, y, and z, the 
line integral 




I {Pdx + Qdy + Rdz) 



Fig. 104 



along a space curve is defined in 
a manner precisely similar to the 
definition of § 143. Let the integral 
be taken around a closed curve C 
(fig. 104) and let a surface S be 
bounded by C, Let dS be the element of area of the surface and 
cos a, cos ^, cos 7 be the direction cosines of its normal: Then 

MdQ dR\ . (dR dP\ r, . (dP dQ\ ] ,^ 

--^~— cosa+ — ~— C0S/3+ — --^ cos7k^ASr 
dz dy) \dx dzj \dy dx) J 

= — I {Pdx -I- Qdy + Rdz)y 

where the double integral is taken over the surface S and the 
single integral is taken around (7, and the direction of the line 
integration and that of the normal to S have the relation of 
fig. 104. 
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To prove this, let z =/(a;, y) be the equation of 8, and consider 

— I F{x,y,z)dx. 

Then, since F(Xy y, z)=F[x, y,f{x, y)] = Ii{x, y), the values of 

F which correspond to points on C are the same as the values of -^ 

which correspond to points on C, the projection of C on the plane 

XOY. Hence ^ ^ 

- I Fdx = - t J^dx, (1) 

JiC) JiC) 

But by § 144 - f:qdx= ff ^dxdy, (2) 

where S' is the projection of S on the plane XOY. 

dy dy dz dy 

where the right hand of this equation is computed for points on 8, 
Hence from (1) and (2) we have 

But (§ 112) — : — : — 1 = cos a : cos fi : cos 7, and (§ 92) dxdy = 

dx dy 

C0S7 dS. Substituting in (3), we have 

— I Fdx= I I I — cos 7 cos ^]dS. 

JiC) JJisA^y ^^ 

Similarly, . ... ^^ 

— I Qdy =11 I— ^ cos a ^ cos 7 ) a^S;, 

— / Edz = / / I — cos ^ cos a )d8. 

Strictly speaking, the differential d8 is not the same in these 
three results, since the same element will not project into doidy^ 
dydzy and dzdx on the three coordinate planes. But since in a 
double integral the element of area may be taken at pleasure with- 
out changing the value of the integral (§ 129), we may take d8 as 
equal in the three integrals. Adding the equations, we have the 
required result. 
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Jr»(1.2) 
[2 X (x + 2 y) dx + (2 x2 - y^) dy] is independ- 
(0,0) 

ent of the path, and find its value. 

X(8»4) 
(xdx + ydy) is independent of the path, and 

una its value. ^^' ^^ 

7. Find the force function for a force in a plane directed toward the origin, 
and inversely proportional to the square of the distance from the origin. 

8. Find the force function for a force in a plane directed toward the origin 
and inversely proportional to the distance from the origin. 

9. Prove that any force directed toward a center and equal to a function of 
the distance from the center is conservative. 

Jf*(i, 1) 
[(y — x)dy + ydx] along the following curves : 
(0,0) 

(1) the straight line x = i, y = t; 

(2) the parabola x = t^, y = t] 

(3) the parabola x = <, y = t^; 

(4) the cubical parabola x = t, y = t^, 

Jr>(l,l) 
[{x — y^)dx + 2 xydy] along the following paths : 
(0,0) 

(1) a straight line between the limits ; 

(2) the axis of x and x = 1 ; 

(3) the axis of y and y = 1. 

J nil, 2) 
[y^x + {xy + x2) dy] along the following paths : 
(0,0) 

(1) y = 2x; 

(2) y = 2x2. 

X(- 1, - 8) 
[{l+y^)dx + (1+ 3^)dy] along the following 

patns: ^^'^^ 

(1) 2/ = 5x + 2; 

(2) y =-5x^^4-2; 

2 — X 

(3) y=- — -. 
^ ' ^ 14-2X 

Show that the following differential equations are exact, and integrate them : 

14. (2x-y + l)dx-h(2y -x-l)dy = 0, 

15. — dx ydy = 0. 

x8 x2 

16. (x 4- y)^dx + (x2 + 2 xy + 3 y^)dy = 0. 

vx2 4- y2 V Vx2 4- y V 

iQ 2x -y . 2y + x. ^ 

18. dx -\ — dy = 0. 

x2 4- y2 x2 4- y2 
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Solve the following differential equations by means of integrating factors 

19. (x2 + y^)dx - y^dy = 0. 

20. (1 + 2/ + x^)dx + (X + 3fi)dy = 0. 

21. ye ^dx -\xe » + yjdy = 0. 

22. (»8-y8)dx + xy2dy = 0. 

23. (xy2 - y)dx + (x2y + x)dy = 0. 

24. (6x8 - Sxy + 2y^)dx + (2xy - x^)dy = 0. 

25. dy — (y tan x — cosx) dx = 0. 

26. sin (x + y)(dx + dy) — y cos (x + y)dy = 0. 

27. (y + 2x2/2 + xV)dx + (2x2y + x)dy = 0. 

28. ^ + -i!:- = x2. 
dx 1 + x 



CHAPTEE XV 
INFINITE SERIES 
. Convergence. The expression 

^1+ ^2+ ^8+ ^4+ ^6-^ > (1) 

the number of the terms is unlimited, is called an infinite 

infinite series is said to converge, or to he convergent, when the 
the first n terms approaches a limit as n increases witho%tt limit 

s, referring to (1), we may place 



«1= 


«l. 






h= 


«! + 


«2. 




«8 = 

• • 


«1 + 

• 


«2 + 

• • 


• 



5„= a^-\- a^-\- a^-\ h ««. 

1, if Lims„ = ^, 



n= 00 



ies is said to converge to the limit A. The quantity A is 
itly called the sum of the series, although, strictly speaking, 
e limit of the sum of the first n terms. The convergence of 
y be seen graphically by plotting s^, s^, s^, - - - , s^ on the 
r scale as in I, § 53. 

iries which is not convergent is called divergent. This may 
I in two ways : either the sum of the first n terms increases 
t limit as n increases without limit; or s„ may fail to approach 
, but without becoming indefinitely great. 

. Consider the geometric series 

a + ar -{■ ar^ + ar^ + • • • . 

1 — r" 
8„ = a + ar + ar2 4- • • • 4- ar» -1 = a Now if r is numerically 

1 — r 
n 1, r" approaches zero as a limit as n increases without limit ; and 

279 
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Solve the following differentJal equations by meaitB of integrating factors ; 

19. {!' + !/*)di - l^ij/ = 0. 

20. (1 + V + 3?y)dz + (as + ^)dy = 0, 

21. ye~''ix-\ze'»-\-y)dy = (i. 

22. (x» - y>)d3t + Tsi^y = 0. 

23. {j;^^-y)dx + (x^ + x)dy = 0. 

24. (6x'-8»y + 22/»)di + (2a^-i«)dy = 0. 

25. dy-{i/t»nj;-coHz)<ir = 0. 

26. sin{a; + j/)(<te + dtf)-!/co8(i + j,)dy = 0. 

27. (j* + 2xi^ + a:aff»)da; + (2iE«y + x)dj/ = 0. 



dz 1-t-x 
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therefore Lim Sn = • If, however, r is numerically greater than 1, r« in- 

n«:oo 1 — Y 

creases without limit as n increases without limit; and therefore 8n increases 
without limit. If r = 1, the series is 

a + a + a + a-\ , 

and therefore s^ increases without limit with n. If r = — 1, the series is 

a — a -\- a — CL '\' • ' • , 

and Sn is alternately a and 0, and hence does not approach a limit. 

d 

Therefore, the geometric series converges to the limit when r is numerically 

1 — r 

less tluin unity, and diverges when r is numerically equal to or greater than unity. 

Ex. 2. Consider the harmonic series 

. 1111.1.11 1 

1+- + - + -H 1 h-H , 

2 3 4 6 6 7 8 ^n ' 

consisting of the sum of the reciprocals of the x>ositive integers. Now 

and in this way the sum of the first n terms of the series may be seen to be 
greater than any multiple of J for a sufficiently large n. Hence the harmonic 
series diverges, 

153. Comparison test for convergence. If each term of a given 
series of positive numbers is less than, or equal to, the correspond- 
ing term of a knovm convergent serissy the given series converges. 

If each term of a given series is greater than, or equal to, the 
correspo7iding term of a hwwn divergent series of positive numbers 
the given series diverges. 

Let a^-^r a^-^r a^-^r a^^ (1) 

be a given series in which each term is a positive number, and let 

*i+*2+*s+*4+-" (2) 

be a known convergent series such that a^^ ^ 6^. 

Then if 5„ is the sum of the first n terms of (1), s^ the sum of 
the first n terms of (2), and B the limit of s^^ it follows that 

s ^s* <B, 

since all terms of (1), and therefore of (2), are positive. Now as n 
increases, s^ increases but always remains less than B, Hence s^ 
approaches a limit, which is either less than, or equal to, B. 

The first part of the theorem is now proved ; the second part is 
too obvious to need formal proof. 
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In applying this test it is not necessary to begin with the first 
term of either series, but with any convenient term. The terms 
before those with which comparison begins, form a polynomial the 
value of which is of course finite, and the remaining terms form 
the infinite series the convergence of which is to be determined. 

Ex. 1. Consider 

1 + - + — + — + — + ... + + •••. 

Each term after the third is less than the corresponding term of the convergent 

geometric series 

1111 1 

1 + -+ - + — + — +••• + r + ---. 

Therefore the first series converges. 

Ex. 2. Consider 

1 + 1 h 1 1 1 = + •... 

V2 VS Vi V6 y/n 

Each term after the first is greater than the corresponding term of the divergent 
harmonic series i i i i ' l 

^ + ^ + ^ + I + ^ + --- + - + --- 
2 8 4 5 n 

Therefore the first series diverges. 

154. The ratio test for convergence. If in a series of positive 
numbers the ratio of the (n '\-l)st term to the nth term approaches 
a limit L as n increases without limit : then, if L<1, the series 
converges; if L>1, the series diverges; if L=l, the series may 
eitJier diverge or converge. 

Let aj+a^+ag-i f-a„+«„+iH (1) 

be a series of positive numbers, and let lim — — = X. We have 
three cases to consider. 

1. X < 1. Take r any number such that L<r<l. Then, since 

the ratio approaches X as a limit, this ratio must become and 

remain less than r for sufficiently large values of n. Let the ratio 
be less than r for the mth and all subsequent terms. Then 
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Now compare the series 

with the series 

«« + ««^ + «m^' + ^y + • • • • (3) 

Each term of (2) except the first is less than the corresponding , 
term of (3), and (3) is a convergent series since it is a geometric 
series with its ratio less than unity. Hence (2) converges by the 
comparison test, and therefore (1) converges. 

2. L>1, Since approaches X as a limit as n increases 

without limit, this ratio eventually becomes and remains greater 
than unity. Suppose this happens for the mth and all subsequent 
terms. Then 

^m + 2 -^^m + 1 -^^m> 
^m+3 ^ ^in + 2 ^ ^n»> 

Each term of the series (2) is greater than the corresponding 
term of the divergent series 

Hence (2) and therefore (1) diverges. 

3. X = 1. Neither of the preceding arguments is valid, and ex- 
amples show that in this case the series may either converge or 
diverge. 

Ex. 1. Consider 

, 2 3 4 6 n 

1+—+ — + — + — + ••• + + •••. 

3 32 38 3* 3«-i 

71 71 -4- 1 

The Tith term is and the (n + l)st term is The ratio of the (n + l)st 

term to the 71th term is , and 

«" 1+1 

... 71 + 1 _.. 71 1 

Lim = Lim — -^ = - • 

n = ao 3 71 n=:ao 3 3 

Therefore the given series converges. 
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22 38 4* n« 

Ex. 2. Consider l-|._+_ + _^ 1_+.... 

[2 [3 [4 [n 

n" (n + 1^"+^ 
The nth term is — and the (r + l)st term is ^ . . The ratio of the 

\n ^ ^ |n + l 

(n + 1^**+^ /n + 1\** 
(n + l)st term to the nth term is ^^ — -^—^ = ( -—— ] , and 

(n + 1) »i» \ n / 
Therefore the given series diverges. 

155. Absolute convergence. The absolute value of a real num- 
ber is its arithmetical value independent of its algebraic sign. 
Thus the absolute value of both -f- 2 and — 2 is 2. The absolute 
value of a quantity a is often indicated by |a|. It is evident that 
the absolute value of the sum of n quantities is less than, or equal 
to, the sum of the absolute values of the quantities. 

A series converges when the absolute values of its terms form a 
convergent series, and is said to converge absolutely, 

'IH^ fti+ag-f-ag+^iH (1) 

be a given series, and 

the series formed by replacing each term of (1) by its absolute 
value. We assume that (2) converges, and wish to show the con- 
vergence of (1). 

Form the auxiliary series 

K+hil) + K+ls|) + K+l«3l) + K+l«^4|)+---- (3) 

The terms of (3) are either zero or twice the corresponding terms 
of (2). For a^ = — |a^| when a^^ is negative, and a^ = | a^| when a^ is 
positive. 

Now, by hypothesis, (2) converges, and hence the series 

2|a,|+2|a,|+2|a3| + 2|aJ + ... (4) 

converges. But each term of (3) is either equal to or less than the 
corresponding term of (4), and hence (3) converges by the com- 
parison test. 
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Now let s^ be the sum of the first n terms of (1), s^ the sum of 
the first n terms of (2), and s'J the sum of the first n terms of (3). 
Then __ n f 

^n "" ^n *n» 

and, since s" and s^ approach limits, s^ also approaches a limit. 
Hence the series (1) converges. 

We shall consider in this chapter only absolute convergence. 
Hence the tests of §§ 153, 154 may be applied, since in testing for 
absolute convergence all terms are considered positive. 

156. The power series. A power series is defined by 
Uq 4- a^aj + a^o(? + a^x^ + . . . -f a^af + . . . , 

where a^, a^, a^, %, - - ' are numbers not involving x» 

We shall prove the following theorem : If a power series con^ 

verges for x = x^, it converges absolutely for any value of x such 

that\x\<:,\x^\. 

For convenience, let \x\ = X, \a^\ = A^, \x^\ = X^ By hypothesis 

the series . . « . . . , « . .-.v 

converges, and we wish to show that 

A,-hA,X+A^X' + A,X'+ . . . +^^X"+ . . . (2) 

converges if JT < X^ 

Since (1) converges, all its terms are finite. Consequently there 
must be numbers which are greater than the absolute value of 
any term of (1). Let M be one such number. Then we have 
A^Xi < M for all values of n. 

Then / t^\ n / vvn 

Each term of the series (2) is therefore less than the corre- 
sponding term of the series 

M^mi^yMi^yMi^y . . . ^ui^y . . .. (3) 

But (3) is a geometric series, which converges when X<X^, 
Hence, by the comparison test, (2) converges when X < X^, 
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From the preceding discussion it follows that a power series 
may behave as to convergence in one of three ways only : 

1. It may converge for all finite values of x (Ex. 1). 

2. It may converge for no value of x except a? = (Ex. 2). 

3. It may converge for values of x lying between two finite 
numbers —B and +-R, and diverge for all other values of x 
(Ex. 3). 

In any case the values of x for which the series converges are 
together called the region of convergence. If represented on a 
number scale, the region of convergence in the three cases just 
enumerated is (1) the entire number scale, (2) the zero point only, 
(3) a portion of the scale having the zero point as its middle point. 

Ex. 1. Consider H 1 j j 1- , 1 . 

1 [2 [3 |n-l 

The nth term is , the (n + l)st term is ,— ♦ and their ratio is - . 



X 



n — 1 [n n 



Lim - = for any finite value of x. Hence the series converges for any value 

Rrssoo )l 

of X and its region of convergence covers the entire number scale. 

Ex. 2. Consider 

l + jc + 12jc2 + [3a;« + • «• + |n - l g"-^+ • • •» 

The nth term is |n — l g"~^, the (n + l)st term is [rix», and their ratio is nx. 
This ratio increases without limit for all values of x except jc = 0. Therefore 
the series converges for no value of x except jc = 0. 

Ex. 3. Consider 

l + 2jc + 3a;2 + 4a;8 + ..- ■\- ruff'-'^ -\' ••-. 

The nth term is nx"-i, the (n + l)st term is (n + I)*", and their .ratio is 

X. Lim x = x Lim ( 1 + - 1 = x. Hence the series converges when 

n n=„ n n=» \ nj 

|a;|< 1 and diverges when |«|> 1. The region of convergence lies on the num- 
ber scale between — 1 and + 1. 

A power series defines a f imction of x for values of x within the 
region of convergence, and we may write 

f(x) = ao+ a^x + a^(x?-\- a^3(?-\ \- a^af*H , (4) 

it being understood that the value of f{x) is the limit of the 
sum of the series on the right of the equation. We shall denote 
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by s^(x) the polynomial obtained by taking the first n tenns of 
the series in (4). Thus 

s^(x) = ^0 + ^1^ + ^2^y 



Graphically, if we plot the curves y = s^{x) , y = s^(x), y = 53(0;), 
etc., we shall have a succession of curves which approximate to 
the curve of the function y=f(^x). These curves we shall call 
the approximation curves, calling y = s^{x) the first approximation 
curve, y ==■ s^(x) the second approximation curve, and so on. The 

graph of y =f{x) we shall call the 

limit curve, 

Ex. 4. Let 

f(x) = l + a; + «2 + «' + •••+ «" + •••. 

The limit curve is the portion of the 

hyperbola (fig. 105) 

1 
y = z — 

1 — JC 

between x = — l and Jc = 1. The first ap- 
proximation curve is the straight line 
y = 1, the second approximation curve 
is the straight line y = 1 + x, the third 
approximation curve is the parabola y = 1 
+ a; + x2, etc. In fig. 106 the limit curve 
is drawn heavy and the first four approxi- 
mation curves are marked (1), (2), (3), (4). 
It is to be noticed that the curves, ex- 
cept (1), cannot be distinguished from 
-X" each other for values of x near zero. 

The power series has the im- 
portant property, not possessed by all kinds of series, of behaving 
very similarly to a polynomial. In particular : 

1. The function defined by a power series is continuous. 

2. The sum, the difference, the product, and the quotient of two 
functions defined by power series are found by taking the sum, the 
difference, the product, and the quotient of the series. 
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3. If f{x) = ^0+ a^x + a^ix?-\ h a^H , 

then 

J/th •»& /%h /%b •»& 
f(x) dx= j a^dx + I a^xdx + j a^a^dx H h / a^o^dx H , 
a %J a %J a %J a %J a 

provided a and 6 lie in the region of convergence. 

4 If f(x) = ^0+ a^x + a2ar^4- ^gO^H — • + a„af H , 

then f(x) = aj+ 2 agO? + 3 a^o^-\ f- %a^^~^ -\ , 

and the series for the derivative has the same region of convergence 
as that for the function. 

For proofs of these theorems the student is referred to advanced 
treatises.* 

157. Maclaurin's and Taylor's series. When a function is 
expressed as a power series, it is possible to express the coeffi- 
cients of the series in terms of the function and its deriva- 
tives. For let 

By differentiating we have 

/'(«)= «!+ 2 a^x -h 3 ^8^^+ ^ a^Q^-\- • . . + na^off'^ H , 

f\x) = 2 a^-h 3 • 2 aga? + 4 . 3 a^a?-\ -\-n{n — l) a^x""-^ + • • • , 

f"(x) = 3 . 2 ^8+ 4 • 3 . 2 a,^ + . . . -h ii(7i — l)(w - 2)a„a;"-« + • • • , 



f^\x) = [n{n - 1) (71 - 2) . . . 3 . 2]a„ + . . .. 

Placing a? = in each of these equations, we find 

«o=/(0), «,=/'{0), a.= |/"(0), a3=[|/"'(0),- • • , «. = [|/^"\0). 
Consequently we have 

This is Maclaurin's series (§ 31, (6)). 

* See, for example, Goursat-Hedrick, Mathematical Analysis^ Chap. IX. 
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Again, if in the right-hand side of 

f{x) = aQ+ a^x + a^c(?+ a^a?-\ f- a^H , 

we place a; = a + a?', and arrange according to powers of x\ we have 

f{x) = 60+ &,a/+ ft^aj'^^ \x^^+ . . . + 6„a/-+ • • • , 
or, by replacing aj' by its value a? — a, 

/(a;) = 6o + &i(ar-a) + 62(aj-af + 63(a;-a)«+--- + &n(^-«)''+---- 

By differentiating this equation successively, and placing a; = a 
in the results, we readily find 



[2^ V^A-.-fg. 
Hence 
fix) ^f(a) +f{a)(x - a) + ^ (a; - af + ^^ (a. - a)«+ . . . 

+ =^(a.-ar+.... (2) 

This is Taylor's series (§ 31, (4)). 

We have here shown that if a function can be expressed as a 
power series, the series may be put in the form (1) or (2). In § 31 
we showed that any function which is continuous and has con- 
tinuous derivatives can be so expressed. Usually when a known 
fimction is expressed by either (1) or (2), the region in which the 
expression is valid as a representation of the function is coincident 
with the region of convergence of the series. Examples can be 
given in which this is not true, but the student is not likely to 
meet them in practice. 

158. Taylor's series for functions of several variables. Con- 
sider f{x, y) a function of two variables x and y. If we place 

x^a + lty y =zb-h mt, 

where a, b, I, and m are constants and ^ is a variable, we have 

f{x> y) = f{(^ + lt,b + mt)^F{t). 
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Now, by expansion into Maclaurin's series, 

F(t) = F{0) + F\0)t + -^f+-j^f + '.., (1) 

and, by §§111 and 118, 

^^ dx^ du^dy dxdf df 

When ^ = 0, we have x = a and y = b. Hence F{0) ^f(a, b), and, 
if we denote by a subscript zero the values of the derivatives of 
f{x, y) when x = a, y = b, 

By substitution in (1), noting that It^x — a and mt = y — b, 
we have 
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Another form of this series may be obtained by placing x—a = h 
and y — b = h Then 

In a similar manner, we may show that 

The terms of the nth degree in this expansion may be indicated 
symbolically as 1/ a^,a_,,a\» 

\n\ dx cy dzj 

159. Fourier's series. A series of the form 

-^ H- a^ cos a? + ttg cos 2 a? + • • • 4- ^n cos nx-\- - * * 

+ 6j sin a? + &2 sin 2 a:j H- . . . + 6^ sin Tia; + • • • , (1) 

where the coefl&cients a^, «^i, • • •, ftp &2> ' ' ' ^^ ^^^ involve x and are 
determined by the formulas derived in § 160, is called a Fourier s 
series. Every term of (1) has the period* 2 tt, and hence (1) has 
that period. Accordingly any function defined for aU values of 
a? by a Fourier's series must have the period 2 tt. But even if 
a function does not have the period 2 tt, it is possible to find a 
Fourier's series which wiU represent the function for all values 
of X between — tt and tt, provided that in the interval — tt to tt 

*/{x) is called a periodic function, with period A:, if /(» + k) =/(»). 
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the function is single-valued, finite, and continuous except for 
finite discontinuities,* and provided there is not an infinite number 
of maxima or minima in the neighborhood of any point. 

160. We will now try to determine the formulas for the coeflB- 
cients of a Fourier's series, which, for all values of x between — ir 
and TT, shall represent a given fimction, /(^), which satisfies the 
above conditions. 

Let /(a:;) = -^ + a^ cos x-\- a^ cos 2 a; H h «^„ cos nx-^ - • - 

+ &j sin ic + ftg sin 2 a; + h 6„ sin na; + • • • . (1) 

To determiue a^, multiply (1) by dx and integrate from — tt to 
TT, term by term. The result is 



£ 



f\x) dx = ^oTT, 



— IT 

whence ^o = ~ / /(^) ^^> (2) 

since all th^ terms on the right-hand side of the equation, except 
the one involving a^y vanish. 

To determine the coefficient of the general cosine term, as a„i 
multiply (1) by cos nx dx, and integrate from — tt to tt, term by 
term. Since for all integral values of m and n 



£: 



sin mx cos nx dx = 0, 

r 

Xcos mx cos nxdx = (m =^ n\ 

and I cos^ nx dx = tt, 

all the terms on the right-hand side of the equation, except the 
one involving a„, vanish and the result is 

r 

f(x) COS nx dx = a^TT, 



whence 



1 T"^ 

a„=— I f (x) cos nxdx, (3) 



* If ajj is any value of x, such that/(a;,— c) and fixi+ e) have different limits as e 
approaches the limit zero, then/(a;) is said to have a finite discontinuity for the value 
z = Xi. Graphically, the curve y^f(pb) approaches two distinct points on the ordi- 
nate X = Xi, one point being approached as x increases toward X|, and the other being 
approached as x decreases toward Xx* 
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It is to be noted that (3) reduces to (2) when n = 0» 
In like manner, to determine 6^, multiply (1) by sin nx dx, and 
integrate from — tt to tt, term by term. The result is 



=ir/(x)si 



sin nx dx. 



(4) 



For a proof of the validity of the above method of deriving the 
formulas (2), (3), and (4), the reader is referred to advanced treatises.* 

Ex. 1. Expand x in a Fourier's series, the development to hold for all values 
of X betv^een — w and w. 



By (2), 
by (3), 

and by (4), 



1 /•"■ 
ao = - / xdx = 0, 

1 /•"■ 
On = - / xcosnxdx = 0, 

hn = -\ a si 



sin nx (2x = cos nir. 

ir n 

Y 




k^vfi) 



Fio. 106 



Hence only the sine terms appear in the series for x, the values of the 
coefficients being determined by giving n in the expression for 6„ the values 
1, 2, 3, • • . in succession. Therefore 6i = 2, 62 = — f , &8 = §,••• 1 and 



X 



sin a; sin2x sinSx 
1 — 



= 2(5^- 



•) 



The graph of the function x is the infinite straight line passing through the 
origin and bisecting the angles of the first and the third quadrants. 

The limit curve of the series coincides with this line for all values of x be- 
tv^een — ir and w, but not for x = — ir and x — ir\ for every term of the series 
vanishes when x = — -jt or x = tt, and therefore the graph of the series has the 
points (± TT, 0) as isolated points (fig. 106). 

By taking x\ as any value of x between — ir and ir, and giving k the values 
1, 2, 3, • • . in succession, we can represent all values of x by Xi ± 2 kir. But the 



* See, for example, Goursat-Hedrick, Mathematical Analysis, Chap. IX. 
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series has the period 2 w, and accordingly has the same yalue for Xi±2kir as 
for «i. Hence the limit curve is a series of repetitions. of the part between 
X = — IT and z = ir, and the isolated points (± 2 fcir, 0). 

It should be noted that the function deiined by the series has finite discon- 
tinuities, while the function from which the series is derived is continuous. 

It is not necessary that /(a;) should be defined by the same law 
throughout the infterval from ^ tt to tt. In this case the integrals 
defining the coeflBcients break up into two or more integrals, as 
shown in the following examples : 

Ex. 2. Find the Fourier's series for f{x) for all values of x between — v 
and 3r, where f{x) = x + tt if — tt < x < 0, and f(x)=ir — x if < ,x < ir. 



Here 



a© = - r (X + ^) c2x + r (tt — x) dx I = TT ; 

0* = - r (x + 7r)cos7ix(ix + r (tt — x)cosiixdx 



== — 5 (1 — cos jitt) ; \ 



vn 



6« = — r (x + 7r)sin^4x + t (ir — x) sin nx cfcc I 




Fig. 107 



Therefore the required series is 



4 /cosx , cosSx . X20s6x 

H :;:: — i z:: r 



ir 4 /cos 
2 ^\~ia 



. . . I • 



82 • 62 

The graph of /(x) for values of x between — ir and ir is the broken line ABC 

(fig. 107). When x = 0, the series reduces to — + — ( — I 1 h • • • ) = tt, for 

1 1 1 ^2 * 2 T\l2 32 52 / 

'■ — I 1 ^- . .. . = — When X = ± TT, the series reduces to 0. Hence the 

limit curve of the series coincides with the broken line ABC at alU points. 
From , the periodicity of the series it is seen, as in Ex. 1, that the limit curve 
is the broken line of fig. 107. ♦ 



* Byerly, Fourier's SerieSt p. 40. 
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Ex. 3. Find the Fourier's series for /(jc), for all values of z between — v 
and TT, where f(z) = Oif-ir<x<0, and f(z) = 7rifO<a5<ir. 



Here oq^-Ij Odx+ f TrcfecJ = «•; 

1 /•"■ 
a» = — I TT cos nzdz = 0; 
trJo 

trjQ 

Therefore the required series is 

/sin 



1 /»«■ 1 

ir sin nx d» = - (1 — cosn^r). 
n^ ' 



IT /sin X sin 8 X sin 5 X 



■) 



The graph of the function for the values of x between — w and w is the axis 
of X from x = — TT tox = 0, and the straight line AB (fig. 108), there being a 
finite discontinuity when x = 0. 




Fig. 108 

The curves (1), (2), (3), and (4) are the approximation curves corresponding 
respectively to the equations _ 

(1) 

(2) 
(3) 

(4) 



y = - + 2 sin X, 

TT . - /sin X . sin 3 x\ 

^=2+H— +-1-) 



2 



<sin X sin 3 X . sin 5 x' 



, = J + 2^*:^ + =^ + 



) 



\ 1 ' 3 ■ 6 
They may be readily constructed by the method used in I, § 149, Ex. 5. It is 
to be looted that all the curves pass through the point (0, — ), which is midway 

between the points A and O, which correspond to the finite discontinuity, and 
that the successive curves approach perpendicularity to the axis of x at that point. 
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161. The indeterminate form -- • Consider the fraction 

<f>{x) 
and let a be a number such that f{a) = and <^ (a) = 0. If we 

place x=^a in (1), we obtain the expression -> which is literally 
meaningless. 

It is customary, however, to define the value of the fraction (1) 
when x=a,as the limit approached by the fraction as x approaches a. 

In some cases this limit can be found by elementary methods. 

Ex. 1. 

a — X 

When x = a, this becomes - • When jc 7^ a, we may divide both terms of the 
fraction by a — a, and have « _ g 

= a -f X (1) 

for all values of x except x = a. Equation (1) is true as z approaches a, 

and hence 2 _ ^.a 

Lim = Lim (a + jc) = 2 a. 

x = a a — x x = a 



_, _ i-Vl-a;2 
Ex. 2. 

X 

When X = 0, this becomes - • When x 7^ 0, we have 
' 

l_Vl-x2 l_Vl-x2 l+Vl-x2 



X 



l+Vl-x2 n-Vl-x2 



Hence Lim ^-Vl-^^ = Lim %= = 0. 

x = X x = 1 +Vl — X2 

Ex. 3. • 

sinx 

When X = 0, this becomes - • When x ?£ 0, we may expand each term by 
Maclaurin's series, and have 28 

sin X x8 x^ 

*-[3+[5-- 

X x2 
1 + .— + I— -I 

^[2 ^[3^ 



\1 [k 



Hence Lim = 1. 

x=o sinx 
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The method by expansion into series, used in Ex. 3, suggests a 

general method. Since we wish to determine the limit approached 

fix) 
by 'j^^ as X approaches a, we will place x = a + h and expand by 
4>{x) 

Taylor's series. We have (§ 31, (5)) 

,,' ,, , /(«) + V'(«) + 1/"(«) + if /'"(«) + • • • 

f{x) ^ f(a + h) _ if l£ 

,/>(.) H-+h) ^(,)^^^,(„)+^^„(„)^^'^,„(^)^..; 

But by hypothesis f{a) = and <f>(a) = 0. Therefore, since A =jfc 0, 

f(^) _ if [£ (2) 

Now as aj = a, A = 0, and hence, unless /'(a) = and <^'(a) = 0, 
we have from (2) ^^^^ ^^^^^ 

LmiV^ = 47^-^- (3) 

If, however, f\a) = and <^'(a) = 0, the right-hand side of (3) 
becomes - • In this case (2) becomes 



whence Lim=7-^-^a= ,,/ S 

unless /"(a) = and <f>"{a) = 0. In the latter case we may go back 
again to (2) and repeat the reasoning. 
Accordingly we have the rule : 

To find the value of a fraction which takes the form — when 
x = a, replace the numerator and the denominator each by its deriv- 
ative and substitute x = a. If the new fraction is also —> repeat 
the process. 
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Ex. 4. To find the limit approached by when » = 0. 

sinx 

By the rule, Lim = — ■ = - = 2. 

x^o sinx L cosx Jr«=0 1 

fOt — 2 cos V, -^ #* — * 

Ex. 5. To find the limit approached by when x == 0. 

X sin X 

If we apply the rule once, we have 

... c* — 2C0SX+ e-* _re*H- 2sinx — e-*"| _0 
xss=o xsinx L sinx -f iccosx Jx=o 

We therefore apply the rule again, thus : 

_ . c^ — 2 cos X + C-* \^ + 2 cosx + e-*l 4 

Lim = -, = - = 2. 

x^o xsmx L 2oosx — xsinx Jxso 2 

162. The derivation of the rule in § 161 assumes the possibility 
of the expansion of /(aj) and <^(aj) into power series. It is, how- 
ever, sometimes necessary to consider functions for which this 
assumption is not valid. We shall accordingly give the following 
new proof of the rule. 

Consider formula (3), § 30, namely, 

From this it follows that if F(h) = and F{a) = 0, then F\^) = 0, 
where f is some number between a and 6. Let us apply this to 
the arbitrarily formed function 

where FQy) = and F(cC) = 0, as may be seen by direct substitu- 
tion. Then -pivk^-pi \ 

whence m-f(p) ^m.. m 

Now, in (1), let /(a) = 0, </)(a) = 0, and place J = a + A. We have 

f{a + ^) _ fiS) .^ 
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As A == 0, f = a, since a^^^a-^h. Hence 

T. /(a + ^) T- /(I) 
Limv^ — ^T = Limi77^> 
*-o </>(« + A) ^=a </>'(f) 

which may be written lim 4tt = 1*™ ^ttt • (3) 

If /'(a) and <^'(a) are not both zero, (3) gives 

x = a <I>{X) 4>{(l) 

If, however, f{a) = and <^'(a) = 0, (3) gives 

Lim 4^ = Lim ^TTT = Lii^a T77^ • 

The rule of § 161 thus results. 

163. The indeterminate form ^. If /(a)=oo and <^(a) = oo, 

the fraction 4^-^ takes the meaningless form ^. The value of the 
(f>{x) ^ ^ 

fraction is then defined as the limit approached by the fraction as 
X approaches a as a limit. We shall now prove that the rule for 

finding the value of a fraction which becomes - holds also for a 



00 



fraction which becomes ^ 







To prove this, we shall take first the case in which the fraction 

fix) 

^j-j-^ becomes ^ when a? = bo. By placing b = x, a = c in (1), § 162, 

(p{x) ^^ 

we have /(a;)— /(c) _ /'(^) , ^ . 

which is equivalent to »/x 

4,{x) <^'(?) , _ /(c) • ^ ^ 

fUx) 
Now we assume that \,) ' approaches a limit Z; as a; = oo. Hence 

4>'(;x) 

f'(c) fU^) 

we may take c so great that ^^-^ > and therefore 4?^ ' dijBfers from 

<t>\c) <^'(f) 
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h by as little as we please. This fixes c ; we may then take x so 

much greater than c that ^^^7 and ^^^ may each differ from zero 

4>{x) f(x) ^ 

by as little as we please. By proper choice of c and a?, then^ we 

have, from (1), ^/ v 

where, e^ and €, may be as small as we please. Hence 

Iim^ = ft = Lim:J^. (2) 

«=oo <p{x) «=• ^\x) ^ 

To extend this result to the case in which 4-^—^ becomes ^ when 

1 ^, '^(^) 

a: = a, we place x = a-] Then 



■^(y) 



H) 



Then ^~( becomes ^ when y = 00. Therefore, from (2), 
Now i<''(y)=/'(.:)g = -l/(^), 

^r 1 

and ^'(y) = <^'(«')g = -^*'(4 

Hence ^,7 ; = 47tt' a^d Lun ^:7^ = Lim ^ttt • Hence we have 



x^a<\>{x) x^a(j>'{x) 



(3) 



From (2) and (3) follows the proposition that we wished to prova 

Ex. To find the limit approached by — ^ as x becomes infinite. 

1 
By the rule, Lim — ^ = Lim = Lim — = 0. 
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164. Otfier indeterminate forms. There are other indeterminate 
forms indicated by the symbols 

Q.oo, 00-00, 0^ oo^ r. 

The form • oo arises when, in a product f(x) • 0(aj), we have 
f{a) = and 0(a) = oo. The form oo — oo arises when, in /(a:)— 
<f> {x), we have /(a) = co, (f>{a)= co. 

Thesei forms are handled by expressing /(a;) *^(x)ovf{x)— <f>{x), 


as;the,case may be, in the form of a fraction which becomes - or 



^ when x = a. The tule of § 161 may then be applied. 

Ex. 1. a;'c-^. 

When X = GO, this becomes oo • 0. We have, however, x^e-^ = — » which 

oo ^ 

becomes — when x = oo. Then 

GO 

Lim — = Lim - = Lim = Lim = 0. 

a=oo c^ i»=«2xe*^^ a:=»2e^ x=oo4xe** 

In the same manner Lim x»e-^ = 

for any value of n. 

Ex. 2. secx — tanx. 

w 
When X = — » this is oo — oo. We have, however, 
2 ' * 

1 — sin X 
secx — tanx = , 

cosx 

which becomes - when x = — • Then 

2 

T. / . V T' 1 — sinx _. —cosx - 

Lim (secx — tanx) = Lim = Lim ; — = 0. 

^ . IT ». . «" cos X . V — sin X 

2 2 2 

The forms 0°, oo\ 1" may arise for the function 

[/(^)]*(-) 
when x = a. 

If we place ' w = [/(^)]*^^ ' 

we have logu=<j)(x)logf(x). . . 

If Lim (f>(x) logf(x) can be obtained by the previous methods, 
the limit approached by u can be found. 
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1 
Ex. 8. (1 - jc)*. 

When X = 0, this becomes 1*. Place 

tt = (l-x)^; 

loga-aj) 



then logu = 



X 



Now, by §161, Lim i5i(lr£) = r^] =_i. 

Hence logu approaches the limit — 1 and u approaches the limit - 



PROBLEMS 

1. Prove that the series 

^ ^ 2« 2« 4« i^ 4« 4« 8« ' 

where there are two terms of the form — , four terms of the form — , eight 

J 2" 1 4« ^ 

terms of the form — , and 2* terms of the form , (k = 1, 2, 3, • • •), converges 

whena>l. ^" (^ >" 

2. By comparison with the series in Ex. 1 or with the harmonic series 
(Ex. 2, § 162), prove that the series 

1 + 1 + 1 + 1 + . . . + Ji + . . . 
2« 8« 4« n« 

converges when a > 1, and diverges when a^l. 

Test the following series for convergence or divergence : 

2« 26 22'»-i 

3 6 2n — 1 

111 ^ 



3 6[2 7[3 (2n-l) |n-l 

22^42^62 (2n)2 

111 1 



12 34 66 (2n-l)2n 

7. + + \- \- + • 

1. 22. 33. 4 n(n + l) 

o 3 32 88 . 3» . 



1.2 2-3 8.4 n(nH-l) 
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9. 1 + 1 + 1 + ... + :?. + .... 10. 1 + 1' + ! + . ..+1+ 

4 42 48 4»» 22 38 n" 

ft 1 1.1 ^ 



1.2- 3 2.3.4 3.4.6 w(n + l)(n + 2) 

111 1 28 38 «|,8 

12. - + _ + _ + ... + _ — + .... 13. i + _ + _ + ... + lL + .... 
2 5 10 n2+.l^ |2 li \n 

Find the region of convergence of each of the following series : 

3 4 n -\- 1 

14. x + -x2h — X* + • • . H «» + ••.. 

6 10 w2 + 1 

15. 1 + 22x + 32x2 + • . . +n2x»»-i + • • .. 

-^ . , 1 x« 1.3 x6 . . 1.3.6...(2n-3) x2»-i , 

16. sm-ix = X H H . — H ^ \- . • 

2 3 2.4 6 2.4.6...(2n-2) 2n-l 

17. log(l + x) = x-^ + ^ + (- l)»+i!L + . . .. 

2 o n 

lo. sinx = x — T- + 7Y • + (— l)*»+i 1-'.'. 



[8 [B • V / |2n~-l 



X2 X** ""^ 

19. e* = l + x + T-H \- h 



[2 |n-l 



on 1 . 1 . 1-3 - . . 1.3.6...(2n-3) 

VT^ 2 2.4 ^.4.6...(2n-2) 

21. log(x+VrT^) = x~l.|+ll|.|-... 

+ (-,i)n^i ^'^-5---(2^-g) .^!:i:i+.... 

^ ' 2.4.6..":(2n-2) 2n-l 

1 1 6 62 5n-l 

22. ^ = _+ x + — X2 + ... + x»-i + .... 

a — bz a a2 a* a*» 

Expand each of the following functions into a Maclaurin^s series, obtaining 
four terms : 

23. secx. 25. log(l + ainx). 27. e»i»»-**. 

24. c^^secx. 26. e'^^^*'. 28. logcosx. 

Expand each of the following functions into a Fourier's series for values of 
X between — tt and tt : 

29. x2. 30. e<w. 

31. f(x), where/(x) =-7rif -w<z<0, and/(x) = tt if < x < ir. 

32. /(x), where /(x) =-xif -7r<x<0, and/(x) = if < x < tt. 

33. /(x), where /(x) = -7rif -7r<x<0, and/(x) = x if < x < ir. 

34. /(x), where /(x) =0if--7r<x<0, and/(x) = x2 if < x < tt. 



PROBLEMS 303 

Find the limit approached by each of the following functions, as the variable 
approaches the given value : 

oe cosx — cosa . jrt aoa?* + ai«**~^H l-^n 

od. » x = a. 451. — ,x=Qo. 

x-a 6o«" + M""^ + h&n 

36. — :— - — , X = 0. 50. (w — x) tan - , x = w. 

sin2x 2 

QM e^ac — e-2^ — 2x . ^ ,51. sec6xcos7x, x = — 

Ol. ; f X = 0. 2 

38. ?lll^, x = 0. 1:0. 1 1 



X 



-, SeCX . TT 

43. , X == - 



e* 



log(*-|) 



5^. : , X = w. 

X — TT sm X 



39. ^? — ?5L , X = a. c J 1 » 

^-e* 54.;; :; , X = 1. 

logx logx 
Mf. logcos2x . , 

(tt - x)a 55. - , X = 1. 

^ X — 1 logx 

41.5^^:^.x^0. .-3 1 ^.. 

sm'x *>t>. — — 1 X = 1. 

x8 — 1 X — 1 

42. ^^"^"^ , X = 0. 57. x% X = 0. 

X — sin X 



58. (tanx)»«*, x = 0. 
sec5x 2 59. l-\ , x = 0. 



44. l^lM^,x^O. ^ J 

1 60. x^, X = GO. 



b 

61. (1 4- ox)^, X = 00. 

*^' tanx^'' "^ ~ I* 62. x^, x = 1. 

logx 63. (cosx)cotx^ a; = 0. 

46. — ^ , X = CO. 

X8 I 

64. (XH- COSX)^, X=:0. 

47. — , x = 00. & 

^ 65. (1 + ax)% X = 0. 

48. 1^^ , X = 0. 66. (sinx)t«i«:, x = ^. 
cscx 2 



CHAPTER XVI 

COMPLEX NUMBERS 

165. Graphical representation. A complex number is a number 
of the form x + iy, where x and y are real numbers and i is defined 
by the equation i^ = — 1 (I, § 12). In this chapter we shall denote 
a complex number by the letter z, thus 

z=zx-{-iy. 

The number x is the real part and the number iy is the imagi- 
nary part of z. When y = 0, 2; becomes a real number ; and when 
x = 0, z becomes a pure imaginary number. When both x=0 and 
y = 0, then z=0 ; and 2= when, and only when, x = and y = 0. 

To obtain a graphical representation of 
a complex number, construct two axes of 
coordinates OX and OY (fig. 109), take any 
point P, and draw OF, Then the complex 
number x-^iy is said to be represented 
either by the point P or by the vector * OP. 
For if a complex number, z = x-^iy, is 
known, x and y are known, and there corresponds one and only 
one point P and one and only one vector OP, Conversely, to a 
point P or a vector OP corresponds one and only one pair of values 
of X and y, and therefore one and only one complex number. In 
this connection the axis of x is called the axis of reals, since 
real numbers are represented by points upon it ; and the axis of 
y is called the axis of imaginaries, since pure imaginary numbers 
are represented by points upon it. 

If we take as the origin and OX as the initial line of a system 
of polar coordinates, we have x = r cos 0, y = r sin 0, 

and therefore z = x-{-iy = r (cos -{- i &in 0). 

* A vector is a straight line fixed in length and direction but not necessarily in 
position. 

804 




Fig. 109 
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The number r = V^M-p, which is always taken positive, is 
called the modulus of the complex number and is equal to the 

length of the vector OF, The angle 6 = tan~^ _ is called the argu- 
ment, or amplitude, of the complex number, and is the angle made 
with OX by the vector OF, Any multiple of 2 tt may be added to 
the argument without altering the complex number, since 

r[cos(^ -h2bir)+i8m{0+2 kir)] = r(cos 0-\-i sin 0), 

The modulus is also called the absolute value of the complex 
number and is denoted by \z\, thus : j- liiz^) 

^z\ = \x-\- ty|=VV+p = r. 

166. Addition and subtraction. If z^ = x^ 

H- tyj and z^ = x^-\- iy^, then, by definition, 

^1 + ^2 = (•'^1 + ^2) + *' (3^1 + y^' Fig. 110 

In fig. 110 let ij and -^ represent the two complex numbers, 
and let 0-? and 01^ be the corresponding vectors. Construct the 
parallelogram Oj^I^, Then it is easy to see that j? has the 
coordinates {x^-\-x^, ^1 + ^2) ^^^ therefore represents the complex 
number z^+z^. The addition of complex numbers is thus seen to 

be analogous to the composition of forces or 
velocities. 

Since OJi=\z^\, 0I^=\z^\, and 01l=\z^-hz^\, 





^iiZi'Zt) 



^1+^2 -Pi +r2h 



the equahty sign holding only when OJ^ and 
01^ have the same direction. 

To subtract z^ from z^, we first change the 
sign of ^2 and add the result to z^ Graphically, 
the change of sign of z^ corresponds to replacing 
^ (fig. Ill) by ij, symmetrical to ^ with respect 
to 0, or to turning the vector 01^ through an angle of 180°. The 
parallelogram OI^Il is then completed, giving the point ij corre- 
sponding to aijL—s;^. 



iiUt) 



Fig. Ill 
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167. Multiplication and division. If z^= x^+ iy^ and «j= x^+ iy^y 
then, by definition, 

«i«2 = (^1^2 - ViV^ + ** (^1^2 + ^2^1)- 

If we use polar coordinates, we have z^ = r^ (cos ^^ + 1 sin 0^^ 

«2 = ^2 (cos ^2 + * s"^ ^2)> ^^^ 

^1^2 = ^1^2 [(cos ^1 cos ^2 "" sin 0^ sin ^3) 
+ i(sin 0^ cos ^2+ cos ^^ sin ^3)] 

= r^r^ [cos {0^ + ^3) + i sin {0, + ^2)]. 

Hence, in the multiplication of two complex numbers, the mod- 
uli are multiplied together and the arguments are added. Graphic- 
ally, the vector corresponding to a product is found by rotating 
the vector of the multiplicand in the positive direction through an 
angle equal to the argument of the multiplier, and multiplying 
the length of the vector of the multiplicand by the modulus of the 
multiplier. In particular, the multiplication by i is represented by 
rotating a vector through an angle of 90° ; and the multiplication 
by —1 is represented by rotating a vector through an angle of 
180°, as noted in § 166. 

The quotient -i is a number which multiplied by z^ gives Zy 

^2 
Hence, if z^ = rj(cos 0^-^% sin 0^ and z^ = r^ (cos 0^ + i sin 0^, 

*a '2 

Graphically, the vector corresponding to a quotient is found by 
rotating the vector of the dividend in the negative direction through 
an angle equal to the argument of the divisor, and dividing the 
length of the vector of the dividend by the modulus of the divisor. 

168. Involution and evolution. The value of ^^ where 71 is a 
positive integer, is obtained by successive multiplication of z by 
itself. Therefore, il z = r (cos ^ H- i sin 0)y 

2;» = r" (cos n0 + i sin n0), (1) 

1 
The root 2?», where ti is a positive integer, is a number which 

raised to the 71th power gives z. Accordingly we have, at first 
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1 1/ e 0\ 

sight, 2?» = r»( cos - + 1 sin - 1- But if we remember (§ 165) that 

« = r [cos (^ + 2 hn) + i sin (^ + 2 hjr)\ where h is zero or an inte- 
ger, we have also 

^ = r»|^cos(- + — j+ ^ sm(^- + — jj. (2) 

1 
There are here n distinct values of 2?^, obtained by giving to ^k 

the n values 0, 1, 2, • • •, (ti — 1). Since the equation 2^= c has only 

1 
n roots (I, § 42), (2) gives aU the values of z. In this result r« 

means the positive numerical root of the number r, such as may 

be found by use of a table of logarithms. 

By a combination of (1) and (2), we have 



p 

Z9 



= ,f [cos(f + ^)+ ^ sin(^ + ^)], (3) 



where A; = 0, 1, 2, • • • , (g' — 1). 

cos H- i sin 



Finally, z-"^= — = 



7^ r"*(cos mQ + i sin mO) 

= r" "*[cos (— mO) + i sin (— m0)]. 

The nth roots of unity can be found by placing r = 1 and = 
^(2)- Then ^^ ^^ 

V 1 = COS h ^ sm • 

n n 

The points which represent these roots graphically are the ver- 
tices of a regular polygon of n sides, inscribed in a circle with 
center at and radius unity, the first vertex lying on the axis of 
reals 

Similarly, V— l = cos h^sm-^^ — 

•^ n n 

169. Exponential and trigonometric functions. The exponential 
and the trigonometric functions are defined in elementary work in 
a manner which assumes that the variable is real. For example, 
the definition of sin x requires the construction of a real triangle 
with an angle equal to x, and the definition of e* involves actual 
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involution and evolution. In order to be able to regard the inde- 
pendent variable as a complex number, we adopt the following 
definitions: ^ ^ 

' / = ' + f + [2 + [3 + ---' <') 

Jl «5 ^7 

sin. = .-i3 + ^-|^+.... (2) 

^ Z* 2)» 

cos. = l-^ + ^-ig + .... (3) 

When z is real, each of these functions is the corresponding real 
function, since these series are those found in § 31. 

When z is complex, each of the series converges. To show this, 
place % = r (cos ^ + i sin ^) in (1), for example. We have 



( 



1 + r cos ^ + .-- cos 2 ^ + .— cos 3 ^ H 



r^ . . . / 



+ * ( r sin ^ + .-- sin 2 ^ + 1- sin 3 ^ + . . • 



Each term of the two series in parentheses is less in absolute 
value than a corresponding term of the known convergent series 



^2 ^8 



IH- r + j— + j— + • • •. Therefore each of these series converges 

[2 [3 

(§153) and hence (1) converges. In the same manner it may be 

shown that (2) arid (3) converge. It follows that each of the 

series (1), (2), and (3) may properly be used to define a function. 

It is necessary, however, to give new proofs of the properties of 

the functions, based upon the new definitions. 

From (1) we have 

e° = l, e«i.e**=:e'*+««, 

which are the fundamental properties of the exponential function. 
From (1), also, if we replace z by izy we have 

iz (izf (izY lizY (izf 
/ i^ z^ \ / if ^ \ 

=('-[2+ii---rT-[i-'[5— •; 



EXPONENTIAL AND TRIGONOMETRIC FUNCTIONS 309 

From this, with reference to (2) and (3), we obtain the formula 

ef^ = cos 2 + ^ sin 2J, (4) 

which establishes a relation between the exponential and the 
trigonometric functions. 
By changing the sign of z in (4) we have 

e~^ = cos « — ^ sin «, 

g»« Q- te 

whence sin a; = — . , (5) 

cos z = (6) 

From (4), (5), and (6) it is easily shown that the trigonometric 
formulas obtained in elementary work for real variables are true 
for complex variables also (see Exs. 1 and 2). 

We shall use these relations to separate the functions (1), (2), 
and (3) into real and imaginary parts, as follows : 

sin (a: + iy) = ^. (f"-"— e-*^+'') 

= — \e~ "(cos X'\-i sin a?) — e''(cos a? — i sin a:)] 

= — - — sm X + I — - — cos X 

2 2 

= cosh y sin oj + i sinh y cos x. 
Similarly, 

cos {x + ^'^) = — - — COS x — i — - — sm x 

= cosh y cos x — i sinh y sin x. 
If a: = 0, we have 

sin iy = i — - — = i sinh y, 
cos ly = — - — = cosh y. 
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Ex. 1. Prove aiifiz + cos*2 = 1. 
From (6) and (6), 

^^ + e^=(-^7.(-±fI.")'=t 

Ex. 2. Prove sin (2^1 + Z2) = sin zi cos Z2 + cos zi sin 23. 
From (5), 

sin(«i + «a) = — 

2i'- •* 

= — [(cos «i + I sin «i) (cos «a + t sin 22) 
2i 

— (cos «i — i sin «i) (cos «2 — i sin z^)] 
— sin zi cos Za + cos zi sin za. 

170. The logarithmic function. If « = e*^, then, by definition, 

The properties of the logarithmic function, namely 

log («a) = log 2;i + log ^2, log - = log z^ - log z^, 

log 2;" =71 log 2;, log 1=0, logO=— 00, 

are deduced from the definition, as in the case of real variables. 

The logarithm of a complex number is itself a complex num- 
ber. For, let us place 

2; = a; + ty = r (cos ^ + i sin ^) = r^. 
Then 

1 V 

log 2; = log r + log e^^ = log r H- id = - log {01? -{■ tf) -{- i tan" ^ - • 

Here log r is the logarithm of the positive number r, and may 
be found as in I, § 154. 

We may now find the logarithm of a real negative number. For, 

if — a is such a number, we may write — a = a (cos tt + i sin tt) = ae*', 

whence ^ , . ^ , .** 

log (— a) = log a + ITT. 

In particular, log (— 1) = iir. 
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It is to be noticed that, in the domain of the complex numbers, 
a logarithm is not a unique quantity. For 

gw __ gw + aww ^ ^ 

where k is zero or an integer. Therefore 

log z=^w -\-2 kiir. 

We may express this as follows : The exponential function is a 
periodic function with the period 2 iir, and the logarithm has an 
infinite number of values, differing by multiples of 2 iir, 

171. Functions of a complex variable in general. We have 
seen that functions of a complex variable obtained by operating 
on X + iy with the fundamental operations of algebra, or involving 
the elementary transcendental functions, are themselves complex 
numbers of the form u + iv, where u and v are real functions of 
X and y. Let us now assume the expression w=^u-{- iv, and inquire 
what conditions it must satisfy in order that it may be a function 
oi z = x-^ iy. 

In the first place, it is to be noticed that in the broadest sense 
of the word " function" (I, § 20), ^ is always a function of z, since 
when z is given, x and y are determined and therefore u and v are 
determined. But this definition is too broad for our present purpose, 
and we shall restrict it by demanding that the function shall have 
a definite derivative for a definite value of z. The force of this 
restrictioh is seen as follows : In order to obtain an increment of 
z, we may assign at pleasure increments Ax and Ay to x and y 
respectively and obtain Az = Ax + iAy, The direction in which 
the point Q (fig. 112), which corresponds to z-\- Az ia the graph- 
ical representation, lies from P, which corresponds to z, depends 

then on the ratio — ^ > which may have any value whatever. Cor- 

^^x 

responding to a given increment Az, w takes an increment Aw, 
where (§110) 



Aw^l — -\-eAAx-{-l—'^eAAy + i 




-■h-(g 
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Dividing by A« = Ao; + i^y and taking the limit as Aa; == and 
Ay = 0,wehave ^^ ^^ /^^ ^^x ^ 

h^ h(— ' + * — )-^ 

,. A«^ ^oj dx \dy dy dx .^. 

Unless special conditions are imposed upon u and v, the expres- 
sion on the right-hand side of the above equation involves -^ > and 

A 
the value of Lim -— depends upon the direction in which the 

point Q (fig. 112) approaches the point P. Now the value of 

the right-hand side of (1), when -~ = 0, is — - -h t — > and its value 
^ ^ ' dx dx dx 

^ du .dv 

[-1 — 

Qj^Az) ' . dy . dy dy ^ ^, . .. 

y\ when --^ = 00 IS -^ — : — i • Eq uatmg these 

Ay dx % 

two values, we have 

^ du dv ^ Jdu . dv\ ^ .^. 

\dy ex) 








Fig. 112 * ^^ ^^ 



This, then, is the necessary condition that Lim -— should 

be the same for the two values -~ = and -^ = c». It is also 

aa?. dx 

the sufficient condition that lim —— should be the same for all 

7 A«=i=0 A^J 7 

values of -^ > for if (1) is simplified by aid of (2), -^ disappears 
^ ,^ dx dx 

from it. 

Now (2) is equivalent to the two conditions 

du dv 

dx dy ' .gx 

Hence ^Ae equations (3) are ^Ae necessary and sufficient condi- 
tions that the function u + iv should have a derivative with respect 
to X + iy which depends upon the value of x-\- iy only, 

A function u + iv which satisfies conditions (3) is called an 
analytic function oi x + iy. 
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172. Conjugate functions. Two real functions u and v, which 
satisfy conditions (3), § 171, are called conjugate functions. By 
differentiating the first equation of (3), § 171, with respect to x, 
the second with respect to y, and adding the results, we have 

?^u d^u _ ^ 

Also, by differentiating the first equation of (3), § 171, with 
respect to y, the second with respect to ic, and taking the 
difference of the results, we have 

That is, each of a pair of conjugate functions is a solu- 
tion of the differential equation 

Let us construct now the two families (§ 173) of curves ii^c^ 
and V = Cg. If (x^, y^ is a point of intersection of two of these 
curves, one from each family, the equations of the tangent lines 
at (a?!, y^ are (§ 115, Ex. 1) 



<'-'.>(£)+<^-*.>(g)-»' 



But from (3), § 171, 



'du\ /dv\ /du\ /dv\ ^ ^ 

Hence t!he two curves intersect at right angles; that is, every 
curve of one family intersects every curve of the other family 
at right angles. We express this by saying that the fainilies 
of curves corresponding to two conjugate functions form an 
orthogonal system. 
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Fig. 118 



Ex. 2. log(x + iy) 



= logVaM^ + i tan-i - . 

X 



Hence log Vx'-^ -f V^ and 
tan-i- are conjugate func- 
tions, and the curves x* + y^ 
= Ci and y = C2X form an 
orthogonal system (fig. 114). 
In fact, one family of curves 
consists of circles with their 
centers at the origin, and the 
other consists of straight lines 
through the origin. 




Examples of conjugate functions and of orthogonal systems 
curves may be found by taking the real and the imaginary parts 

any function of a co 
plex variabla 

Ex. 1. (X + ty)2 

= x2-y2 + 2ix; 

From this it follows tha 
x* — y^ and 2 xy are conjuga 
functions, and that the curves 
x2 — y2 = Ci and xy = c^ f 
an orthogonal system (fig. 113 
In fact, the system consists 
two families of rectangular h 
perbolas, the one having th 
coordinate axes for axes of t 
curves and the other having t 
coordinate axes for asymptotnff 8. 






Fig. 114 



PROBLEMS 



Find the sums of the following pairs of complex numbers and the difference 
obtained by subtracting the second from the first, and express the results 
graphically : 



1. 3 + 2i, 4-|-6i. 

2. -3-7i, 4 + 8i. 



3. 6-lOi, 8+2i. 

4. -8 + 12i, 6 + 9i. 
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Find the products of the following pairs of complex numbers and the quotient 
of the first by the second, and express the results graphically : 

K Tr...ir TT-.ir 7. l+tVs, Vs + i. 

0. cos- + tsin — , cos~+tsin— . ;_ _ 

6 6 4 4 8. 2 + 2iV8, 8-3tV2. 

^ IT . , IT 2ir , . . 2ir 9. 1 + i, - 1 + t. 

o. cos — + 1 sin - , cos h tsin — . 

3 3 3 3 10. 1 + i, 1 - i. 

Find the following powers and express the results graphically : 

11. (2 + 3 1)2. 12. (1 - i Vs)\ 13. (1 + i)«. 14. (1 + i)K 

Find the following roots and locate them graphically : 

15. Vi. 16. V^, 17. Vi. 18. V^. 19. V^. 20. </s. 

21. Prove, for complex numbers, cos(zi + Zi) = coszi cosz2 — sinzi sinz2. 

22. Prove, for complex numbers, sin zi + sin Z2 = 2 sin J (^i + Z2) cos J (zi — Za)* 

23. Prove sinh iy = i sin y. 24. Prove cosh iy = cos y. 

Find the values of the following logarithms : 

25. log(-2). 26. log(l + i). 27. log(-l + i). 28. logi. 

Find the orthogonal systems of curves defined by the real and the imaginary 
parts of the following functions : 

29. i. 30. log ^-^. 31. log (22- a^). 

Find the orthogonal systems of curves defined by the real and the imaginary 
parts of the following functions, using polar coordinates : 

32. 2». 33. V«. 



CHAPTEE XVII 

DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 

173. Introduction. Consider the equation 

f(x, y, c) = 0, (1) 

in which c is an arbitrary constant. If c is given a fixed value, (1) 
is the equation of a certain curve ; and if c is supposed to take all 
values, the totality of the curves thus represented by (1) is called 
a family of curves. 

To determine the curves^ of the family which pass through any 
fixed point P{x^, y^), we may substitute x^ and y^ for x and y in 
(1), thereby forming the equation 

/(aj„y„c)=0. (2) 

The number of roots of (2), regarded as an equation in c, is the 
number of curves of family (1) which pass through j^, and their 
equations are found by substituting these values of c in (1). 

The direction of any curve of family (1) is given by the equa- 
tion (§ 115, (1)) ^ 

di — g' <^> 

which, in general, involves e. In general, however, we may elimi- 
nate c from (1) and (3), the result being an equation of the form 

If we substitute the coordinates of j^ in (4), the values of -^ 

€LX 

which satisfy the resulting equation are the slopes of the respec- 
tive curves of (1) which pass through JFJ. Hence (4) defines the 
same family of curves that is defined by (1), but by means of 
the directions of the curves instead of the explicit equations of 

816 
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the curves themselves. Hence (4) is called the differential equa- 
tion of the family of curves represented hy (1). 

We have seen how an equation of type (1) leads to a differential 
equation of type (4). Conversely, to an equation of form (4) there 
always corresponds a family of curves which may he represented 
by an equation of form (1). For if the coordinates of a point ij 
(fig. 115) are assigned to x and y in (4), (4) determines one or more 
directions through j^. Following one of these directions, we may 
move to a second point J^. If the coordinates of J^ are substituted 
in (4), a direction is determined in which we may move to a third 
point ij. Proceeding in this way, we trace a broken line such that 
the coordinates of every vertex and the direction of the following 
segment at that point sat- 
isfy (4). The limit of this 
broken line, as the length of 
each segment approaches 
the limit zero, is a curve 
such that the coordinates 
of each point and the direc- 
tion of the curve at that 
point satisfy (4). Since in 

this construction j^ may be any point of the plane, there is evi- 
dently a family of curves represented by (4), as we set out to 
prove. The constant c in the equation of the family may be 
taken, for example, as the ordinate of the point in which a curve 
of the family cuts the axis of y or any other line x = x^. Hence 
every differential equation of form (4) has a solution of form (1). 

The problem of proceeding from a differential equation (4) to its 
solution (1) is, however, a difficult one, which can be solved only in 
the simpler cases. Some of these cases have been discussed in this 

volume for equations in which -^ appears to the first power only. 
These are the following : 




Fig. 116 



I. Variables separable, 
la. Homogeneous equation, 
lb. Equation of the form 

(a^x -h b^y + c^) dx + (a^x + 62^ + ^2) ^V = 0. 



(§ 77) 
(§78) 

(§79) 
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II. The linear equation (§ 80) 
Ila. Bernouilli's equation. (§ 81) 

III. The exact equation. (§ 147) 
Ilia. Solution by integrating factors. (§ 149) 

While the above methods often prove serviceable, the student 
should appreciate that they may all fail with a given differential 
equation, since the above list does not contain all possible differen- 
tial equations which are of the first degree in -j- • Moreover, the 

solution will in general involve integrations of which the results 
can be expressed as elementary functions only in the simpler cases. 

174. Solution by series. The solution of a differential equation 
may usually be expressed in the form of a power series. 

Ex. -?^ = x2 + y2. 
(2x 

Assume y = Oo + aix + oax* + a^ H . Substituting in the given equation, 

«! + 2 OaflJ + 8 asx^ H = x^ + (a© + aix + a2«* + Osic' H )^» 

in which the coefficients of like powers of x on the two sides of the equation 
must be equal, since the equation is true for all values of x. 
Equating coefficients, we have 

ax = a^, 

2 02 = 2 Ootti, 

8 as = 1 + aj^ 4- 2 aoOa, 



whence ai = a^, 

02 = ag, 
a8 = J(l + 3ao*), 



Hence the required solution is 

y = oo + a^x + a^x^ + ^(1 + 3ao*)x« + • • .. 

175. Equations not of the first degree in the derivative. If the 

differential equation of the first order is of higher degree than the 

first in -^ > new methods of solution are necessary. Denoting -^ 
ax ax 

by p, we shall make three cases : 

1. Equations solvable for p, 

2. Equations solvable for y. 

3. Equations solvable for x. 
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176. Equations solvable for p. Let the given equation be an 
equation of the nth degree in ^, and let the roots of the equation, 
regarded as an algebraic equation in p, be p^, p^, ' "> Pn^ where p^, 
Vv ' ' '>Pn ^^® functions of x and y, or constants. Then the equa- 
tion may be written in the form (I, § 42) 

(p -p,) (p-p,)"- (p -Pn) = 0. (1) 

But (1) is satisfied when and only when one of the n factors is 
zero, and hence the solution of (1) is made to depend upon the 
solutions of the n equations 

P-Pi=0, i?-i?2=0, ..., i?-A=0. (2) 

Let the solution of ^ — ^i= be f^(x, y, c^) = 0, the solution of 
p—p^^O he /^(x, y, c^)= 0, etc., where c^, Cg, • • • are arbitrary 
constants. Since each of these constants is arbitrary, however, and 
there is no necessity of distinguishing among them, we will denote 
them all by the same letter c. 

Now form the equation 

The values of x and y which make any factor of (3) zero satisfy 
(1) by making the corresponding factor of its left-hand member 
zero. Hence (3) is a solution of (1), since the values of x and 
y which satisfy (3) are all the values of x and y necessary to 
satisfy (1) ; and since (3)* contains an arbitrary constant, it is the 
general solution. 

Ex. 1. p8 - 2i>2 + /2y _ a;2 _ ?^p __ 2 /2y - x2 - ?^ = 0. 

Solving this equation for p, we have 

1> = 2, j) = ^-x, and p = -^ + x. 

The solution of the first equation is evidently y — 2x + c = 0. The second 

equation, when written in the form — y = — x, is seen to be a linear equa- 

dx X 

tion, and its solution is y + x^ — ex = 0. 

The third equation may also be written in the form of a linear equation, and 
its solution is x* — 3 xy + c = 0. 

Hence the solution of the original equation is 

(y - 2x + c) (y + x2 - ex) (x^ - 3xy + c) = 0. 
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Ex.2. y(^y+2x^-y = 0. 

\dx/ ax 

X -y/x^ + y^ 
Solving for p, we have p = — ± — 

i0 9 



X "v/x* -4- 7/^ 

The equation p = h 

|r if 



is a homogeneous equation, and its solution is VxM-J^ — x + c = 0. 
The equation ^ ^ Vx^Tl?^ 



is also a homogeneous equation, and its solution is Vx* + y^ ^. x — c = 0. 
Hence the required solution is y2 ^ 2 ex — c* = 0. 

177. Equations solvable for y. Let the given equation be 

f(x,y,p)^0, (1) 

Solving this equation for y, we have the equation 

y^F{x,p). (2) 

Differentiating (2) with respect to a;, and replacing -^ by p, we 
have the equation / ^ \ 

in which p and aj are the variables. Let the solution of (3) be 

•>|r {x, p, c) = 0. (4) 

Eliminating p between (1) and (4), we have a function of x, y, 
and an arbitrary constant which is, in general, a solution of (1). 
But the process of solution may bring- in extraneous factors or 
otherwise lead to error, and the solution should be tested by 
substitution in (1). 

If the elimination cannot be performed, equations (1) and (4) 
may be taken simultaneously as the parametric representation 
(I, § 163) of the solution, p being the variable parameter. 

Ex. 1. xp^ — 2 yp + ax = 0. 

XO £EX 

Solving for y, we have y = — -\ . (1) 

2 2p 

By differentiating (1) with respect to x, we obtain 

2\-^ dxj 2\p p^dxj 

(«-p)(l-^J) = 0. (2) 

\p / \ p dx/ 



or 
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The first factor placed equal to zero gives p = ± Va. If this value is substituted 

for p in the given equation, we have 2az ±2y Va = 0, which is found on trial 

to be a solution of the equation. This solution, however, involves no arbitrary 

constant, and hence is of a different type from that already considered. It will be 

discussed in § 182. 

Placing the second factor equal to zero, and solving the resulting equation, 

^e find p = ex. Substituting this value of p in (1), we have, as the general 

solution, - 

' cx^ , a 

" 2 ^ 2c 

Ex. 2. ClairauVs equation, y = px + /(j)). 

As this equation already expresses y in terms of x and p, we proceed imme- 
diately to differentiate with respect to x, with the result 

[x+/'(p)]| = 0. 

As in Ex. 1, placing the first factor equal to zero cannot] give us the general 
solution. Neglecting that factor, we have — = 0, whence p = c. Substituting 
this value for p in the original equation, we have, as the general solution, 

y = cx+/(c). 

Hence the general solution of Clairaut^s equation may be written down 
immediately by merely replacing p by c in the given equation. The ease of this 
solution makes it desirable to solve any equation for y, in the hope that the new 
equation may be Clairaut^s equation. 

Ex. 3. y=pz-\- a Vl + p^. 



Since the equation is in the form of Clairaut's equation, with/(p) = a Vl + p^^ 

its solution is . 

y = cx-\- a Vl + c2. 

178. Equations solvable for jr. If the given equation can be 
solved for x, with the result 

^ =/(y> P)> (1) 

we may form a new equation, 

dx 1 
by differentiating (1) with respect to y, and replacing -r- by - • 

Let the solution of (2) be V JP 

ir(y,p,c)=0, (3) 
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Then (1) and (3) may be taken simultaneously as the parametric 
representation of the solution of (1). Or p may be eliminated from 
(1) and (3), the result being a function of a;, y, and an arbitrary 
constant, which is, in general, a solution of (1), but which should 
be tested by substitution in (1). 

Ex. X — 2p — logp = 0. 

Solving for x, we have a = 2p + log p. (1) 

Differentiating with respect to y^ we obtain the equation 

dy = (2p + l)cip, (2) 

the solution of which is y = p^ 4. p -|- c. (3) 

Since the result of eliminating p from (1) and (3) is complicated, we take (1) 
and (3) as the parametric representation of the solution of (1). 

179. Envelopes. Let f(x, y^ c)=0 (1) 

be the equation of a family of curves formed by giving different 
values to the arbitrary parameter c. If any particular value of c is 
increased by Ac, the equation of the corresponding curve is 

f{x, y, c + Ac) = 0. (2) 

The limiting positions of the points of intersection of (1) and (2), 
as Ac == 0, will be called limit points on (1). We wish to discuss 
the locus of the hmit points. 

One method is evidently to solve (1) and (2) simultaneously for 
X and y in terms of c and Ac. The hmiting values of x and y, as 
Ac = 0, will be the coordinates of a limit point expressed in terms 
of c. If c is eliminated from these values of x and y, the result is 
the Cartesian equation of the locus of the limit points. ' 

A second method is as follows: Any point of intersection of 
(1) and (2) is a point of 

f(x, y, c + Ac) -fix, y, c) _ 

A^ " ^' ^^^ 

so that we may use (3) in place of (2). As it is only the limiting 
positions of the points of intersection of (1) and (3) that are to be 
considered, we may take the limit of (3) as Ac == 0, i.e. 



\ 
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Then (4) is a curve passing through the limit points. Eliminating 
€ between (1) and (4), we obtain the equation of the required locus. 

Ex. Find the locu s of the limit points on the straight lines represented by 
y — mx — a Vl + m* = 0, m being the variable parameter. 



First method. We first solve the equations 



with the results x = a 



y — mx — a VT-fm^ = 0, 
y — (m + Am)x — a Vl + (m -f Am)* = ©, 

Vl + m* - Vl -H (m + Am)2 

""" A ^ ' 

Am 



Vl + ma-Vl + (m + Am)a , ^^fj-r 

y = am — + a V l + 

Am 

Taking the limits of (3) and (4), as Am = 0, 
we have 



m^ 



(1) 
(2) 

(3) 
(4) 



d 



am 



x = — a — Vl + m2 = — 

dm Vl + m2 



y = 



a 



Vl + m2 



0, 


JX 


(6) 




^^ 


(6) / 


^ 


y 







j\ 


\ 

m 


V 


(y 



Fig. 116 



the coordinates of any limit point expressed in 
terms of m. 

Eliminating m, we have 

x2 + y2 = a*. (7) 

It is thus evident (fig. 116) that the locus is a circle tangent to each of the 
straight lines represented by the given equation. 

Second method. From (1), 



df 



= — X — 



am 



= 0. 



(8) 



^m Vl + m2 

Eliminating m from (1) and (8), we have 

x2 + y2 _ ^2 = 0, 

the locos of which is the circle found by the first method. 

180. In the illustrative example of the last article, the locus of 
the limit points of the family, as those curves approach coincidence, 
is a curve tangent to every curve of the family. Hence the question 
is suggested, Is the locus of limit points always tangent to every 
curve of the family ? To answer this question, we proceed as follows : 

Let (x^y y^ be a limit point on one of the curves represented by 

f{x, y, c) = 0. (1) 
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Then its coordinates satisfy (1) and 

The tangent to the curve of the family at (iCj, y^ is 

(«-».)(|)+fr-y.)(|) = o, (3) 



/df\ 

where the meaning of 1^1 is as in Ex. 3, § 113. 

The equation of the locus of the limit points may he found theo- 
retically by substituting the value of c in terms of x and y from (2) 
in (1). Then the equation of the tangent to the locus of the limit 
points at {x^, y^) is 

or (§113, Ex. 3) ^'^"^Z'' ^^y^' 



(x - ajj) 



'df\ 8/ del , 

fx)^TcVxY^y-y^ 



But since ^ = 0, (5) reduces to 



:s^«g-»- <^) 



which is the same as (3). Hence, in general, the locus of the limit 
points is tangent to every curve of the family. 

There may be limit points, however, which he on a locus that 
is not tangent to every curve of the family. For let each curve 
of the family have one or more singular pointSy i.e. points for 

which /— 1=0, ( — 1=0. Then such points will be a part of the 
locus of the limit points ; for, from (1), we have 



lh+(lh^i^'^''=='- 



But at a singular point the first terms vanish, and hence the coor- 

dinates of any singular point satisfy f{x, y, c)==0 and ^ = 0, and 

oc 

are limit points. But at a singular point the equation of the tan- 
gent becomes indeterminate, and hence the locus of the limit points 
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may or may not be tangent to each curve of the family. Accord- 
ingly, we shall separate that part of the locus of limit points which 
is tangent to each curve of the family, and give it the special name 
envelope. That is, the envelope * is that part of the locus of the limit 
points of a family of curves which is tangent to every curve of the 
family. Hence, in finding the equation of the envelope, it is neces- 
sary to find the locus of the limit points, throwing out any extra- 
neous factor brought in by the elimination, and also discarding any 
part of the locus which is not tangent to each curve of the family. 

181. The second method of finding the locus of Hmit points is 
exactly the method of determining the condition that f{x, y, c) = 0, 
if it is an algebraic equation in c, shall have equal roots (I, § 64). 
Hence, if we form the discriminant oif(x,y, c) = 0, regarded as an 
equation in c, and place it equal to zero, the locus of the resulting 
equation will contain the envelope. If there are any additional 
loci, they are the loci of singular points, or correspond to extrane- 
ous factors brought in by the elimination. 

Ex. The equation of the example in § 179 may be written in the form 

(x2 - o2)m2 - 2xym + (y^ - a?) = 0. 

The discriminant of this quadratic equation in m is (I, § 37) 

(- 2a;y)2 - 4(ic2 - a2)(y2 - a^) = ^a^{x^ + y^ _ o^). 

Hence the condition for equal roots is 

x2 + y2 - a2 = 0, 
and this is the equation of the envelope, since there are no extraneous factors. 

182. Singular solutions. Let 

/(^, y. ^) = (1) 

be the general solution of a diif erential equation of the first order, 

H^,y,p)^0, (2) 

Then every curve of the family represented by (1) is such that 
the coordinates of every point of it and the slope of the curve at 
that point satisfy (2). If the family of curves has an envelope, the 
slope of the envelope at each point is that of a curve of the family. 
It follows that the envelope is a curve, such that the coordinates 

* Some writers call the whole locus of the limit points the envelope, while other 
writers define the envelope as a curve tangent to every curve of the family. 
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of every point of it and the slope of the curve at that point sat- 
isfy (2). Hence the equation of the envelope is a solution of (2). 
It is not a particular case of the general solution, since it cannot 
be obtained from the general solution by giving the constant a 
particular value, and is called the singular solution. 

Accordingly, we may find the singular solution, if one exists, by 
finding the envelope of the family of curves represented by the 
general solution. This method requires us to find the general solu- 
tion first ; but we may find the singular solution, without knowing 
the general solution, as follows : 

Let (1) and (2) (fig. 117) be two curves of the family represented 
by (1), intersecting at ^{x^y y^), and having the respective slopes ^^ 
and p^. Then x^, y^, p^, and x^, y^, p^ satisfy (2). As curves (1) 

and (2) approach coincidence, in general, ij 
approaches a point of the envelope as a limit, 
and p^ and p^ become equal Hence the locus 
of points for which (2), regarded as an equation 
in p, has equal roots must include the envelope, 
if one exists. The equation of this locus may 
be found by placing the discriminant of the equation, regarded as 
an equation in p, equal to zero. 

As in the determination of envelopes, so here, extraneous factors 
may appear in the course of the work, and they can be eliminated 
most easily by testing them in the differential equation, to see if 
they satisfy it. 

Ex. 1. Find the singular solution, if one exists, of the differential equation 

y = px + a Vl + p^. 

First method. The general solution has been found to be (§ 177, Ex. 3) 

y z=:CX + a Vl + c2 ; 

and the envelope of this family of straight lines is (§ 179, Ex.) the circle 
X* + y2 — a^ = 0. Hence there is a singular solution, i.e. 

x2 + y2 - a2 = 0. 

Second method. Writing the differential equation as a rational algebraic equa- 
tion in p, we have (^.a _ ^2)^2 ^2xyp + (y^ - a?) = 0, 

the discriminant of which is 4 a^ («2 -|- y2 _ Q2y 

Since x^ + y^ — a^ = satisfies the differential equation, it is the singular 
solution. 
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Ex. 2. In solving Clairaut's equation (§ 177, Ex. 2), we neglected the factor 
« -|-/'(p). The equation x +/'(p) = 0, however, is the equation which would be 
derived if Clairaut's equation were differentiated with respect to p. Hence the 
elimination of p between this and Clairaut's equation would give us an equa- 
tion which would include the singular solution, if one exists. In Ex. 1 of § 177 
we found the solution 2 ax ± 2 y Va c= 0. This is now seen to be a singular 
solution of the given equation. 

183. Orthogonal trajectories. A curve which intersects each 
curve of the family represented by the equation 

/(^, y>c)^o (1) 

at a given angle is called a trajectory. In particular, if the given 
angle is a right angle, the curve is called an orthogonal trajectory. 
It is only this special class that we shall consider. 

To determine the equation of the family of orthogonal trajectories, 
we first find the differential equation of the family represented by 
(1) in the form (§ 173) ^/ dy\ . 

Since the trajectory and the curve of the family intersect at right 
angles, the slope of the curve of the family is minus the reciprocal 

of the slope of the trajectory. Hence, if we replace -j- in (2) by 

— — 9 the resulting equation 
ay 

is the differential equation of the family of orthogonal trajectories. 
The solution of (3) is the equation of the orthogonal trajectories. 

Ex. Find the orthogonal trajectories of the family of hyperbolas xy == a*. 
The differential equation of this family of hyperbolas is 

dx 



Fix. 



«(-^) + y = o, 



Hence the differential equation of the orthogonal trajectories is 

dx\ 
dyj 
the solution of which is x^ — y^ = c. 

Hence the orthogonal trajectories are hyperbolas, concentric with the given 
hyperbolas and having their common axis making an angle qf 46° with the 
common axis of the given hyperbolas (fig. 113). 
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184. Differential equation of the first order in three variables. 
The integrable case. Any family of surfaces 



f(x, y, 21, c) = (1) 

satisfies a differential equation of the form 

Fdx + Qdy + Rdz = 0. (2) 

For, by §114, |d^ + |,;y + |d, = 0, 

and the elimination of c from this equation by means of (1) 
gives (2). 

Conversely, we ask if an equation of the form (2) always has a 
solution of the form (1). To answer this question, we notice that 
(1) may be written ^(^,y,,) = ,, 

whence -^dx-h-^dy-h^dz^^O, (3) 

dx dy ^ dz ' ^ ^ 

which is an exact differential equation (§151). 

As (3) does not contain c, it must either be the equation (2) or 
differ from it by some factor. Hence equation (2) has an integral 
(1) only when it is exact or can be made exact by means of a 
factor, called an integrating factor. A special case of an exact 
differential equation is one in which the variables are separated. 
We shall accordingly consider three cases of equation (2), namely: 

Case I, equations in which the variables can be separated. 

Case II, exact equations. 

Case III, equations having integrating factors. 

Case I. If the variables can be separated so that the equation 
may be written in the form 

A{x)d^-^A{y)dy-hMz)dz = o, (4) 

where any coefficient may reduce to a constant, the solution is 
evidently of the form 

Jf,(x) dx +fuy) dy -hf/^iz) dz = c. (5) 
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Ex. 1. (x + a)yzdx + (a; - a) (y + h)zdy -i- (x - a) {z -\- c)ydz = 0. 
Dividing the equation by (x — a) yz, we have 

dx + ^^ dy + da; = 0. 

X — a y z 

Hence the solution is 

J X — a *J y J z 

or X + 2 a log(x - a) + y + 6 logy + 2 + c logz = A;, 

or aj + y + 2 + log [(x - a)a«y*2;<?] = fc. 

Case II. The necessary and sufl&cient conditions that (2) shall 
be an exact differential equation are (§ 151) 

aP^^^^ dQ^dR^ dR^dP 

These conditions being fulfilled, equation (2) is of the form 

^dx-^^^dy-h^-^dz=0, (7) 

dx dy ^ dz ' ^ ^ 

and the problem is to find (j). 

If we omit from (2) one term, say Edz, we have the equation 

Fdx + Qdy = 0, (8) 

which, because of (6), is an exact differential equation (§ 147) 
obtained from (7) by considering z as constant. Therefore, if we 
integrate (8), holding z constant, we shaU have all that part of <f) 
which contains either x or y. The arbitrary constant in the solu- 
tion of (8) must be replaced by an arbitrary function of z, since 
"constant" in this connection means "independent of x and y," 
If, then, the solution of (8) is 

where <f>^ is a known and (f>^ an unknown function, we have 

Substituting in (7) we should have equation (2), and comparison 
with (2) will give an equation from which to determine <f>2{z)' 
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Ex. 2. (y2 -\.z^)xdx-^ (22 4- aj2) y^ty 4. (^2 + y^) zdz = 0. 

This equation is exact. 

Omitting the last term, we have the exact equation 

(2/2 + z2) xdx + («2 + a;2) ydy = 0, 
the solution of which is x^^ + z^^ + yH'^ + F(«) = 0. 

Forming an exact equation from this solution, we have 

2(2/2 + 22)x(iB + 2(22 + x2)2/d2/ + [2(2/^ + x2)2 + F\z)'\dz - 0. 

Comparing this equation with the given equation, we have F'(2) = 0, whence 
F{z) — c. Therefore the general solution is 

x22/2 + 22x2 4. y22;2 - ^. 

Case III. If equation (2) has an integrating factor /a, then 

^LFdx + yJQdy + ^LRdz = (9) 

is an exact differential equation, and therefore 

Equations (10) may be placed in the form 

\dy dx] dx dy 
\dz dy J dy dz 

\dx dz J dz dx 

Multiplying the first equation by B, the second equation by P, 
and the third equation by Q, and adding the three resulting 
equations, we have 

\dz dy) ^\dx dz) \dy dx) ^ ^ 

This is then a necessary condition that must be fulfilled in order 
that (9) may be an exact differential equation or that (2) may 
have an integrating factor. It may be shown that the condition 
(11) is also sufl&cient; that is, if (11) is fulfilled, equation (2) has 
an integrating factor. 
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Let us now suppose that (11) is satisfied for a given equation of 
form (2). Then if it were possible to find the integrating factor 
/i, we should form the equation (9), and, omitting the last term, 
should solve the exact differential equation 

fjbPdx + fJiQdy = 0, 

as in Case II. But since fi is not known, we may solve the equiv- 
alent equation p^^ ^ q^^ ^ 0^ 

writing the solution in the form /(a?, y, F{z)) = 0, where F{z) takes 
the place of the arbitrary constant. From this point on, the work 
is similar to that in Case 11. 

Ex. ,3. yzHz + (y^ - xz^) dy - y^dz = 0. 

This equation has an integrating factor. 
Regarding y as constant, we have the equation 

ys^^dx — yHz = 0, 

the solution of which is x + — + i?'(y) = 0. 

z 

From this solution we form the differential equation 

dx 4- [^ 4- l^'(y)ldy - ?^d« = 0. 
If we divide the given equation by yz*, we have 

\_z y^ " z^ 

1/ X 

whence, by comparison, - H h F^(y) = 0, 

z y 

But 5 + y + ^M = o. 

y z y ' 
80 that F'(y) - ?^ = 0, 

If 

whence F{y) = cy. 

Therefore the general solution of the given equation is 

« + Y + cy = 0, 

or ? 4. 1? 4- c = 0. 

y z 

The student should notice the diflference between the equations 

Mdx + Ndy = 
and Pdx + Qdy + Rdz = 0. 
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The former has always an integrating factor and a solution 
f{^> y> c)= (§ 173). The latter has an integrating factor and a 
solution f{x, y, 2;, c) = only when condition (11) is satisfied. 

185. Two differential equations of the first order in three vari- 
ables. Let the two equations be 



F^dx + Q^dy + R^dz = 0, 
P^dx^-Q^dy^-R^dz^^), 



(1) 



where J?,©i, R^, -5, Q^, ^2 ^^® functions of x, y, and 2, or constants. 
By I, § 8, we have 



dx:dy:dz=^ 



or 



Q. 


R, 


• 


B, 


^ 


• 


Pi 


<?i 


Q. 


B, 


• 


^, 


^ 


• 


P. 


e. 


dx 


dy dz 






P 


Q 




B 











(2) 



where P =^ Q^R^- QJR^, Q =-R^P^--R^I^, and R=P^Q^-J^Q,. 

Accordingly, we shall consider equations in form (2) only. 

Since dxidy: dz gives a direction in space {§ 97), (2) assigns a 

specific direction at each point in space. Moving from point to 

point in the direction determined by (2), we trace a curve in space. 

Hence the solution of (2) consists of a family of space curves, and 

since it requires two simultaneous equations to represent such 

a curve (§ 89), it follows that the solution of (2) is a pair of 

simultaneous equations. , , 

ctx dull 
If the first of the equations (2), i.e. — = -^ > is independent of Zy 

P Q 

it is an equation in two variables, the solution of which may be 

written in the form >. / v ^ /ox 

/i(^>y>O=0. (3) 

Similarly, if the remaining equations of (2) ar^ independent of x 
or of y, their solutions are respectively 



and 



/2(y>2J, C2) = 0, 



(4) 
(5) 



Any two of the three equations (3), (4), (5) taken simultaneously 
constitute the solution of (2). 
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dx dy dz f - 
xy y z V 

^ dy dz , 
From -^ = — we have y = ciz. 
y z 

The equation — = — may be written — = dy. whence 
xy y '' X ' 

Therefore the complete solution consists of the equations 

y = ciZy X = C2&f 
taken simultaneously. 

If only one of the equations (2) can be solved by the above 
method, we may proceed as follows: Suppose, for example, that 
we have solved the first of equations (2) with the result (3) ; we 
may then solve (3) for either x or y and substitute in one of the 
two remaining equations, thus forming an equation in y, z, and c^ 
or X, z, and c^, which can be solved. This solution taken simul- 
taneously with (3) constitutes the solution of (2). 

^ dx dy dz 

Ex. 2. ~ ^ ~ 



x y xyze^ 

The solution of — = — is y— CiX = 0. 

X y ^2 

Equating the first and the third fractions, we have dx = . Substituting 

dz yzc'' 

Z\X for y in this equation, we have Cixe^dx = — » whence 

Ci(x — 1) e=*^ = log c^z. 
Therefore the complete solution consists of the equations 

y — Cix = 0, Ci (x — 1) e* — log c^z = 
taken simultaneously. 

If both of the previous methods fail, we may proceed as follows : 
By the theory of proportion -we may write 

dx ^dy _^dz ^ \dx + h^dy -h \dz 

where h^, \, h^ are arbitrary functions of x, y, and z, or constants. 
There are three cases to consider : 

1. Ajj, \y h^ may be so chosen as to give between the fourth 
fraction and one of the original fractions an equation which can be 
solved (see Ex 3). 
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2. A; J, k^y ig may be so chosen as to make k^P -h kj^ + k^R = 0. 
Then k^dx + k^dy + k^dz = 0, and if this equation falls under one 
of the cases of § 184, its solution is one of the equations of the 
solution of the given differential equations (see Ex. 4). 

3. We may form a new equation 

k^dx + k^dy + k^dz __ k[dx + k^^y + k^dz 
k^P -h k^Q -h k^R "" k[P-hKQ + KE ' 

so choosing the multipliers k^, k^, k^, k[, k!^, A:, as to make the new 
equation solvable by previous methods (see Ex. 5). 

Ex.3. ^= ^^ "" 



X X -\-,y 05 + 2 

Let ki = 0, ^2 = 1» ^8 = — 1. 

dx _ dy _ dz _ dy — dz _ d(y — z) 

X ~ X -{■ y~~ x-\- z~~ y — z ~~ y — z 

^ dx d(y — z) « , , . 

From — = -^ , we find x = Ci(y — z). 

X y — z \^ / 

dtj dz 

Substituting this value of x in the equation —-—- = , we have 

X "J" y X "T" z 

dy dz 



(1 +ci)y - ciz (1 -ci)z-{- ciy 

y 

the solution of which is log {z — y) = C2 

ci(z - y) 

Therefore the general solution consists of the two equations 
x = ci{y-z), log(2-y) = C2- ^ 



ci(z - y) 
taken simultaneously. 

Ex.4. ^ -^y- <«* 



y + « — X x-\-y -\- z 
Let fci = 1, fca = — 1, ^8 = — 1. 

Then ki{y + «) + fc2(- «) + h{x + y + z) = 0, 

and hence kidx + k2dy + fcsd^ = 0. 

But this equation is dx — dy — dz = 0, 

the solution of which is evidently x — y — z== Ci. 

dx dv 

Substituting the value of y + 2; from this equation in = , we have 

dx _ dy y^z -x 



= — ^ , the solution of which is 



X '~- Ci ~~ X 

x + ci log(x - ci) = C2 - y. 

Hence the general solution consists of the equations 

05 — y - 2 = ci, X + ci log (x - ci) = C2 — y. 
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dx 
Ex. 5. = 

y + z 


dy dz 

z+x x+y 


Let 


ki = k2 — ks=] 


Then 


dx dy dz 



_ d(x + y-{'Z) 
y -\r z 2+x x + y 2(x + y + 2) 

d (x •— 2/^ 

Again, let fci = 1, ^2 = — 1, ks = 0, and we obtain the equal fraction — ^^ — : 

y — X 

d (u — z^ 

also, letting ki = 0, k2 = I, ks = — 1,* we obtain the equal fraction -^ . 

z — y 

. d(x + y + z) _ d(x - y) _d(y - z) 
"2(x + y + 2)" 

whence Vx + y + z = 



y — X 


z — y 


x-y 




C2 





y/x-^y -\-z = 

y — z 

186. Differential equation of the first order in three variables. 
The nonintegrable case. Consider again the equation 

Fdx + Qdy + Rdz = 0. (1) 

Geometrically, the equation asserts that the direction dx:dy\ dz 
is perpendicular to the direction F:Q:E. Consequently, the geo- 
metrical solution of (1) consists of loci perpendicular to the curves 
defined by the equations ^^ . ^^ 

— = — = — • (2) 

P Q It ^ ^ 

We may therefore seek the solution of (1) first in a family of 
surfaces _^(^^ ^^ ^^ ,) ^ 0^ ^3^ 

which will be orthogonal to the curves (2). This is the form of 
the solution discussed in § 184, and does not always exist. This 
leads to the geometric theorem that it is not always possible to 
find a family of surfaces orthogonal to a given family of curves. 

When the solution of (1) in the form (3) does not exist, it is 
still possible to find curves Which satisfy (1) and hence cut the 
curves (2) at right angles. In fact, we may find a family of such 
curves on any surface assumed at pleasure. For let 

<\>{x,y,z)^0 (4) 

be the equation of any arbitrarily assumed surface. Then, from (4), 

?^dx + ^-^dy+^-idz = 0. (5) 

dx dy " dz ^ ' 
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Equations (1) and (5) may then be taken simultaneously. Their 
solution will be a family of curves which lie on (4) and satisfy 
condition (1). 

Ex. xydx + ydy + zdz = 0. . (1) 

This equation cannot be satisfied by a family of surfaces. It may, however, 
be satisfied by curves which lie on any assumed surface and cut at right angles 

(2) 



(3) 
(4) 



Hence the circles cut from the sphere 05^ 4- y^ + 2* = a^ by the planes x = c 
satisfy (1). 

Again, let us assume the hyperbolic paraboloid 



the curves 






dx _dy _dz 
xy y z 


or (Ex- 1, § 186), 






y = Ci2, X = c^€». 


Let us assume the 


1 sphere 




X* + y2 4. ^2 = flt2. 


Then 




awix + ydy + zdz — 0, 


and from (4) and 


(1), 


dx 


= 0, whence x = c. 



Then 

and, from (6) and (1), 



z = xy. 
ydx + xdy — dz = 0, 
dz dy dz 



-y -xz xy -\- zy x^ -y^ 

One solution of (6) is known to be ;? = xy. Using this, we have 

xdx dy 



(5) 
(6) 

(7) 



1 + X2 



1 + y 



whence (1 + y) vT+x^ = c. 

Then the curves defined by (5) and (8) also satisfy (1). 



(8) 



PROBLEMS 

Express the solution of each of the following equations in the form of a series: 



dx 



2. y^=x2 + y. 
dx 



3. ^ = x» + y2. 
dx 



Solve the following equations : 

4. p2_3_p_io=:0. 

5. xy(p2 + 1) - (x2 4. y2>ip = 0. 

6. x2p2 4. xyp - 2 y2 = 0. 

7. p8 + 2yp2 _ aj2p2 _ 2x2yp = 0. 

8. p2 (3.2 - a2)2 - 4 a2 = 0. 

9. p2 + 2pyctnx-y2 = 0. 



10. py2 _ 2p^y 4- p^'^ = 1. 

11. y(l-\-p^-2px = 0. 

12. y = 2/p2 _|. 2px, 

13. (l + y2)p2_2xyp8 4.a.2p4 = i 

14. 22/-2p=p2. 

15. p8 - 4xyp + 8y2 = 0. 
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16. xV - p^ + 1 = 0. ^ 18. p2 ^ 2px8 = 4x2y. 

17. y(p + y)-p^ = 0. 19. p(x + y)2 = i. 

20. X = 4p2 + 4p. 22. y = p2x + p. 

21. afiyp^-z^{x + y)p-\-(z-y){x + y)^ = 0. 28. y=p2_2p. 

24. i)« - (xa + xy + y2)p2 ^ 3.^(3.2 + xy + yzj^ _ ajsys == 0. 

25. y + 2py - 2pH = 0. 26. p2 - 2xp + x^ + 4y2 = 0. 

27. y*-4xy«p + 4p2y2(a.2_ 1)4.1 = 0. (Lety2 = 2.) 

28. c8*(p - 1) + p^e^v = 0. (Let ev = v,fF- u.) 

29. py2(px -y) + x = 0. (Let y2 = u, x2 = u.) 

Find the general and the singular solutions of the following equations : 

30. p2(i _|. a;2) _ 2xyp + y2 _ 1= 0. 34. y2 4. (i _ 2 xy)i) + x2p2 = 0. 

31. 3x2 - 4xp + p2 = 0. 35. a2 - y2 = ^2^2. 

32. (x2 - a2)p2 _ 2xyp - x2 = 0. . 86. x«p2 4. x^p + a^ = 0. 
38. y = — xp + x*p2. 

37. Find the singular solution of the equation p* — 4 xyp + 8 y2 = 0. 

38. Find the singular and the general solutions of the equation y =zpx + 
V62 -I- a2p2, and interpret them geometrically. 

Solve the following equations ; 

39. (xy22; - x«) dx + (x2y2 + yz) dy + (x2y2 - x2 + y2 _ i) ^2 = 0. 

40. (y + z)(2x + y + 2)(ix+(2 + x)(2y + « + x)% + (x + y)(22; + x + y)d2 = 0. 
41.3 x^yzdx + (2 y^z + 2) dy + 2 (y + yz^) dz = 0. 

42. (y + 2 — 6 — c) dx 4- (2 + X — c — a) dy + (« + y — a -• &) d2 = 0. 

43. (y2 + y2)dx + (22 + 2x)dy + (y2 - xy)dz = 0. 

"•e-3**e-?)*-(i-?h=»- 

45. (1 + a; + y)dx + (1 + x + y)dy + (x + y)dz = 0. 

46. y22dx + {y^z - X22) dy - y2 (y + z) dz = 0. 

47. yzdx - zxdy + (x2 + y2)d2 = 0. 

Solve the following systems of simultaneous equations : 

48 <^g _ , ^y _ ^^ 50. ^- ^y -^^ 



y(x2+a2) x(y2+62) x(z2+c2)' V * + « V 

.0 *c dy_.dz ^l, z^dx ^ 2x^yzHy ^xHz 

4». — — — — — • ' 1 oifi 1 

yz zx xy ^ ^ ^ 

dx dy dz 



52. 



** + ^ xy + (a;" + l)* y + x2-xVx2 + l 
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57. 
58. 
59. 



53. 


dx xdy dz 

z X^ + Z^ X 


54. 


dx dy dz 
X 2x — y z — xy 


55. 


X ^-y — z z 


56. 


^ - ^y-zdz. 



60. 



dx 


dy 
2xy 


dz 


x2 + y2 


(X - y)z 


dx _ 


dy 


dz 


y -z 


z — X 


x — y 


dx 




dy ( 


x — y — 


z y 


— Z — X 


dx 




dy dz 



dz 
z 



X — 2y y x^ — y^ — z^ 2xy 2xz 

61. Find the envelope of the family of lines y = 2mx + m*, m being the 
variable parameter. 

62. Prove that each line of the family c^x + a^y — ac^ = 0, a being the vari- 
able parameter, forms with the coordinate axes a triangle of constant area, and 
find the envelope of the family. 

63. Find the envelope of the parabolas y^ = a(x — a). 

64. A straight line moves so that the sum of its intercepts on the coordinate 
axes is always equal to the constant c. Express the equation of the family of 
lines in terms of c and the intercept on OX, and find their envelope. 

x^ v^ 

65. The semiaxes of the ellipse — ^- — = 1 vary so that ah = c^, where c is 

a constant. Express the equation of the ellipse in terms of a as a variable 
parameter, and find the envelope of the family of ellipses thus defined. 

66. Find the envelope of the family of straight lines formed by varying the 
slope m in the equation y = mx — 2 pm — pm^. 

67. Find the envelope of a family of circles having their centers on the line 
y = 2x and tangent to the axis of y. 

68. Find the envelope of a family of circles which have the double ordinates 
of the parabola y^ = 4px as diameters. 

69. Find the envelope of a family of straight lines which move so that the 
portion of each of them included between the axes is always equal to the 
constant c. 

70. Find the envelope of a family of circles which have their centers on the 
parabola y^ = 4px and pass through the vertex of the parabola. 

71. Find the equation of a curve such that the tangent cuts off from the co- 
ordinate axes intercepts the sum of which is always equal to the constant k. 

72. Find a curve in which the projection upon OF of the perpendicular from 
the origin upon any tangent is always equal to the constant a. 

73. Find the equation of the curve in which the part of the tangent included 
between the coordinate axes is always equal to the constant a. 

74. Determine the equation of a curve such that the portion of the axis of x 
intercepted by the tangent and the normal at any point of the curve is always 
equal to the constant k. 
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75. Find the polar equation of the curve in which the perpendicular from the 
pole upon any tangent is always equal to the constant k. 

76. Find the polar equation of a curve such that the perpendicular from the 
pole upon any tangent is k times the radius vector of the point of contact. 

77. Find the orthogonal trajectories of the family of parabolas y^ = 4px. 

78. Find the orthogonal trajectories of the family of ellipses — | — = 1, 

X being the variable parameter. ^ ^ "^ 

Z^ 42/2 

79. Find the orthogonal trajectories of the family of ellipses — | — — = 1. 

80. Find the orthogonal trajectories of the family of parabolas y^=4ax+4a^, 

81. Find the orthogonal trajectories of a family of circles each of which is 
tangent to the axis of y at the origin. 

82. Find the orthogonal trajectories of the family of circles each of which 
passes through the points (± 1, 0). 

83. If /(r, e, — ) = is the equation of a family of curves, prove that 

flr.d, — r^ — ) = is the equation of the orthogonal trajectories. 
\ drj 

84. Find the orthogonal trajectories of the family of lemniscates r* = 
2 a^ cos 2 e, 

85. Find the orthogonal trajectories of the family of cardioids r = a(cos + 1). 

86. Find the orthogonal trajectories of the family of logarithmic spirals 



CHAPTEE XVIII 
THE LINEAR DIFFERENTIAL EQUATION 
187. Definitions. The equation 

S+ft£:!+-+i..-.|+i..y-/(«). (1) 

where p^, p^y • • •, jp„_i, jp„, and f{x) are independent of y, is a 
linear differential equation. If the coefficients jPp jPg* " '> Pn-v Vn 
are constants, the equation becomes the linear differential equation 
with constant coefficients^ 

do^ "-do^-^ ""^dic "^ "^^^ ^^ 

where a^ fl^2» ' * '» ^n-p ^« ^^^ constants. 

In both (1) and (2) f(x) is a function of a;, which may reduce 
to a constant or even be zero. 

We shall begin with the study of (2). To do this, it is con- 

dv d^v dj^y 

venient to express -^ by Dy, --^ by 2>^y, • • •, — ^ by lTy, and to 

dx dor daf" 

rewrite (2) in the form 
or, more compactly. 

The expression in parenthesis in (3) is called an operator, and we 
are said to operate upon a quantity with it when we carry out the 
indicated operations of differentiation, multiplication, and addition. 
Thus, if we operate on sin x with 2)*— 2Z)^4-3Z)— 5, we have 

(2)^—22)^+ 3Z>— 5) sin a? =— cos 0?+ 2 sin a; + 3 cos a;— 5 sin a; 

= 2 cos a; — 3 sin x. 
340 
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y = ^ , „ ^-1 , , _ ^ , _ /(a;), (4) 



Also, the solution of (2) or (3) is expressed by the equation 

1 
Z>»-h ajD"-' + • • • + a„_il> + a, 

where the expression on the right hsnd of this equation is not to 
be considered as a fraction but simply as a symbol to express the 
solution of (3). Thus if (3) is the very simple equation Dy =/(ic), 
then (4) becomes i ' /* 

In this case — means integration with respect to x. What the 

more complicated symbol (4) may mean, we are now to study. 

188. The equation of the first order with constant coefficients. 

The linear equation of the first order with constant coeflBcients is 

or, symbolically, {D—a)y =/{x), (1) 

This is a special case of the linear equation discussed in § 80, and 
we have only to "plsice /^{x) = ^a, /^(x)=f{x) in formula (5) of 
§ 80 to obtain the solution. We have in this way 



y 



gOX 



= f(x) = ce"^ + e"^ Ce- "^/(x) dx, (2) 

The solution (2) consists of two parts. The first part, ce"*, contains 
an arbitrary constant, does not contain /{x), and, if taken alone, 
is not a solution of (1) unless /(x) is zero. The second part, 

I e~"'f(x)dx, contains f(x), and, taken alone, is a solution of 

(1), since (1) is satisfied by (2) when c has any value including 0. 

Hence «"* I e~'^/(x)dx is called a, particular integral of (1), and, 

in distinction to this, ce*^ is called the complementary function. 
The sum of the complementary function and the particular inte- 
gral is the general solution (2). The complementary function can 
be written down from the left-hand member of equation (1), but 
the determination of the particular integral requires integration. 



A 
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Ex. 1. Solve ^ + 3y = 5x». 

The complementary function is cer*\ The particular integral is 

Hence the general solution is y = ce-«* + ^ «» — | x* + ^-x — J^. 

(21/ 
Ex. 2. Solve — H- y = sin X. 
(2x 

The complementary function is ce-*. The particular integral is 

C-* re*sinxdx= Jsinx — Jcosx. (§ 19, Ex. 6) 

Therefore the general solution is y = ce-* + J sinx — J cosx. 

189. The operator j._ • The solution of linear equations of 

higher order with constant coefficients depends upon the solution 
of the equation of the first order. Hence a knowledge of the oper- 
ator — is of prime importance. We give a few of the results 

D — a ^ 

obtained by operating with upon certain elementary func- 
tions which occur frequently in practice. In writing these formulas 
the complementary function, which is ce*^ in all cases, is omitted. 



1 1 
cu^c u. 



1 / u. _L ^ X 1 , 1 . 1 ^ 



• • • 



af" =— ( 1 r~H ^^ ^ 1 ), unless a = 0. 

2) — a \a a a J 



1 „ a;™+^ 
D m + 1 

JcJt 

e** = > unless k=^a. 



D^a k—a 

1 



D—a 



c"" ^ a^*"^. 



2) -a \k^a {h^af . {h^-'of ) 



unless A; = a. 



1 «. .. .- ixT 



+1 



Qf^a^XX ^ ^tMX 



D—a m -hi 



1) 

2) 

3) 
4) 

5) 

6) 
7) 

8) 
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1 . , —asuikx—kcoskx , 7 • /r^^ 

sin kx = — — > unless a=±ki, (9) 



-sinA;a; = -— -— • (10) 



D-ki 2i 4:k 

1 , —acoskx-{-kBmkx , ,. ,. ., 
cos kx = — — » unless a = ±k%, (11) 

cosA;a; = — -— • (12) 



D-ki 2 4:ki 

These formulas may aU be proved by substituting the special 
functions concerned in the general formula (§ 188, (2)). For (3), 
(7), (9), and (11) the student may refer to Exs. 4, 5, and 6, § 19. 
The derivation of (10) is as foUows : By § 188, (2), 



— — sin kx = ^ I e~^^ sin kx dx, 
-k% J 



D-ki 

If we attempt to use the method of Ex. 5, § 19, it fails to work, 
but by replacing sin kx by its value in terms of the txponential 
functions (§ 169, (5)) we have 

^ ^ix p . X^^ 6~*" 

D-ki 2iJ ^ ^ 2i ^k 

Formula (12) is derived in a similar manner. 

190. The equation of the second order with constant coeffi- 
cients. The symbol (2>— a)(2)— 6)y means that y is to be operated 
on with 2) — 6 and the result operated on with 2> — a. Now 

(2) — &) y = -^ — 6y, and hence , 

^[L^'-{a-\-h)D-\-ab'\y 

=^{I^ + pD-\-q)y, (1) 

where ^ = — (a + 6), 2' = «6. 

This result, obtained by considering the real meaning of the 
operators, is the same as if the operators 2) — a and 2) — 6 had 
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been multiplied together, regarding D as an algebraic quantity. 
Similarly, we find 

(2>-- &)(D- a)y = [2)^-(a + &)2> + a&] y = (2> - a) (2> - &) y. 

That is, the order in which the two operators D — a and 2> —• 6 are 
used does not affect the result. 

Moreover, if {JD^-^-pD + 2')y is given, it is possible to find a and 
h so that (1) is satisfied. In fact, we have simply to factor L^ + 
pD + 2', considering D as an algebraic quantity. 

This gives a method of solving the linear equation of the second 
order with constant coefficients. For such an equation has the form 

or, what is the same thing, 

(Ilf' + pD + q)y=/(x), (2) 

where p and q are constants and f(x) is a function of x which may 
reduce to a constant or be zero. 
Equation (2) may be written 

whence, by §188, (2), 

{D^h)y=: -^^-^ fix) = c'e-' + e"^ fe- ^f{x) dx. 

Again applying § 188, (2), we have 



y = U'e"^ + e"^ Ce' "^/{x) dx 



= c^^+^' 



Ce- "^(c'e"^ + e"^ fe- "^/{x) dx\ dx. (3) 

There are now two cases to be distinguished : 
I. If a ^ J, (3) becomes 

y = c/^^- c^e'^-V «'^ r/e^— ^>^ Ce-'^f(x)dx\dx. (4) 

II. If a = &, (3) becomes 

y = (^2 + V) ^"" + «"^ TA" V(^) d^' (5) 

In each case the solution consists of two parts. The one is the 
complementary function c^'^'\-c^&^ or (Cg + c^a;) e*", involving two 
arbitrary constants but not involving /(aj). It can be written down 
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from the left-hand member of the equation, and is, in fact, the solu- 
tion of the equation {D — a){D — b)y = 0. The other part of the 
general solution is the particular integral, and involves f(x). Its 
computation by (4) or (5) necessitates two integrations. 

Formula (4) holds whether a and b are real or complex. But 
when a and b are conjugate complex, it is convenient to modify 
the complementary function as follows : Let us place 

^ a = m + in, b = m — in. 
Then the complementary function is 

1 2 

= e'^(c/^-{-c^e-^ 

= e^[c^(co8 nx + i sin. nx) + ^^(cos nx — i sin nx)] 

= e"^( Cj cos nx + Cg sin nx), (6) 

where C^ = c^ + Cg, C^ = i {c^ — c^. Since c^ and c^ are arbitrary con- 
stants, so also are C^and C^, and we obtain all real forms of the 
complementary function by giving real values to C^ and C^. 

The form (6) may also be modified as follows : Whatever be the 

values of C^ and C^ we may always find an angle a such that 

C C 

cos a = , ^ » sin a = ^ • Then (6) becomes 

Jce"^ cos (nx — a), (7) 

where a and k = V(7f + C^ are new arbitrary constants. Or, we may 

Q (J 

find an angle /3, such that sin 13 = \ =f cos 13 = 



Then (6) becomes VcfVcl ^/c[+C^ 

ke"^sisi(nx^ff), (8) 

This equation may be written 

(2) + 2)(D + 3)y = e«'. 

The complementary function is therefore cie-2« + C2e-**. To find the par- 
ticular integral, we proceed as follows : 

1 r \ 

^ ' D+2 J 3 



^2) + 3\3/ J3 12 



Therefore the general solution is 
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Ex. 2. ^ + 2^ + y = x. 

This equation may be written (D + l)2y = x. 

Therefore the complementary function is (ci + C2x)e-^. To find the partic- 
ular integral, we proceed as follows : 

(D + l)y = X = e-^ CxeP^dx = x — 1. 

DH-1 J 

y = (x - 1) = e-^ C(x - \)&'dx = x - 2. 

. Therefore the general solution is 

y = (ci + C2x)e-^ + X - 2. 

Ex. 3. Consider the motion of a particle of unit mass acted on by an attract- 
ing force directed toward a center and proportional to the distance of the par- 
ticle from the center, the motion being resisted by a force proportional to the 
velocity of the particle. 

If we take s as the distance of the particle from the center of force, the 

ds 
attracting force is — A:s and the resisting force is -^h — , where k and h are 

positive constants. Hence the equation of motion is 

dH , ^ ds 
—-z= — ks — h—', 
dt^ dt 

or (D2 + AD + fc)« = 0. (1) 



The factors of the operator in (1) are( -D + /( -^ "^ ^ ^ — ) * 

We have therefore to consider three cases : 

I. A2 - 4 fc < 0. The solution of (1) is then 

-%l^ VIk^^2 . V4fc-A2 \ 

s = e * I Ci cos 1-\- C2 sm 1 1, 

V 2 2 / 



or 



4' . /V4k-h\ \ 
8 = ae 2 sin I * — /3 I • 



The graph of s has the general shape of that shown in I, § 156, fig. 161. The 
particle makes an infinite number of oscillations with decreasing amplitudes, 
which approach zero as a limit as t becomes infinite. 

II. ^2 - 4 fc > 0. The solution of (1) is then 






The particle makes no oscillations, but approaches rest as t becomes infinite. 
ni. A2 - 4fc = 0. The solution of (1) is 

_h 
8 = (Ci + C2t)e 2 . 

The particle approaches rest as t becomes infinite. 



SOLUTION BY PAETIAL FRACTIONS 347 

191. Solution by partial fractions. Another method of solving 
the equation /r^ , r^ ^ \ ^, \ /ix 

when the factors of the operator are unequal, is as follows : 
We may express the solution in the form 

Now we have seen that in many ways the operator D may be 
handled as if it were an algebraic quantity. This raises the ques- 
tion whether it is proper to separate : — into partial 

^ ^ ^ (i) — a) (2) — &) ^ 

fractions. Algebraically we have, of course, 

__1__ = _1_/_1 1\ 

(2> - a) (2> - &) a-b\D-a D-hJ 

and the question is, Is 

a solution of equation (1) ? 

The way to answer this question is to substitute this value of y 
in (1) and observe the result. We have then, on the left-hand side 

of (1), 

^ [(i>-6)/(a;)-(D-a)/(a;)] 



a — 6 
1 



[- hf{x) + af{x)\ 



Consequently (2) is a solution of (1). 
Writing (2) out in full, we have 



y = Ci6*"+c/*-h-^6*" fe-'^f(x)dx i—e** \e-^fix)dx. (3) 

a — J a — J 
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It is to be noted that the complementary fimction is the same 
as in § 190, (4), but the particular integral appears in another form. 
This method fails if a = &. 

dx^ dx 
Since thm- equation may be written 

(D-2)(2) + 3)y = ea^ 

the complementary function is Cie^* + 626-*^. To find the particular integral, 

we proceed as follows : ^ 

y =z e^^ 

1)2 + 2) _ 6 



=l\^ !->« 

5 LD - 2 D + 3 J 
= ^e2^ Tdx- ^e-^^ fe^'^dx 



= _e2x q2x 

6 26 

Therefore the general solution is 

X 1 
y = ci62^ + C2e- 8^ + - e^a? e^*. 

6 26 

192. The general equation with constant coefficients. The 

methods of solving a linear equation of the second order with 
constant coefficients are readily extended to an equation of the 
Tith order with constant coefficients. Such an equation is 

or, symbolically written, 

(!>»+ a,ir-'-h . . . + a^.,D + a„)y =f{x). (2) 

The first step is to separate the operator in (2) into its linear 
factors and to write (2) as 

(D - T^) (D-r^)...(D^ rjy = f{x), (3) 

where r^ r^, - - ',r^ are the roots of the algebraic equation 

r»-f a^r^-'^+ . . . + «„_ir + «„= 0. 

It may be shown, as in § 190, that the left-hand members of 

(2) and (3) are equivalent, and that the order of the factors in 

(3) is immaterial. 
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The general solution of (1) consists now of two parts, the com- 
plementary function and the particular integral. 

The complementary function is written down from the factored 
form of the left-hand side of (3), and is the solution of (1) in the 
special case in which f{x) is zero. If r^, ^2> * * * * ^n ^^® ^ distinct, 
the complementary function consists of the n terms 

Cie''^^+ c/'^-\ h c^d"^, (4) 

where c^, Cg, • • • , c^ are arbitrary constants. 

If, however, D — r,. appears as a A;-fold factor in (3), h of the 
terms of (4) must be replaced by the terms 

Also, if two factors of (3) are conjugate complex numbers, the 
corresponding terms of (4) may be replaced by terms involving 
sines and cosines, as in (6), § 190. 

The particular integral is foimd by evaluating 

^ /(^). (5) 

This may be done in two ways : 

1. The expression (5) may be evaluated by applying the opera- 
tors 9 — > • • • in succession from right to left. This 

% n — 1 

leads to a multiple integral of the form 

^nx j^(r,-r,)x C^n-r^ . . . C e- ^-^ f {x) dof . (6) 

2. The operator in (5) may be separated into partial frac- 
tions. When the factors of (5) are all distinct, this leads to an 
integral of the type 

A/'^'' je-''''f{x)dx+A^e''^ Ce-''^f{x)dx + • • • 



+ A^e"-^ r«"'""V(^) d^' (7) 



If some of the factors of (3) are repeated, the previous method 
must be combined with this. 
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In evaluating (6) and (7) the constants of integration may be 
omitted, since they are taken care of in the complementary 
function. 

The general solution is the sum of the complementary function 
and the particular integral 

193. Solution by undetermined coefficients. The work of find- 
ing the particular integral may be much simplified when the form 
of the integral can be anticipated. The particular integral may 
then be written with unknown, or undetermined^ coefficients, and 
the coefficients determined by direct substitution in the differential 

equation. Since both (6) and (7), § 192, consist of successive appli- 

1 • 

cations of the operator > we may apply the formulas of § 189 

in many cases. From (2), § 189, it follows that if f{x) consists of 
an aggregate of terms, the particular integral is the sum of the 
parts obtained by taking each term by itself. From (1), § 189, it 
follows that the coefficient of a term of f{x) affects only the coeffi- 
cient of the corresponding part of the particular integral. From 
the other formulas of § 189 we can deduce the following: 

1. When f{x) = a^af^-^- a^af'^-i- \- a^^iX + a^ (m a positive 

integer), the particular integral is of the form AQX^'-^A^af^'^-] — • -f 
-^m-i^ + -^m> unless the left-hand member of the differential equa- 
tion contains the factor 2/. In the latter case the particular 
solution is of the form of{AQx"'-i-A^x"*~^-i- • • • +A^_^x +A^), while 
terms of the form A^_^_^af~^-{- . • • + A^_^_^_^x + A^_^,^ occur in the 
complementary function, and hence need not be assumed as part 
of the particular integral. 

2. When f(x) = aef^, the particular integral is of the form A^, 
unless the left-hand member of the differential equation contains 
a factor (2> — ky. In the latter case the particular integral is of the 
form Aaf^^ while terms of the form (A^xT"^-] — - -i-A^_^x -i-A^e^ 
occur in the complementary function, and hence need not be 
assumed in the particular integral. 

3. When /{x) = a sin kx or a cos kx, the particular integral is of 
the form A sin kx + B cos kx, unless the left-hand member of the 
differential equation contains the factor {£)^+J{?y, In the latter 
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case the particular' integral is of the form of {A wx'kx-\-B cos ka^^ 

while terms of the form oif~^(A^ sin hx + B^ cos hoS) -\ h (^^sin kx 

+ -5^cosA;a?) occur in the complementary function, and hence need 
not be assumed in the particular integral 

4 When f(x) = aoif'd^ (m a positive integer), the particular inte- 
gral is of the form {A^d^-\-A^oir'~'^-\ — • -\-A^_^x-\-A^^y unless 
the left-hand member of the differential equation contains a fac- 
tor {D — ky. In the latter case the particular integral is of the 

form ixf{AQaf'-\-A^af'~^-\ \'A^_^x-\-A^e!^, while terms of the 

form {A^^^x''~'^-\ \'A^_^^_^x + A^^^^ occur in the comple- 
mentary function, and hence need not be assumed in the partic- 
ular integral. 

The above statements may all be summed up in the following 
rule, which may also be sometimes used when f(x) is not one of 
the forms mentioned above : 

If u is a term of f(x), and if u^^ ^2> * * '» ^a ^^^ ^^^ ^^^ distinct 
functions {disregarding constant coefficients) which can he obtained 
from u by successive differentiation, then the corresponding part 
of the particular integral is of the form Au -h -4^^^ -h • • • + -4^^^*^, 
unless u is a term of the complementary function, or such a 
term multiplied by an integral power of x. In the latter case the 
corresponding part of the particular integral is of the form 
af(Au + A^Uj^-{- . . . -h-4^%), where r is the number of times the 
factor, which gives in the complementary function the term u, or 
u divided by an integral power of x, appears in the left-hand 
member of the differential equation. 

The above rule is of course valueless unless the functions u^, u^, 
• • •, % are finite in number. In applying it to functions other than 
those already discussed, the student should consider that he is mak- 
ing an experiment. If a function assumed in accordance with the 
rule is found to satisfy the differential equation, the use of the rule 
is justified. When it fails, recourse may always be had to the gen- 
eral formulas (6) and (7), § 192. 

When /(a?) = e'^<l>(x), the work of finding the particular integral 
may be lightened by substituting y = e'^z in the differential equa- 
tion. Then, since all derivatives of e'^z contain the factor e^, the 
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new differential equation may be divided by e**, and there is left 
an equation for z in which the left-hand member is 4^{x). When 
this equation is solved for z, y is readily found (see Ex. 2). 

Ex.1. ^-2^ + ^ = xe«x+ex. 
(2x^ dx^ dx 

This may be written D(X) — l)2y = xe^^ + c*, 

whence the complementary function is ci + (c^ + c^x) c*. The term xe^^, if suc- 
cessively differentiated, gives only the new form e^*. Hence the corresponding 
part of the particular integral has the form Axe^^ + Be^^. The term eP^ gives no 
new form if differentiated ; but since it appears in the complementary function 
corresponding to the double factor (D — l)^, the corresponding part of the par- 
ticular integral is Cx^eF.- Substituting 

in the differential equation, we have 

2^X62^ + (bA + 2 B) e^^ + 2 Cc^ = xe^* + eF, 

Then 2^ = 1, 6^ + 25 = 0, 2C = 1, 

whence ^=i» ^ = --|» C'=J. 

The general solution of the differential equation is, accordingly, 
y = ci + (C2 + C8x)e=»^ + Jxe^^ - | c^x + Jx«e^. 

Ex.2.^ + , = xe»^sinx. 
dx^ 

We place y = e*^«. There results 

d^z , ^dz , -^ 

— - + 6 — - + 10 « = X sm X. 

dx^ dx 

The complementary function is e-*^(cisinx + Cjcosx). For the particular 
integral we assume 

z = Ax sin X H- Bx cos X + C sin X + ^ cos x, 

and, on substitution, have 

(9^ - 6 B)x sinx + (6^ + 9 B)x cosx + (6^ - 2 B + 9 C - 6jB)sinx 

+ {2 A + 65 + 6 C + 9^) cosx = x sinx. 

Therefore 9-4-65 = 1, 

6^ + 95 = 0, 
6^-25+90-6^ = 0, 
2^ + 65 + 6(7 + 9^ = 0, 

whence ^ = A, ^ = -A' ^' = -^1^, ^ = tHt- 

Therefore the general solution of the original equation is 

y = Cisinx + C2C0SX + e8*(yi^x sinx — ^x cosx — yjy sinx + jflx^®'^*)* 
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194. Systems of linear differential equations with constant 
coefficients. The operators of the previous articles may be employed 
in solving a system of two or more linear differential equations 
with constant coefficients, when the equations involve only one 
independent variable and a number of dependent variables equal 
to the number of the equations. The method by which this may 
be done can best be explained by an example. 

Ex. ^_3^ + 4x = sin2<, 

d^y dx . 
-|H-3— + 4y = co82e. 
(U* at 

These equations may be written 

(2)3 + 4)x - SDy = sin2<, (1) 

SDz + (2)2 + 4)y = cos2<. (2) 

We may now eliminate y from the equations in a manner analogous to that 
used in solving two algebraic equations. We first operate on (1) with 2)2 + 4, 
the coefficient of y in (2), and have 

(2)* + 82)2 +16)a;- 3(2)8 + 42))y = 0, (3) 

since (2)2 + 4) sin 2 < = — 4 sin 2 i + 4 sin 2 1 = 0. We then operate on (2) with 
32), the coefficient of y in (1), and have 

92)2x + 3(2)8 + 4D)y = - 6*sin2«, (4) 

since 3 2) cos 2 £ = — 6 sin 2 <. By adding (3) and (4) we have 

( D* + 17 2)2 + 16) X = - 6 sin 2 «, (5) 

the solution of which is 

X = Ci sin 4 < + C2 cos 4 < + cs sin i + C4 cos ^ + ^ sin 2 £. (6) 

Similarly, by operating on (1) with 3 2) and on (2) with 2)2 + 4, and sub- 
tracting the result of the former operation from that of the latter, we have 

(2)< + 17 2)2 + 16) y = - 6 cos 2 «, (7) 

the solution of which is 

y = C6 sin 4 i + Ce cos 4 < + C7 sin t + Cs cos t + J cos 2 1. (8) 

The constants in (6) and (8) are, however, not all independent, for the values 
of X and y given in (6) and (8), if substituted in (1) and (2), must reduce the 
latter equations to identities. Making these substitutions, we have 

12 (ce — Ci) sin 4 i — 12 (cs + C2) cos 4 i + 3 (cg + Cg) sin t 

— 3 (C7 — C4) cos i + sin 2 i = sin 2 1. 

— 12 (Ce -. Ci)cos4t — 12 (cs + Cg) sin 4 1 + 3 (cg + Ca) cos t 

+ 8 (C7 — C4) sin t + cos 2 1 = cos 2 i. 
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In order that these equations may be identically satisfied, we must have 

C6 = Ci, C6 = — C2, Cg = — Cs, c^ = C4. 

Hence the solutions of (1) and (2) are 

X = ci sin 4 i + C2 cos 4tt + c^sint -{■ C4 cos < + J sin 2 1, (9) 

y = — C2 sin 4 f + Ci cos4 i + C4 sin t — Cz cos t + ^ cos 2 1. (10) 

The method of solving may be modified as follows : Having found as before 
the value of x in (6), we may substitute this value in (1). We have then 

Dy = — 4 Ci sin 4 < — 4 C2 cos 4 1 + cs sin t + C4 cos f — J sin 2 *, 

whence y=ci cos 4 1 — C2 sin 4 f — cs cos < + C4 sin t + J^ cos 2t -\- C. 

The constant C is found to be zero by substitution in (2), and we have again 
the solution (10). 

195. The linear differential equation with variable coefficients. 

The equation 

where the coefl&cients p^, P2> ' ' ' > Pn-iy Pn ^^® functions of x, can 
rarely be solved in terms of elementary functions. In fact, such 
an equation usually defines a new transcendental function. We 
may, however, easily deduce certain simple properties of the solu- 
tion of (1). Consider first the equation 

which differs from (1) in that the right-hand side is zero. 

V Vv y^y ' ' *^yn-\y Vn ^^^ ^ liTiearly independent * solutions of 
(2), then the general solution of (2) is 

where c^, Cg, • • •, c„_i, c„ are arbitrary constants. 

The fact that (3) is a solution of (2) may easily be verified by direct 
substitution in (2). That (3) is the general solution of (2) depends 
upon the fact that it contains n arbitrary constants, and the number 
of constants in the general solution of a differential equation is equal 
to the order of the equation. This statement we shall not prove. 

* The n functions y^t y^^ "•tyn-i, y» are said to be linearly independent if there 
exists no relation of the form 

«iyi+ «2ya-l H Cln-iyn-i + anyn = 0, 

where a^, a,, • • •, (in-i, (in are constants, and = means " identically equal.'' 
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Eeturning now to (1), we may say : 

V VvV^y ' ' '> l/n-v Vn ^^^ ^ linearly independent solutions of (2), 
and u is any particular solution of (1), then the general solution 

where c^, c^, • • • , c^ are arbitrary constants. 

The fact that (4) is a solution of (1) may be verified by substi- 
tution. The fact that it is the general solution we shall accept 
without proof. 

It appears now that the complementary function and the partic- 
ular integral of § 192 are only special cases of (4). There exists, 
however, no general method of finding the solution (4) when the 
coefficients of (1) are not constant. 

Methods of solution may, however, exist in special cases, and 
we shall notice especially the equation 

where a^, a^, • - -, a^_^, a^ are constants. This equation has the 
peculiarity that each derivative is multiplied by a power of x 
equal to the order of the derivative. It can be reduced to a linear 
equation with constant coefficients, by placing 

For ^ = ^^^e-'^ = e-'I>y, 

ax dz ax dz 

^ = e-'-(e-'^\=e-^'^-e-"^ 
dx? dz\ dz) d^ dz 

da? dz\ d^l dz\ dz] 

d^ dz' dz 

= e-»*(2>'-3i>'-h22>)y, 

• • • • • e ' 

where 2> = -— • 

dz 
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Hence ^ j = ^y> 

ax 

• ••••• 

Ex. x8— ^ H- 6x2—^ + 3x— =x2. 
dx' ox^ dx 

Placing X = e', and making the substitution as above, we have 

1 Ca 1 

whence y = ci + C22 + Cge-^* h e^* = ci + C2(logx) + — H x^. 

16 x^ 16 

196. Solution by series. The solution of a linear dififerential 
equation can usually be expanded into a Taylor's or a Maclaurin's 
series. This is, in fact, an important and powerful method of 

• 

investigating the function defined by the equation. We shall limit 
ourselves, however, to showing by examples how the series may be 
obtained. The method consists in assuming a series of the form 

where m and the coefficients a^, a^, a^, -- - are undetermined. This 
series is then substituted in the dififerential equation, and m and the 
coefficients are so determined that the equation is identically satisfied. 

Ex. 1. x^ + (x-3)^-2y = 0. 
dx2 dx 

We assume a series of the form given above, and write the expression for each 
term of the differential equation, placing like powers of x under each other. 
We have then 

d% 

X— -J = m(m— l)aoX"»-iH-(m+l)maiX"»H +(m+r+l)(m+r)ar,+iX'»+''H , 

da/' 

dy 

X — - = mooX"»H + (wi+ r)arX"H-''H , 

ox 

dy 
— 3 — = — 3 maoX™-i — 3(w + l)aix™— • • • — 3(mH-r+ l)a,.+iX'"+'*— • • • , 

QX 

— 2y= -2aoX"» — 2arX"»+'' . 

Adding these results, we have an expression which must be identically equal to 
zero, since the assumed series satisfies the differential equation. Equating to 
zero the coefl&cient of x^-^, we have 

m (m — 4) oo = 0. (1) 
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Equating to zero the coefficient of x*", yre have 

(m + 1) (m - 3)ai + (m - 2)ao = 0. (2) 

Finally, equating to zero the coefficient of «'« + '', we have the more general 
relation ^fn -{. r + 1) (m -{■ r - 3)ar+i + (m + r - 2)0r = 0. (3) 

We shall gain nothing by placing ao = in equation (1), since OoX"* is assumed 
afi the first term of the series. Hence to satisfy (1) we must have either 

m = or m = 4. 

Taking the first of these possibilities, namely m = 0, we have, from (2), 

ai = — § Oo, 

r — 2 

and from (3), cir+i = : z-Or- (4) 

^ '' ^ (r + l)(r-3) ^ ' 

This last formula (4) enables us to compute any coefficient, ar+i, when we know 
the previous one, o^. Thus we find a2 = — J ai = J ao, as = 0, and therefore all 
coefficients after as equal to zero. 

Hence we have as one solution of the differential equation the polynomial 

yi = ao(l-§x + ia;2). . (6) 

Returning now to the second of the two possibilities for the value of m, we 

take m = 4. Then (2) becomes 

6 ai + 2 ao = 0, 

r + 2 
and (3) becomes Or+i = Or. (6) 

Computing from this the coefficients of the first four terms of the series, we 
have the solution 



Vi 



= ao(a._2^ + _i_^__i_..+ ...). (7) 



We have now in (5) and (7) two independent solutions of the differential equa- 
tion. Hence, by § 196, the general solution is 

y = CiJ/i + 021/2. 

Ex. 2. Legendre^a equation. (1 — x^) -~- — 2a:^ + n(n + l)y = 0. 

dx^ ax 

Assuming the general form of the series, we have 
d^ 



dx^ 



= m (m — 1) aox"*-^ + (m + 1) maix^-i + (m 4- 2)(m + 1) aaX"* + 



— x2--^ = — iw (m — 1) aoX"» — 

dx^ 

— 2x— = — 2maoX"* — 

dx 

n(n + l)y= n(n + l)aoX"» + 
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Equating to zero the coefficients of x"*-^, x"*-i, and a*", we have 

m (m — 1) Oo = 0, (1) 

(m + l)mai = 0, (2) 

(m + 2) (m + 1) aa - (m - n) (m + n + 1) ao = 0. (3) 

To find a general law for the coefficients, we will find the term containing 
/jjin+r-2 in each of the above expansions, this term being chosen because it con- 
tains ttr in the first expansion. We have 



dx2 



-\- (m -\- r) {m -\- r — 1) ara;"*+ ''- ^ + 



- a;2_| = (rn-\-r-2)(m-\-r- 3)ar-2«"»+''-2 , 

-2x—= 2(m + r-2)ar-2a?" + ''-^ , 

dz 

n(n + l)y = \- n(n-\- l)ar-2a5"*'*"''~^ H • 

The sum of these coefficients equated to zero gives 

(7M + r) (m + r — 1) Or — (m — n H- r — 2) (m + n + r — 1) a,.- 2 = 0. (4) 

We may satisfy (1) either by placing 771 = or by placing m = 1. We shall 
take m = 0. Then, from (2), ai is arbitrary ; from (8) 

n(n-fl) ,Kv 

a2= ^— — '-ao; (6) 

A * fAx (n - r + 2) (n + r - 1) ,^, 

and from (4) ttr = — ^ ^-^^ -ar-z- (6) 

r (r — 1) 

By means of (6) we determine the solution 

,^ao(l-"<y^>.^ + "<"-^Hn + l)(n + 3)^_, .^ 

Since ao and ai are arbitrary, we have in (7) the general solution of the dif- 
ferential equation. In fact, the student will find that if he takes the value 
m = 1 from (1), he will obtain again the second series in (7). 

Particular interest attaches to the cases in which one of the series in (7) 
reduces to a polynomial. This evidently happens to the first series when n 
is an even integer, and to the second series when n is an odd integer. By 
giving to ao or ai such numerical values in each case that the polynomial 
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is equal to unity when x equals unity, we obtain from the series in (7) the 

polynomials z> — /» 

•* 1 — *» 

2 2 

2 2 ' 

_ 7-6. o^-S^.Sj-l 
P4 = aj* — 2 a^ ^ _! — 

42 42 4-2 

Pg = - — Tfi — 2 - — x« + -: — x, 
4.2 42 42 ' 

each of which satisfies a Legendre's differential equation in which n has the 
value indicated by the suffix of P. These polynomials are called Legendre^8 
coefficients. 

Ex. 3. BesaeVs equation, a^ _? + gj -?^ + (x« - n^) y = 0. 

cfcc* dx 

Assuming the series for y in the usual form, we have 

x2 -^ = wi (m — 1) Oox*" H- (m + 1) maioi^-^^ + (wi + 2) (m + 1) ajx»"+* + • • • » 
ox^ 

dv 
x-^ = maoX»» + (wi + l)aiX»"+i + (m + 2)a2X»»+« + • • • , 

ox 

— nh/=z — n2aox"» — n2aiX"*+i — n^a2X"*+* , 

x*y= aoX»»+2+--. 

Equating to zero the sum of the coefficients of the first three powers of x, we 

^^"^^ (m2 -712) 00 = 0, (1) 

[{m + l)2-n2]ai = 0, (2) 

[(m + 2)2 ~ n2]a2 + ao = 0. ^ (3) 

To obtain the general expression for the coefficients, we have 

x2— ^ = 1- (m + r) (m + r — l)a,a;"» + '' + • • • , 

Cucr 

dy 
X — = • • • + (m + *')arX'"+'' + • • •, 

dx 

— n^y = . . . _ n2arX"*+'' — • • • , 

x2y= . .• + ar-2X'»+'* + • ••. 

Equating to zero the sum of these coefficients, we have 

[(m + r)2 - n2]ar + Or-a = 0. (4) 

Equation (1) may be satisfied by m = ± w. We will take first m = w. Then 
from (2), (3), and (4) we have 

t\ ^ Or — 8 

fll = U, 02 = « Or = — 



2(2?i + 2) r(2?iH-r) 
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By use of these results we obtain the series 

(St* z* \ 

^ " 2(2n + 2) ■*" 2-4.(2n + 2)(2n + 4) " '/' ^^^ 

Similarly, by placing m = — n^ we obtain the series 

Vt = aoar-»( 1 + + + • • • V (6) 

m «o* \ ^2(2n--2) 2.4(2n-2)(2n-4) / ^' 

If, now, n is any number except an integer or zero, each of the series (5) and 
(6) conveiges and the two series are distinct from each other. Hence in this 
case the general solution of the differential equation is 

If n = 0, the two series (6) and (6) are identical. If n is a positive integer, 
series (6) is meaningless, since some of the coefficients become infinite. K n is a 
negative integer, series (5) is meaningless, since some of the coefficients become 
infinit& Hence, if n is zero or an integer, we have in (5) and (6) only one par- 
ticular solution of the differential equation, and another particular solution must 
be found before the general solution is known. The manner in which this may 
be done cannot, however, be taken up here. 

The series (5) and (6) define new transcendental functions of x called BesseVs 
fttnctions. They are important in many applications to mathematical physics. 



PROBLEKS 

Solve the following equations : 

1. 8^ + 2jr = 0. 10.^ + 8^ + 16^ = 0. 

dx da^ dx 

2. ^ + 3y = ic2 + lsinx. 11. ^ + 9y = 0. 
dx dx^ 

3. ^-2y = e»*+e^cosx. 12. ^-- 6^+ 13y = 0. 
dx dx^ dx 

4. ^ + y = 3e-* + x€^. 13. ^ + 2^-3y=x*-2x8+6{c. 
dx dx^ dx 

5. *f + 4y = 68in%i;. 14. ^ - y = 48in«x. 
dx dx^ 

6.^-y = -I 15. ^ + 8^-10y = 2co88*. 

dx fix+e-* cfcc* dx 

7. ^-2y = sin2iccos3x. 16. ^ + 3^-4y = 6. 
dx dx^ dx 
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19. ^-2^ + y = ex + 4««x. 

20. ^ + 2j^ + y = «.-l. 
dx^ dx 

(to2 (to *^ (x~3)2 

22. ^ + 4^ + 4y = 6ea«8in8a;. 
dx^ dx 

23. ^ + 4y=es*sin2x. 

24. — + y = 2sin6xsin3x. 
(1x2 

25. — + 4y = 4co82x. 
(ix2 

26. — ^ + 3y = X8in2x. 
(ix3 

27. ^ - 4^ + 13y = c2* 8in3x. 
dx2 dx 

28.^ + J? + y = l + <^., 
(2x2 (2x 

29. ^ + 2^ + 6y=x2e-«+ie8a:. 
(2x2 (JX 

30. ^-^ + y = 3*» + 4a-l. 
(2x2 (ijc 

31.^-3^ = 0. 
dx» da* 

(2x* 

(2x* (2x2 

35.^ + ^ = 2. 
(2x* (2x2 

(2x* '^ 

(2% 
37. -^ + y = i^ + e-')co8x. 
(2x8 



39 dfy_d^^ 

40. f^ + 8f!|+16y = i.8ln2a. 
dx* (fa' 

41. ^-4^ + 4^ = 8«^+4. 
(2x8 (2x2 (2x 

dt dt 

**• 37 + :^-*"^^ = ^ » 

(2< (2t 

h — — 2x — 3y = ^«. 

(2« (2< 

45. 2?^ + *^ + 3x = e', 
'dt dt ' 

h — — 2 y = sin 2 *. 

dt dt 

46. ^ = 2x-y-6, 
dt 

^ = 3y-2x+4. 
(2< 

47. — = 6x-y-13, 
(2< 



dy 
dt 



= 2x + 2y-10. 



-« (22x dv .A 
48. rir + ^ = «2 

(2^2 ^ d« ' 

^ + 2^ + 2x-y = 2t. 
dt^ dt 

49.^-2^ + ^ = 36-2*, 
(2<2 (2« (2« 

^ + ^-2x + 2y^«». 
dt dt 

50. ^ - a2y = 0, 



(2<2 

d2y 

(2t2 



+ a2x = 0. 
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51. «?^-2»^ + 2j, = x». 

52. aj2^ + 7x^ + 132/ = alogx. 

53. aj2^ + x^ + 42/ = (logx)2. 



54. x»^ + 3x»^ + =.^ = x«. 

dx» data (te 

55. x«^ + 2x>^ + x^-y = l. 

(ix8 (ix2 (to z 

56.x«^+3x«^-3xf^=logx». 
dx« dx2 dx 



Solve the following equations by means of series : 



57. x2^ + (X - 2x2) ^-- 9y = 0. 

dz'^ dx 

58. x^ + (x-4)f?-8y = 0. 

dx2 dx 

59. (x-x2)^ + 6^ + 6y = 0. 

dx2 dx 



60. x2^ + x2^ + (« - 6)y = 0. 
dx^ dx 

62. (l + x2)^ + x^-ny = 0. 
dx^ dx 



63. A particle of unit mass moving in a straight line is acted on by an 
attracting force in its line of motion directed toward a center and proportional 
to the distance of the particle from the center, and also by a periodic force equal 
to a cos kt. Determine its motion. 

64. A particle of unit mass moving in a straight line is acted on by three 
forces, — an attracting force in its line of motion directed toward a center and 
proportional to the distance of the particle from the center, a resisting force 
proportional to the velocity of the particle, and a periodic force equal to a cos kt. 
Determine the motion of the particle. 

65. Under what conditions will the motion of the particle in Ex. 64 consist 
of oscillations the amplitudes of which become very large as the time Increases 
without limit ? 



CHAPTEE XIX 
PARTIAL DIFFERENTIAL EQUATIONS 

197. Introduction. A partial differential equation is an equa- 
tion which involves partial derivatives. The general solution of 
such an equation involves one or more arbitrary fimctions. Thus 

z=f{x — y, y — x) is a solution of the equation 1 = 

(§113, Ex. 1), no matter what is the form of the function /. Also 

d^z d^z 

z=f^(x + at)-\-f^(x—at) is a solution of the equation -^ = (^^—;^ 

dt dor 

(§118, Ex. 2), no matter what are the forms of the functions /^ and/g. 
Only in comparatively few cases can the solution of a partial 
differential equation be written down explicitly. In general, the 
nature and the properties of functions defined by such equations 
must be studied by the methods of advanced mathematics. In a 
practical application, the problem is usually to determine a func- 
tion which will satisfy the differential equation and at the same 
time meet the other conditions of the practical problem. 

198. Special forms of partial ditferential equations. Partial 
differential equations sometimes occur which can be readily solved 
by successive integration with respect to each of the variables, or 
which can be otherwise solved by elementary methods. No general 
discussion can very well be given for such equations, but the fol- 
lowing examples will illustrate them. 

Ex. 1. = 0. 

dxdy 
By integration with respect to y, we have 

where <t>\ is an arbitrary function. Integrating with respect to x, we have 

z = <t>2(x)-\-<t>z(y), 
where both 02 and ^g are arbitrary functions. 

363 
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Ex. 2. -- = - a^z. 

If z were the only independent variable, the solution of this equation would be 

2; = Ci sin ax + Ca cos ax. 

This solution will also hold for the partial differential equation if we simply 
impose upon Ci and Cs the condition to be independent of x but not necessarily 
independent of the other variables. That is, if z is a function of x and y, we 
have for the solution of the differential equation 

2 = 0i(^) sin ax + 02(^) cos ax, 
where 4>i(y) and 4>i(y) are arbitrary functions. 

d^z d^z 

Ex. 3. _-a2— = 0. 
dy^ 5x2 

Placing z + ay = u, and x — ay = r, we have (§ 118) 



and the differential equation becomes 

a2« 



the solution of which (Ex. 1) is 



= 0, 



z = 4>i(u) -\- 4>2(vy 
Hence the solution of the given equation is 

z = <t>i(x + ay) -\- 4>2(x - ay). 

When a2 = — 1, we have z = 4>i(x + iy) + </>2{x — iy) 

as the solution of the equation 1 = 0. 

ax2 ay2 

199. The linear partial differential equation of the first order. 

Consider the equation 00 

where P, Q, and B are constants or functions of one or more of 
the variables x, y, and z. The solution of (1) is a function 

2 =/(«', y). (2) 

which, substituted in (1), reduces it to an identity. 



LINEAR EQUATION OF FIRST ORDER 365 

Now equation (2) represents a surface, the normal at any point 

dz dz 
of which has the direction —-:—-: — 1 (8 112). Equation (1) there- 

dx dy V3 / ^ V / 

fore asserts that the normal to (2) at any point is perpendicular to 
the direction F:Q:R (§98, (5)). Consequently we may start 
from any point on (2) and, moving in the direction F:Q:E, remain 
always on the surface. That is, the surface (2) is covered by a 
family of curves each of which is a solution of the simultaneous 
equations dx^dy^^ 

Now (2) is any solution of (1), and hence we reach the conclu- 
sion that the solution of (1) consists of all surfaces which are cov- 
ered by a family of curves each of which is a solution of (3). 

We may proceed to find these surfaces as follows : Let us solve 
(3), obtaining, as ia § 185, the solution 

«* (^, y, «) = Ci, V {x, y, z) = Cj. (4) 

Then, if we form the equation 

<^(t^,'y)=0, (5) 

where <^ is any function whatever, we have a surface which is 
covered by curves represented by (4). For if in (4) we give c^ and 
Cg such values that <^(Cp c^ = 0, the corresponding curve lies on (5). 
That is, by means of (5) we have assembled the curves (4) into 
surfaces, and have therefore the solution of (1). We may formu- 
late our result into the following rule : 

To solve the equation P h — = -R, 

^ dx ^ dy 

1 ji . .-, ^' dx dy dz 

solve first the equations — = -^ = — 

•^ ^ P Q E 

for the solution u = c^, i? = c^. 

Then the equation ^ (u, v) = 0, 

where ^ is an arhitrary function^ is the solution of the partial dif- 
ferential equation. 
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Ex. (ny — mz) \-(lz — nz) — = mx — ly. (1) 

dz dy 

We form the equations = — = , (2) 

ny — mz Iz — nx mx — ly 

the solutions of which are 

x^ -{■ y^ -\- z^ = Ci, Ix -{■ my -h nz = Ca. (3) 

Hence the solution of (1) is] 

0{x2 + 2/2 ^ ^2^ to + my + nz) = 0. (4) 

Geometrically, the first equation of (3) represents all spheres with their cen- 
ters at the origin, and the second equation of (3) represents all planes which 
are normal to the line 

. '. = ^ = '- (5) 

I m n 

Hence the two equations (3) "taken simultaneously represent all circles whose 
centers are in the line (6) and whose planes are perpendicular to (6). Equation 
(4), then, represents all surfaces which can be formed out of these circles ; that 
is, all surfaces of revolution which have the line (5) for an axis. These surfaces 
of revolution form the solution of (1). 

200. Laplace's equation in the plane. Solutions of Laplace's 
equation in the plane, 

have already been found in §§ 172, 198. Another method of 
dealing with this equation is as follows: Let us place V=XY, 
where X is a function of x alone and F is a function of y alone, 
and ask if it is possible to determine X and Y so that Laplace's 
equation may be satisfied. Substituting in the given equation 
and dividing by XY, we have 

1 d^X 1 d^Y ^ 
X d^ Y df * 



which may be put in the form 

\d^X ^ 1 d^'Y 
X d^" Y df 



(2) 



According to the hypothesis, the left-hand member of (2) cannot 
contain y and the right-hand member cannot contain x. Hence 
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they are each equal to some constant, which we will denote by c^. 
Then (2) breaks up into two ordinary differential equations, 

g-««X=0, (3) 

+ 0^=0. (4) 



d^'Y 



."ttX 



By § 190, the solution of (3) is 

and the solution of (4) is 

Y= B^ cos ay + B^ sin ay. 

Hence V = e""" cos ay, V = e""" sin ay, 

F = e~ ** cos ay, V —e'"' sin ay, 

are particular solutions of the given equation. 

If the value of the constant had been denoted by — o^, we should 
have obtained the particular solutions 

V = e"^ cos ax, V=ef^ sin ax, 

¥ = 6'"^ cos ax, V^e'^^sinax. 

The particular solutions thus obtained are, in fact, the real and 
the imaginary parts of the functions e"', e'"', e~**", and e*"' (§ 172). 
The sum of two or more particular solutions of (1), each multi- 
plied by an arbitrary constant, is also a solution of (1), as is easily 
verified. Hence we may form the particular solutions 



in= 00 m= 00 



^ = ^0 + X ^"»^~ "^^ ^^^ ^^ + X ^"•^~ "*^ ^^® ^^' (^) 



m=l m=l 

m=ao m=oo 



m=l »i=l 

Solution (5) has the property of reducing to A^ when y = oo, while 
solution (6) becomes infinite with y, 

Ex. Find the permanent temperature at any point of a thin rectangular plate 
of breadth w and of infinite length, the end being kept at the temperature unity 
and the long edges being kept at the temperature zero. 

If u is the temperature, it is known that u satisfies the differential equation 

^ + ^ = 0. (1) 
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If we take the end of the plate as the axis of x, and one of the long edges as 
the axis of y, we have to soWe (1) subject to the conditions : 

if x=:0, u = 0, (2) 

if x = x, 11 = 0, (3) 

if y = oo, tt = 0, (4) 

if y = 0, i£ = l. (5) 

Condition (4) is satisfied by the solution 



1= ao H= 40 



M = ^-4Me-"vsiniiix -f 7,.gie-"ycoemag. 

111=1 Hsl 

lll=ae 

By condition (2), = ^B^fi-'^f 

msl 

for all values of y, and hence £. = for all values of m. Our solution is now 
reduced to «i>=oo 

u = 7, ^i,g-"y sin mz, 

which satisfies (2), (3), and (4). In order that it may satisfy (6), we must so 
determine the coefficients A^ that 

Ms 00 

1 =2-4a,sinmx. (6) 

111=1 

But (6) is a special form of a Fourier^s series (§§ 169, 160). Accordingly, we 
multiply (6) by sin mzdz, and integrate from to ?r. As a result, we have 

Am = — ( ) 1 whence ^i = - , A2 = 0, Az = » • • • . Therefore 

u = -(e-ysinx + - c-*i'sin3x + -e-^^ sin5x + • • • | 
v\ ^3 6 / 

is the solution of our problem, since it satisfies all the conditions. 

201. Laplace's equation in three dimensions. The general form 
of Laplace's equation in rectangular coordinates is 

If cylindrical coordinates are used, (1) becomes 
and in polar coordinates (1) becomes 

d / idv\ , 1 a/. .dv\, 1 a'r . ,„, 
Fry' 8;^j + ^a^P^a^j + d?^i^ = ^- <^) 
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The general discussion of these equations is beyond the limits 
of this text We shall, however, consider particular solutions of 
(3) in the special case in which V is independent of the diedral 

angle 0. In that case — ^ = 0, and (3) reduces to 

du 

l(^^Z\^^±Lin^^Z\^o. (4) 

dr\ drj sm^d<f>\ ^ d<f>/ ^^ 

Letting V = B^, where -B is a function of r alone and ^ is a 
function of <f> alone, we may replace (4) by the two ordinary dif- 
ferential equations ^ / ^^\ 

1 ^U<f>^) + a^^:=0, (6) 



sin if> dip \ d<f> 

where a" is an arbitrary constant. 
Expanding (5), we have 

ar^ dr 

the solution of which is, by § 195, 



^t»» 



+1 



where m = — |^ + V^+J- From this value of m we have 
a^ = w (m + 1), and (6) becomes 

^ ■^(sm<f>^) + m{m + 1)^ = 0. (7) 



sin <f> d(f>\ d<f> 

Changing the independent variable from (f) to t, where t = cos <^, 
we have Legendre's equation (§196, Ex. 2), 

il-t')~-2t^ + m{m + l)^ = 0. (8) 

In the particular case in which m is an integer, we may choose for 
^ Legendre's coefficient -^,(^)=-^(cos<^). 
Therefore the particular solutions of (4) are 

F=r-^(cOs<^), 
^^ ^(cos<^) 



i 
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Ex. Find the potential due to a circular ring of small cross section and radius a. 

If the center of the ring is taken as the origin of coordinates, and the axis 
OZ is perpendicular to the plane of the ring, Laplace ^s equation assumes the 

— (*• — ) + -: (sm0 — )=0, (1) 

dr\ dr/ sin^a^V 50/ * ^' 

since, from the symmetry of the problem, V is independent of 0, 
This equation is satisfied by 



fn=ao 



where A^ and Bm are arbitrary constants. 

At any point on the axis OZ distant r from the origin 

r=^M=, (3) 

where M is the mass of the ring, as shown by the method of Ex. 9, p. 99. 

Then, when = 0, cos0 = 1, and by § 196, Ex. 2, P,„{cos0) = 1. At the 
same time the right-hand members of (2) and (3) must be equal, i.e. 

M "S"/. . Br 



^-ti^"-'^^:) 



and the coefficients Am and Bm must be chosen so as to satisfy this equation. 
Ifr<a(§31,Ex.4), j^ -^(i ^ ^^ lll!l^ \ 

Va2 + r2 " « \ 2 a2 2 • 4 a* * "/ 

M M/a la* 1-3 a^ \ 

and if r> a, • , = — ( z: -t + ;r-7 t 1- 

' Va2 + r2 aV** 2r8 2.4** / 

M 
Hence if r<a^ we place all the 5's equal to zero, ^o = — » -^i = 0, A^^ 

, etc., and obtain the solution 

a 2 a* 

M 

and if r>a^ we place all the ^'s equal to zero, Bq = — a, 5i = 0, ^2 = 

Ml ^ 
a*, • • • , and obtain the solution 

a 2 

F=— (-Po(COS0)--.-P2(COS0) + r— T-— P4{COS0) ). 

a\r 2 r* 2 • 4 »* / 

PROBLEMS 

Solve the following equations : 

1. ?!£ = a«z. 3.^-a'^ = 0. 5. ^ + 4?? + 5. = 0. 
dx^ dx^ dx a2/2 gy 

2. a— - = a — . 4. —--5 h6« = 0. 6. = xy. 

dx^ dx dx^ dx dxdy 
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7. i^ = x24.y2. 13. (7a. + y)^ + (8x + 6y)??=l. 

dxdy dx dy 

8. 1 = 1. 14. » \-y — = «. 

dx dy dx By 

9dz dz ^ 1 e o ^^ ^^ . 9 /\ 
. X y — = 0. 15. x2 xy h y^ = 0. 

dy dx dx dy 

10. 2zx — -\-2zy — = «2. Xo. xz h yz — = xy, 

dx dy dx dy 

U, , ^dz . , .dz *„ dz , dz 
. (z-\-x) (z -\- y) — = y — X, 17. yz h zx — = xy. 

^dy ^ 'ax dx dy 

12. y~-x— = l. 18. y—-\-(x-\-z) — = y. 

dx dy dx dy 

dh/ d^y 

19. Find particular solutions of the equation — ^ = a^ — ^ in terms of trigo- 

nometric functions of x and L 

20. Find particular solutions of Laplace's equation in the plane in polar 

.. ,. , dW IdV 1 dW . 

coordinates = 0. 

gy2 r ar r2 a^ 

21. Find the permanent temperature at any point in a semicircular plate of 
radius unity, the circumference of which is kept at the temperature unity and 
the bounding diameter of which is kept at the temperature 0, given that the 
temperature u satisfies the differential equation of Ex. 20. 

22. The equation for the linear flow of heat is — = a* — , where u is the 

dt dx^ 

temperature at any time i, and x is measured parallel to the direction in which 
the heat flows. If a slab of thickness ir is originally at the temperature unity 
throughout, and both faces are then kept at a temperature 0, find the tempera- 
ture at any point of the slab, the slab being so large that only the flow of heat 
normal to its bounding faces need be considered. 
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1. X8 + 3X2+X. 

2. ^x« + 2«-i. 
3 X 



CHAPTER n 
2 



8. 



2Vgfi 2 
5 Va 



4. §x8+^aj5+10x*. lo. §(i + ex)i. 
6. |x*(12 + x2). 11. log(e* + a). 

17. log ^ 



6. — -(x8+6x2+i5x-5). 

6Vx 

8. ^x8-|x*H- |xa-logx. ~ 2(x + sinx)2 

9. Jx«-x2+4x-81og(x+2). 16. log(e^ + e-^). 



12. log (log X). 
18. log(tan-ix). 

14.- ^ 



V3-4x + 4x2 

18. _J(2-3x)8. 

19. — - log (a + 6 cosx). 



20. - 



21. - 



4 (1 + X2)2 
1 

2(2 + 3x2) 
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28. J-(e«*« + 5)8. 
6a 



29. - 2 Va* - x2. 
80. x-log(l + e^). 



81. log[log(x+Vx2 + a2)]. 

82. i[log(x2 + a2)]^. 

88. log(\^6-^5i)'. 
yfab 



84. - 



(Vox — Vtey 



85. Jsin*x. 

36. -— [sin«(ax + 6)-co8«(ax + 6)]. 
6a 

428.2 373 



16. — V(a + 6x)8. 
36 ^ ' 



22. V6 + 4x + x2. 
6x a6' — a'6 



6'2 



log(a'+6'x). 



28. — + 



24. log\/e2* + tan2x. 

26. ^- 

(l^n)[log(x + a>]»-i 

26. I(tan-ix-l)^. 

27. i(logx)2. 



87. - (esc 6x — ctn 6x). 
h 

88. ctn (ax + 6). 

a 

89. - \ ctn2 (x2 + a*). 

40. logVa2 + secx2. • 

41. ^tan^x + tah2x + tanx. 

42. \'x, — \ sin4x. 

43. log (esc X — ctn x) + 2 cos x. 

44. — §cos8x. 
46. tanx + ctnx. 

46. § (tan 3 x — sec 3 x) — x. 

47. 2tanx — secx — «. 
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1 rsin(m — n)x sin (m + n) x l .^ 1 r8in(m + n)x siD(m — n)g "| 

' 2\_ fn — n m + nj* ' 2\_ m + n m — nj 

1 r cos[(a -f gQx + & + y] cos[(a - a')x + b-b'] '\ 
'~2L a + a' a — a' J 



2l a + 

61. J (tan 2 X — ctn 2 x). 

62. J(secx2 + tanx2)2. 

63. Jx-^sin(2-4x). 

64. — 2 cos X + J log (esc x - ctn x). 
66. 2x — log(sec2x + tan2x). 

66. log(l — cosx). 

67. sin^— cos^. 

68. tan^— sec^. 

69. sec^+ tan^ — ^. 
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1 
66. 



V3 
1 



in-iVSx. 



sin 



67. — ptan-iV2x. 

V2 

68. ^sec-i 



V3 



Vl6 
x-1 



69. -tan-i 
3 3 

70. Isin-i-. 
3 a8 

1 X* 

71. sec-i — 

2a2 a2 

72. Itan-i?^. 
2 2 

78. sin-i (x cos a — sin a). 

«^ 1 , ax 
74. -sec-i — 
b b 



76. 



cos a 



tan-i (x sec a + tan a), 
x-2 



76. sin-i 

2 

77. tan-i(e*+ tana). 

^p 1 -x-2 

78. — -sec-i 



V2 



V2 



79. --sin-i(3x-l). 
V3 

80. sin-i (e^ sin a + cos a). 

81. tan-i(2x-l). 



60. 2tan--x. 

2 

61. cscx — ctnx. 

62. log (cscx— 1). 

68. Itan-i — . 
16 5 

64. -sin-i — . 
2 V3 

65. sec-i6x. 



^„ 1 -2x+5 
82. -sec-i . 

3 3 

88. -—— tan- i(x + etna), 
sin^a ^ ' 

ft- 1 . ,x2 + 3 
84. -sin-i 

2 2V3 



86. sin 



86. 



. • ,2x + 3 

ITl-l 

5 



see 



-1 



3x-l 



5V3 

ft- 1 . ,4x + 7 

87. — — sin-i 

V2 9 

88. 2tan-ix + ia;^. 

89. jlog(2x2 + l)+V2tan-ixV2. 

^^ '^ ^ ,<. A ». V2T, , 3x2 

90. — log(3x4+7) tan-i— — =. 

"'' '^ V21 



12 



6 



91. asin-i--Va2-x2- 

a 

92. 2sin-ix. 

93. — tan- 1 (cosx). 



94. 



tan-i 



a tanx 



aVa2 + 62 Va2 + 62 



^- 1 , 2x-3 
96. —log 

12 ^2x + 3 



96. Jlog(3x+V9x2 + 2). 
97. 



1 , 3x-V3 

— -log 

2V3 3x+V3 
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98. Jlog(2x+V4«2_3). 101. Jlog(a;8+Vx«-ae). 

99. ^log(2x+V4^32). ^^^ 1 i„, x' + 2-.^ 

,„„ _^, 3X + V2 *^^ ^ + ^+-^ 

100. /=log ! — — . 

12 V2 3x-V2 108. log(a; - tana + Vaj2 - 2 x tana ^ l) 
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^i»a 1 2x + l 
104. log -^— . 

a + 1 
106. log(x + sina + Vx^ + 2xsina + l). 

106. — -log -. 

2V3 3X-3+V3 

107. -^Iog(l0x -3 + 2 V26x2 - 15x - 16). 

v6 

108. llog?^. 
8 ^x-6 

109. -i=log(3x - 1 + V9x2 - 6x + 3). 
V3 

,,^ , 2x-l 

110. log 

* x-1 

111. -^log(2x + 2+V4x2 + 8x-10). 

112. f Vx* - a* + log(x2 + Vx* - a*). 
118. llog(2x2 + 3x + l)+?log?-^. 

/u ^ X -f- 1 

114. ?log(9x2-6x-3)H-ilog *~^ 



3 ' '2 °3x + l 

116. 2 Vx2 +xH-2-41og(2x + l + 2 Vx^ + x + 2). 

116. 3 Vx2 + 4x - 1 + log(x + 2 + Vx2 + 4x - l). 

117. ?log(3x2-4x + 4) + ^tan-i^^^^. 
o o 2 V2 

118. -log(xg + 4x + l)-V31og ^"^^^\^ . 
2 X + 2+V3 

119. 5sin-i?^ + 2Vl-4x-x2. 

Vs 

iA/^ 3 /r-— r ^r-r 13 V2 . ,2x-l 

120. --Vl + 2x-2x2 + sin-i — 

2 -^ 4 V3 

^«^li /^o -I .^ox sec a, 2x + 8eca — 1 

121. - log (4 x2 + 4 X sec a + tan^a) log 

8 ^^ '8 ^2x + seca + l 

122. -3Vl-2x-x2 + 5sin-i5-i^. 

V2 
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12a. ?log(2«« + 6« + 7) + — ^tan-i?^^. 
4 2V6 V6 

124. ilog(«« + Vx* - o*) - iaec-i^. 
2 ^^ ^2 a« 



126. log(x + V«« - 1) + 8ec-i«. 

126. -?_ + ^.. 
log a a+ 1 

127. J(e»*- €-»*) + 8 (e*-e-*). 



188. 



128. , 

4 log a 

129. Jc^'+i. 

{Anx Kimx 

' 2nloga 2mlog& nloga + mlog6 
186. J «■*»-*«■. 
1 



180. 6"i. 

181. ^^ 

4 log a 

182. e*«-** 

fb + cxQp + ex 



c(l + loga) 



2a^nxlynx 



186. 



QCtnxfCacx 



187. log(a* + 1+ Va««+ 2a* + Bec«a). 

log a 



188. 



189. 



1 . - a* - 2 

— 8in-i 



log a 

1 
log a 



tan- la*. 



Page 37 
142. - 
148. 



a^ 



a2 Va2 - x2 



144. Vxa-aa-asec-i-. 

a 



146. 



, — SlD-l - . 

Va2 - x2 « 



140 Vx2-aa ,1 ,x 

2aax2 2a8 a 



147. 



8x»-2a2 



3(a2-x2)t 
1«. iV(8x2-2a«)(a« + x2)«. 
149. - * 



a2Vx2-a2 

160. liog^^T^j:!^ 
a X 

161. J(x2-2a2)Va2 + xa. 



140. 2x-alogVe« + lA 

141. 21og(e* + l)-x. 



1 &"* 

162. --8ec-i-— . 
do _o 

168. x + 4Vx + 41og(Vx-l). 
164. ^(bz'^-6x + 6)(2z + S)^. 

166.-log(a + 6x) + ^^^^^-j-^,. 

166. T^(3x« + 4x + 8)Vx-l. 

167. |^(4x-8a)(x + a)*. 

168. -sec-i-. 
a a 

169. TVVx2+a2(8x*-4a«x2+8o*). 
160. g»j^x*-3>^log{2 + 5x*). 

49(6-7x8)« 

l + 2x* 
162. - ^ . 

4 (1 + X2)2 



168. logVx2 + 4 + 

1®*- ^(4x8-9)<^(3 + 2««)« 



x« + 4 
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166. co8-i?^4^. 171. ^ 

2V2x 9(H-3a;8) 

166. ?8in-i?^^. 172 ^'li^TJ^ 
" «V2 * 6x2 

167. log ""^^ 178. — JL=. 

2X + 5+ Va;2 + 8» + 18 4\^2x-«8 

168. 8in-i ^~^^ - I''*- a;(logax-l). 

^""-^^^ ,.^ „+i/logax 1 \ 
4x + ll 175. x'»+i(— ^ ). 

169. 8in-i ^^-'"^^ \m + l (w + l)3/ 

(x + 3)vl6 1 J 

\. 176. xtan-iax--logVl +a»x2. 

170. llog— ^^ ^ 

^ *l + 4x* 177. logx[log(logx)-l]. 
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178. xlog(x + Vx2 + a2)-Vx2 + a2. 132. -l-[(aW+l)taii-iax-ax]. 

179. —(sin ax — ax cos ax). 

,o-> ^^1 1, / . /-Ti— 7\ IBS. ^(a«xa-2ax + 2). 

180. x8ec-iax--log(ax + va2x*-l)- a« 

181. — (a2x2 sec- 1 ox - Va^x* -^ l). !**• «*(** + !)• 

10K x^sinax 2 x cos ox 2 sin ax 

185. -I 

a a^ a* 

186. - [(3aax2 - 6)sinax - (a^x* - 6ax)cosax]. 
a* 

187. x[(logax)«-21ogax + 2]. 

188. ^ x8 [9 (log ax)2 - 6 log ax + 2]. 

189. — [2 a^x^ — 2 ax sin 2 ax — cos 2 ox]. 

190. ^ e2* (2 + cos 2 X + sin 2 x). 

191. ^ e* [6(co8X + sin x) — (cos 3 x + 3 sin 3 x)]. 

192. jc8*[^(38in4x-4cos4x) + ^(38in2x-2co82x)]. 

198. — [(2a2aJ» - l)8in-iax + ax Vl - a^x^]. 
4a2 

CHAPTER in 
Page 61 

1. 4|. 8. log(2+V3). 

2. ilogf 9. IJ. 
B. tV«'- 10. 21og(e + l)-l. 
4. 8a8(log2-§). 11. tanV^-tanl. 
6. 2-V2. _ TT 



7. J log J. 



12. -. 



18.1. 



14. 


m- 


16. 


f. 


16. 


iVlT. 


17. 


4a« 


18. 


1 


19. 


^va\ 
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*"• 2V » « S a / 24. ^(37r-4). 

22. flog2-f **• ^""e" 

Page 62 

86. ^ira. 86. .6366. 

Page 63 
46. .4621. 47. .016. 48. .8746. 



CHAPTER IV 



Page 80 
















1. 170 §. 






2. 


ia». 






8. 47ra2. 


Page 81 
















4. a^Ve" - e' 
6. |a&. 


=) 




18. 
14. 


37raa. 
27r+|; 


6 


T-J. 


22. fTraa. 

23. j7r(a2 + 262) 


6. 2 7ra6. 






16. 


i- 






24. 3^a2. 


\4 2 

8. a^cos-i- 

a 

9. VVa*. 


log 


.). 


16. 
17. 
18. 
20. 


32. 

a2(2 7r- 

2aa. 

J7r8a2. 


J) 


1 




Wa^-h^. 


WW 

26. '«'. 
4n 


10. 4a2. 
12. i7ra2. 






21. 


a2 

V3 






27.a«(2-|). 
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28. ia2v^. 

29. 27r(a2 + 62). 






88. 


i 


/2* 


3»\ 

e »/ + ira»A. 


80. ^7ra2. 








84. 


4: 


ira8(21og2 


1-1). 


81. ^jTraS. 








86. 


1' 


7ra8(31og2 


1-2). 


82. T^^TraS. 








86. 


J 


7r(aa- ^2)1. 



87. 7r2a26 + J Tra' ; 7r2a26 — J Tra^ (6 is the distance from the diameter of 

semi-circle to the axis). 

88. |7ra62. 42. J 7r2 (2 a2 + 1) + 2 Tra. 

89. 2 7r2aM. 43. 2irph^, 

40.!^(3a + .). ^^_ 
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Page 83 

45. -^ (3 h^ + AOpah^ + 240 p^a% 46. |f TrpW (5 a - 3 h), 

47. § ?ra^ (1 — cos a) (a is the radius of the sphere and 2 a is the vertical angle 
of the cone). 

48. 67r(l + 6V67r). 49. f Tra^. 60. ^Tra^. 53. Jofta. 
54. ^ a^ tan ^ (a is the radius of the cylinder). 

56. (tt — ^)?ia^(a is the radius of the cylinder and h is the altitude). 

66. ^ ha^{a is the radius of the cylinder and h is the altitude). 

67. 2 irh^ Vpipz (Pi and p2 are the respective parameters of the parabolas). 

68. - a^ ( 1 + - j (a is the radius of the sphere). 

Page 84 

69. |7ra26. 

60. y^ aS (a is the parameter of the hypocycloids). 

61. 4a62. ^^ a( ~ --\ ''I- 8a. 

16i)a8 2 . 72. 5£(?L±^). 

a ^ 



62. 



Sq 

63. 1162 cu. in. . „ . .„v 

a <»A 4(a2 + a6 + 62) ». 177^ in 

64. ^7[(4 + 0;i)^-8]. 69. -^^ — ^. 74. 177.5 in. 



a + 6 



66. log(e + e-i). ^^, _2 [(^+p)i_(3p)t]. 

66. 6a, 3V3p 



76. 1007 ft. 
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77. fa. 78. f Tra. 79. 8a. 

80. 2 xra (^ — ^1) (a is the radius of the sphere). , 

81. |7rV5[(A + p)*-p^]. «*• V^^a^- 
2A 2A^ 86. Ar*7ra2. 

82. 

88. 2Tra2. 



/ 2A _2Av 86. -6^*7ra2. 

I. i,ra2U« - 6- «; + 2,raA. ^^ 2^a2^ ^Troft^ / a + V^^^ \ 

•• 2Tra2. Va2-62 ^V 6 /* 



87. 2 7r62 -^ sin-^e (e is the eccentricity of the ellipse). 

88. ^/7ra2. 89. 47ra2(2-V2). 
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Page 99 

1. — . 6. log-. 

a 2 7rh a 

kx^ M 

2. — (fc is the proportionality factor). 6. 



2a cVc2~+l2 

— (Uq ^ — ^1 ^). 7. 

vi 1-7 c(c + Z) 



8 . k log — ; (Ug ~ ^ — i?i ~ '^). 7. (I is the length of the wire). 
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2 2£ 6 

8. sin- ({ is the length of the wire) in a direction bisecting the angle 6, 



9. 



Mc 



(ca + aa)« 
23f 



10. 



23fc /I _ 1 \ 



11. 1^ (i + Vc» + a3 - V(c + 0* + a2). 



a^i 
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12. sin — . 

a!^a 2 

14. ^&u}(as + 2ac). 

-- 2(a2 + 3ac + 3c2) , , ., 
16. ^ . ■ below the 

3(a + 2c) 

surface. 
16. ^haho. 
18. ^baHo. 
20. ^baw(2a + Sc), 



21. f 6a3to. 

22. ^ a below the surface. 
28. ^bcfiw, 

24. ^ a below the surface. 
26. ^ a5^to (the axis 2 a being in the 
surface). 

26. ^^ irb below the surface. 

27. 22601b. 

28. 781.261b. 
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29. 2234| ft.-lb. 

80. 769.4 1b. 

81. 1041§tons. 

82. 8333^ foot-tons. 



88. 88.4 tons. 
84. 4^ tons 

••■ («.¥)■ 



««• (f a. i a)- 
87. (0,ia). 



89. On the axis, three fifths of the distance from the vertex to the chord. 
40. (^ k, 0){x = k is the equation of the ordinate). 

'*" *AV 42. /?,?V "• (t«.^«)- 

3jr; 



«■ (!-:■ ID 



"■ (r f) 



/ 8p 2p\ 
' \6 m* m / 

50. («.^^V 
\2 2 12p/ 



48 
49 



\ '5(2 + Sir)/ 

52. (ii,ii^+m. 

\3ir 3ir / 
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46. (-TT, -ir). 
\2 '8 / 

46. -i-. 
A Vtt 

47. Intersection of the 

medians. 

68. On the radius perpendicular to the base of the hemisphere and three 
eighths of the distance from the base. 

64. On the diameter of the sphere perpendicular to the planes, at a distance 
J (^1 + hi) from the center. 

66. « = §a. 66. y=|Jk. 5*1, f/= ^b(if^ = 4tpa), 

68. y = ^Vi {vi is the ordinate of the point of intersection of the line and the 
parabola). 

69. y = ^;j6. 

60. At the middle point of the radius of the hemisphere perpendicular to 
the base. 
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61. On the axis of the cone, two thirds of the distance from the vertex to the 
base. 

62. On the radius of tne hemisphere perpendicular to the base, two thirds 
of the distance from the base to the vertex. 
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1. A I :A- 4. 1—1 L- + 



3x 3(2x + 3) 3«-2 2(x+l) x-2 2(a + 3) 

.1.1.1 1 -1.23 1 



2x z-1 2(« + 2) X z^ x8 x + 1 

8. ' +-^ ^. 6.4 + i- ' 



7. 



6(2x + l) 2(2x-l) 3(x+2) sfi x (2x-l)a 2x-l 

2 3 2 1 



x + 2 (x + 2)« (x + 2)8 X 

-±-+—1—, 

(2x + l)« (2x+l)a 2x + l 

2x + l x2 + 2 ' 3x ' (x2 + 3)3 ' 3(x2 + 3) 

10 2 . x-2 15. -J--f 2^ +-JL, 

'^'^^T^ + x^-2x + 2 ' ^-2 (*'-2)« x«-2 



,^ 2x + 6 x-2 

3 8 2 16. — -— 2___ + 



11. 4X + + + ^ , . (X2 + X + 1)2 X^ + X + l 

2(X-1)2(X + 1) 3x2+1 ^ , -r -r , 

^ ^ ^ ^ ' ^ 17. log [( 2 X- 3)^(2 x4- 5)8]. 

12 —1±— + —1— la , ' / 3x + l 

' x« + x + 2 X2-X + 2 ^•- ^^ \(3x-2)a' 

18. x-1 [•— ^^' log— — ==. 

x2-fl x« + 2 V2X-8 

20. ^log(xg + 4x + l) + -i-log ^"^^~'^ . 
2 2V3 X + 2+V3 

21. |log(4x2 + 4x + 2) + |tan-i(2x + l). 

22. X - Jx2 - log [(X - 1) (X + 3)6]. 

28. lx2-x + ilog(9x2 + 12x + 8) + itan-i?^?-i^. 
2 6 2 2 

24. lxg + 4x + 61og(xg-2x-l) + 4V21og ^""-^"" ;^ . 
2 X-I+V2 

2fi W5il±-?1! o.r I (X-l)(X + 2)2 

^«- ^^^IS^- «•• (x-l-l)(x-H2)^^ 

(X - 1)« s (X - 2)« 
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80. |«a - 2x + Slog(x 4- 1) + iJ log(2x - 1) + Vlog(x + 3). 

gV ^ '^12 ^ (x + 2)i2 

82. log [x«(2x - 1)] + -^-r- 

^ X — 1 

88. log (X H- 2) + ^^-^ • 

(x + 2)2 

84. log[(x-l)V2x + 3] + 

^"■^ ' -^ 2(2x + 3) 

Page 118 

^*- - ^At - ^^S(* + 2). . 8». « + ^ + |log(3x - 2). 

iH X *T' -L OX O 

^- , /x-2 3 •« 3 , 

86. log \ 89. X + h logx. 

'^\x + 2 x + 2 ^2(x-l)a ^ 

87. log 40. -(x2-x) + r^- 

^(x + l)8 x(x + l) 2^ '8(4x2-1) 

41. log[(x - 1) V(x2 + 2x + 2)8] + 4 tan-i(x + 1). 

Ao 1 (« + l)^ 3 . X-2-V2 

42. log — ^z=^= - — 3 log -. 

Vx2-4x + 2 V2 X-2+V2 
«.?log(x^ + 4) + log^-ltan-i|. 

44. log 1 / 

-_ 6, x2-2x+3 1 ^ ,x-l 3 ^ , 3x 
46. -log-—— — -tan-i — ^tan-i— ^. 

' 2 ^ 3x2 + 2 V2 V2 V6 V6 

46. log JIZ±3::+ Atan-i4-4=tan-ii?±l. 

\2x2 + x+5 V3 V3 V39 V39 

47. X - |log(x2 _ 2x + 2) - 3tan-i(x - 1) - tan-i(x + 1). 

48. l(.2_2x)+llog-(^^+i)^ + -^tan-ii^. 
4^ '^16 ^4x2- 6x + 9^24 V3 3V3 

AG 3, ,2 0, , 1 , X-V3 , 10 ^ ,6x + 3 

49. _log(x2-3) + — -log ;:! + — =tan-i — -it-- 

2 V3 X+V3 V5I V61 

RA 1 ♦ 1 ^ 2 + X 

60. — - tan- 1 — :r 

2V3 V3 2(x2 + 3) 

61. ^log(2x2H-l) + -^tan-ixV2- ^ + ^^^ . 
4 ^^ 2V2 4(2x2 + 1) 

isn 01 Vx2 + 3 17 ^ , X 2x + 3 

62. 31og -^— + — -tan-i— :: + 

^ SVS V3 3(x2 + 3) 

-o , ofi 13 , x\^-l 3 + 7x 

68. log — log — . 

^2x2-1 4V2 XV2 + I 2(2x2-1) 
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CHAPTER VII 
Page 137 

1. |v^-|log(v^ + l). 2. 2-v^ + log ^^'"'^ . 

8. §(2v^-3V» + 12\^x)-81og(\^+l). Vaj + 1 
4. -f(x-2)5. 

6. _3(a. + i)i_(a. + i)_3(a. + i)§. 

6. 2 vr^ + V2 log ^V:^ ii_xg. 

V1-X4- V2 
''• ^1 + 3a - 4 ^1 + 3x H- 4 log(v^l + 3x + 2). 

8. i+x+4vn:^+2iog(x-vrT^)+4=^og ^^^^"^"^ - 

V5 2Vl + a-l + V6 

9. x-2Vx + log(Vx + l)*. jg -v^S + xa 
,^ (l + x«)^ * 8x 

• 8^* 18. -^i±^. 
J- g 2 -5^x3 + 3 

* -5^+2^', J4' 5i,f(8*'-l)(8!B» + l)«. 

16. T.i^(5x«-2)(2 + 3x«)«. 

16. irj_,og^^E^+^L_i. 

3L2\^ V3x8 + 2+V2 V3x8 + 2j 

17. ix2 V4 + X* + log (x2 + V4 + x*). 

18. ^tan-i^±2^^^±l^. 

V2 

,^ 1 , xV2+V2x2 + 3x + 6-V5 
Iw, ——log p== • 

VS xV2 +V2x2 + 3x+ 6+V5 
20. -Llog^^3T3-x-Virr^^ jj^_ 2(2x + l) 



V3 V34-3X+V3-X 3 Vx2 + x + 1 

22. Vx2 + 2x + 3 - log(l + X + Vx2 + 2x + 3). 

-- 2(1 +6x) /l-3x ^. 2(28x8 + 21x2 +12x- 8) 
3x \ X 243(1- X- 2x2)8 

26V2-3x-2x2 V2 \l - 2x 

26. ^ sin^x — I sin^x. 27. cos^ 3 x (y^ cos^ 3 x - J cos 3 x). 

Page 138 

28. I cos^x - 3 cossx + cos8x - cosx. 32 /x ^ ^.^x\ / .^ 2x _ \ 

29. sin X - f sinSx + J sinSx. \ 3 3/ \ 3 / 

80. icos(2x+l)[cos2(2x + l)-3]. •« ^ A • * 1 • « \ 
^, " , '*• ^ ' ■■ 88. -(-sin*ax — 8in«ax). 

81. X - Jcos4x. a\4 6 / 
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84. -j^x ~ ^\8in4a; — ^sin'2x. 86. |x - ^sin2x + ^8in42. 

86. •j^x+ ^sm4x — ^sin'4x + jl^sinSx. 

87- Tiu^«-A«^2x + yl,8in4x. , 1 + C064X cos4x 

88. ^5 v^cos 2 X (co8«2 X - 7). ' le ^^l-cos4x 8sm«4x 

l+sin- 

89.log 2-?8in»5-2sin?. 41 1 w 1il5??1? ^ .£2i?iL . 

l-sin? ^ ^ ^ 8^1 + co82x 4sin«2x 

2 

.« sindx sinSx 1, 1 — sinSx 

42. log . 

12co843x 8co8«3x 16 l + 8in3x 

48. ^tanS3x + ^logco83x. 

44. Jlog8in3x + Jctn23x-^ctn*3x. 

46. ?tan»?-2tan? + x. 48. 2 tan?/'l + ?tan«- + ltan* 

8 2 2 2\ 3 2 5 

3 X X X 

46. --ctn6- + ctn»--3ctn--x. a. ,/ 

S 8 8 3 49. -!ctn?(3 + ctna: 

47. i (tan^x - ctn«x) + 2 log tan x. 3 4 \ 

60. - ^ ctn 3x(l + ctn^Sx + f ctn*3x + | ctn«3x). 

-^ 8in2x 1, 1 — 8in2x 
61. log 

4co832x 8 l + 8in2x 

5X ^ _ X 4 X 

C08- 16C08- 1--C08- 

.« 6 6 , 15, 5 

68. — — ^^ — ^^— — H log — . 

X X 16 X 

4 sin*- 8sin2- l + co8- 

5 5 5 

68. --ctn*? ('3 + 2 etna' 

4 3\ 

64. -(8inax + 2cscax — csc'ox). 66. -8ec*-. 

a\ 3 / 5 2 

66. 26 \aec ? A - — sec^ ? + — 8ec* -V 

\ 5\ 11 6 21 5/ 

67. tan5x(f + ^ tan^x + ^ tan*x). 

_^ sin5x sin5x . 1, 1 — 8in5x 
68. log 

20cos*6x 40coS2 5x 80 l + sinSx 

69. -tan-i(itan5V 2tan5 + 8-Vi3 

3 \3 2/ 1 2 

1 /•, X 62. ——log 

60. ^tan-i(itan|j. V13 2tan? + 3+Vi8 

8tan- + l 1 3tanx-4-V7 

61 _tan-i^_£_ ®^- F^^S 7=' 

V2 2V2 ' 2V7 3tanx-4+V7 

64. ^ x(2x2 + 6a2) (x^ + a^)* + f a*log(x + Vx2 + a^). 

66. ^x(6aa-2x«)(a«~xa)*+?a*sin-i5. 
8 8 a 
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66. i[« Vx« + a« - a^\og(x + Vx^ + a^)]. 
Vx2 + a« 1 , X 



2agxa 2a8 Vx» + a« + a 
^« Va« - xa , 1 , X 



2a«x« 2a« Va^ - x« + a 

69. -x(2x2 + a2) Vx2 + a^ - ~ log(x + Vx« + a«). 
8 o 

70. ^x(2x« - a^\^a^ - x« +^sin-i-. 
8 8 a 

71. -^(3xa + 2a2)(a2-x«)«- 76. -<1±-?^. 

X 

2(«« + ««)-^2« « 76.--^—^ 

78. ^ vv V2ax-x2 

(1 + a:«)* ^^- Si 

74. I (x» - 2) (1 + x«)*. 78. V2ax-xa + a flin-i 

79. ^(2x2 - ax - 8a2)V2ax - x^ + -sin-i^^^. 

80. - J (X + 3a) V2ax - x2 + i^sin-i?-^. 

^ a 

81. — J^ sinx cos^x + J^ sin x cos«x + ^^ sin x cosx + i^ x. 

<kA 1 . Ssinx . 3, . . ^ . 

82. 1 + - log(sec X + tan x). 

sinxcos'x 2cos3x 2 

cos X 1 

88. 1- H- log (esc X — ctn x). 

2sin2x 2 ' o • 9 n 

•« 2 sm^x — 1 
84. ^tan83x + Jtan3x. 8^. — r — 

^- 2co8«2x-3co82x 3, , . * o x 

86. log(csc2x — ctn2x). 

48in22x 4 



X — a 



Page 139 

87. -(^V^*-a« + a*log ). 



• 16' c* 98. jTra*. ^g ^(a' + 6') 

89. ira«. 94. |7ra6. ^'^ 

9Q a^, 96. 37ra«. 99- I't^*- 

' 30 ' 96. J(4-ir)a2. 100. fa^. 
91. ^(7r-.2)a«. 

101. -[2ir V47r2 + 1 + log (2 ir + V4 w^ + l)]. 

102. 4v^a. 106. 2iraa«. 
108. 6w«a». 106. Tra^tan^. 

104. 4waa«. 107. JAa(37r6 + 8v^a). 



8. 
4. 


Vl + x2+Vl + y3 = C. 

tan X = c cos y. 


6. 


X y 


Page 155 

y 
10. X sin - = c. 
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Page 140 

108. (Tra, |a). ^^^ /266a 266 a\ 

109. (ira, fa). ' \3167r' 316 ir/ 

""• (!• .i;;^)- "•.(|(V5..),.). 

CHAPTER VIII 
Page 154 

1. 3x2 + 2x8-3y2_2y8-c. t 

2. c^»siny = c. ®- « = ce*- 

7. x2 = 2cy + ca. 

8. 2 logx + (sin-i ?!!) = c. 

9. cos X sin y = c. 

26. y = c cosx — 2 cos^x. 
26. x2 + 3xy4-22/2 = cx. 

11. x{^-e~^ = c. 27. 2^ = l(x2-l) + c?±i. 

12. (X + 2/)6 = cy*eV. 28. y2 = _ j (2x2 + 2x + 3) + ce2x 

18. x2 + 4xy - y2 _ 6a. _ 22^ = c. 29. y^ ^ 5il±»5, 
14. (y + 3) (X + 2^ + 1) = c. ' 2 + ex 
16. (X 4 yf + 2y = c. 30 y ^ g**°"'' 

16. 2y = sinx — cosx + ce-^. gtan-^x^ c 

17. 2^ = (X + l)2(c« + c). 81. x2(l - y2) = c(l 4- x2). 

18. y=\(x-\- 1)8 H- C (X + 1). 82. X2 l0gx2 + (X3^ y8)i = CX2. 

-Bin? 83. y(e»^ + l) = ea:4.a; + c. 

19. x = ce ^. 34^ (secx + tanx)(l + y-8)=x + c. 

20. 2/= 6^(1--)+-. ^^- 42/ = ce2^-(2x2 + 2x + l). 
\ */ ^ 86. 2/ = (x + c)e«^. 

21. logxy + i (x2 - 2^2) = c. sin ^x 

22. x2 = c2 + 2 cy. ^^- y = ^ + ^ix + Cg. 

28. 2^ = 1 + x2 + c Vl + x2. 38. 2/ = c^(x - 2) + CiX + Cg. 

24. y = l + c(x-Vl + x2). 39. y = ^x^logx- /^x^ + CiX + Cj. 

40. 2^ = ±l/xVc2-a:2 + c2sin-ii^)+C2. 

41. 2/ = CiX2 + C2. _ Ci(€f^^ - C2) 

42. 2/ = -^log(x-a)--^^ ^ + C2. ^' +^2 

2 4 Ci X — Ci 

48. (2^ + 1)2 = cix + C2. *''• y = X + ci log^qT^ + ca. 

44. 2/ + Cilog(2/ - ci) + X = C2. 4c2ec,(x+c^ 

iiR ^^ a; . . . 48. y = ^ 

46. 2/ = - — - - + cix* + C2. "^ (1 _ e<^i(x+cj))2 

49. y = db 5— [cix Vc 2x2 _ 1 _ log (cix + V^2~rri)] 4. ca. 
60. 2/ = Cisin[fc(x - C2)]. 61. 2/ = CiC0sh[fc(x + C2)]. 
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Page 156 

62. 2^(x- 4)2 = 9. 56. y = - 1 + eP'-^- 

53. tan- = e*-i. 67. y = ex"", 

2 

y ^ 68. y = 0x2 + c. 

64. tan- = ce*a='^2, «« « • /, 

2 59. r" = csinnd. 

66. 42/8 = 9(fcx + c)2. 60. z = n logy + c. 

62. y = - cosh [A; (x — c)]. (fc is the constant ratio.) 68. x2 + y* = ex. 

K 

64. y = a cosh (a is the constant length.) 

fc2 8 X — Jfc2 1 y 

66. y = ±— sin- 1 — — — ± - vk^x — 4 x2 + c. (A; is the constant ratio.) 

O K* 2 

66. y = fc cosh (k is the constant ratio.) 

K 

70. (x — Ci)2 + (y — C2)2 = c2. (c is the given constant.) 

c2 

71. Ciy2 — ^ (x 4- C2)2 = 1. (k is the constant ratio.) 

k 

Page 157 

72. Harmonic motion. 

78. t = c -\- -x — I Vax — x2 sin- 1 ) , where k is the constant ratio, 

and X = a when « = 0. 
74. Same velocity as if the body fell freely. 76. About 7 miles per second. 

CHAPTER X 
Page 195 

1. (1,-2,2). 2. (-J^-, -i^-, -J^9.). 

8. x2 + y2 + 2:2-2x + 4y-22-43 = 0. 

6. §^ + I log 6. 7. e 

8. 7rV2 + 47r2 + log (tt V^ + V2 7r2 -f l). 

11. cos-i ^ _. j3 2x-3y + 62±21 = 0. 

V2 + t2 
Page 196 

14. X + y + 2 - 6 = 0. 16. ay + fc2 = 0. 

17. 7rx-2y-22 + 2Tr = 0. 

18. e*(x - eO - e-<(y - e-') + V2(2 - tV2) = 0. 

19. x + 2y + 32 -6 = 0. 26. x - 2y + z + 6 = 0. 

20. -— ?-, -^, -A_. 28- sin-113. 

V139' V139' Vl39 27. (1, 2, 1), (J, J, ^). 

28. x-2; + 2 = 0. 29. llx + 13y - 37 = 0, 3x + 13« + 10 = 0. 
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Page 197 

80. (2, - 1, 2). 

Sl.x-1 = «^ = ^. 
3 4 

,, »-l^y-2^ 
2 2 

84. a; — z = 0, y = 0. 
36. 2y + « = 0. 

86. oos-i— --, -, C08-1 



Vl3 2 



Vis 



87. (1, - 1, 1). 

89. x + 16y + 7« + 8 = 0. 

40. 3x-2y-« + 4 = 0. 

41. x + ny-\-6z = 0. 

43. a; ~ 6 y + « - 2 = 0, 
3x + y + 3«-l = 0. 

48. z-z = 0, 

44. 93a; -46y + 13«~ 179=0. 

46. (1, - 2, 4), (f , Y, V-)- 

47. (0, 1, 2), (3^-, V^-, - iy^). 



CHAPTER XI 
Page 218 

10. AA = .396 sq. in., dA = .398 sq. in. 11. Ai = .057 in., dL = .057 in. 

18. AV= 5.11 cu. ft, dF= 5.09 cu. ft. 

- . sin /3 ,. h sin /3 cos (a + /3) , A sin a ,^ 
18. ^- — dh ^ — ^^-^ da + d/3. 

sin(a + ^) sina(a + ^) 8in2(a + /3) 



c(2 



18. xix + yiy — (zi — a)(z — a) = 0. 

81 / <^ ^ 

V a2 + 6* + ca' a2 + &2 + c2' a^ + ft^ + c3> 

88. (a, a, a), (-a, — a, a), (— a, a, — a), (a, — a, — 
88. Point of intersection of the medians. 

Sabc ^. 2aK 2bK 



■i 



a). 



84. V = 
Page 219 



3V3 



86. x = 



aa + 62 + c2' ^ a2 + 62 + c2' ^ 



2cx: 



a2 + 62 _j. ca 



•o «!« , yiy , 2i« _ 1 



38. 0°. 



«o , a2 - 62 _j. c2 

39. cos-i ■ — . 

2ac 



Page 220 






d0 



ex Sx ' Sy dy dz dz 
44. *-*^ 



nyi mz\ 



+ ^^ = 0. 
az dz 

_ y-vi _ z-zx 



Izi nxi 
a^cln 



mxi lyi 



45 ^ - ^1 _ y ^ yi _ g - gj 

yi2i -ZiXi Xiyi 



46. /- , 

\ V(aa22 + 62y^2) (^2^2 4. 6-2,^2 ^ c%2) 

V(a2ia + 62,^12) (a2i2 ^ 52^2 



.)■ 



47. (-1, -1,1). 



r V a* -t- «* 
61. xy{ — r)+(«^-2/^) y H« 

\ay2 ax2/ ^ 'axay ax dy 



cVa2^g + 62m2 

48. 8in-i^^^^=f . 49.90°. 

rVa2 + jk2 
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Page 221 












68. ^{ + 2^^!.' 
ca;2 sysx 


(«) + 


J^[F'(«)]» + 


71. log(G 


t + 




70. IT log—! 


o2 

• 


1). 


Page 234 




• 

. CHAPTER XII 






1. 41og2-lJ. 
8. 2. 




4. 8 (log 2- 
6. jTra*. 


-1). 




7. J7ra2. 

8.1-1. 
e 2 


8. |7r2 + j7r + l. 




6. 6. 






Page 235 












9. |7r2a2. 
10. logV^. 




11. tV«'- 
18. ^. 






13. T^wa*. 

14. ia«. 


Page 253 




CHAPTER Xm 






1. ^. 

2. AVa6(a + 6)(5a2 + 2a6+56«). 
4. i^a*V3. 8. Jtto*. 
6. ^ira*, 9. Jtto*. 
6. A^ira*. 10. jTra*. 


64a*Va 
* 34(5668 


(11 62 + a). 

18. if a*. 

,. 64a6Va 
18. • 

8465 68 


7. Jira*. 




11. !%'»'«*• 






14. 5»5(8 + 3ir)a4. 


Page 254 












16. fjTra*. 

16. (IOtt- V^)a4. 

17. (Y--log4)a2. 

18. (27r-J)a2. 

19. 10 TT. 

80. f (a + 6)Va6. 




81. ^(7r-2)a2. 
88. ^a2(37r-8); 

TVa2(37r-8); 

Ja2(37r + 8). 

28. f a». 

4 




24. 8a2. 

26. 2a2(w-2). 
86. 2V27ra2. 

27. 8a2. 

88. 2 a2 CSC 2 a. 



89. x2 + (y + 2 tan a)2 = a^; 2 a2(ctn a + a cad^a), 

30. ^(20 -Sir). 31. §a2(7r-2). 88. Ja2(20-37r). 

Page 255 

83. 16a2[7r-V2-log(l+V2)]. 

84. (*«.««). 37 /?^, l^V 89 (^^, ?5^V 
85 /o ^«(^^ + 8) \ * \^^'^ 36 tt/ * \3167r 316 tt/ 

•\' 6(67r-4)>/' 3g /288a 288 a \ 
86. (|a, 0). ' \1767r' 176 W 

40. On the axis of the sector, distant from the center of the circle. 

4a 

128>^ "•<!"'")•, 44. (J a, 1 6, I c). 

106 IT 48. (^rra,0). 
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^^ /5a 5a(fc. + A:.)\ ^^{Sa}6b}6c\, 47. (o, ^^ ^V 

\4 ' 8 / \15 15^ 16w/ \'3 97r/ 

48. On the axis of the cone, distant from its vertex. 

' 28 

49. On the axis of the cone, ^ of distance from vertex to base. 

Page 256 

^^- (2 ^'i f ^f § ^)) ^^^ center of the sphere being at the origin, and the octant 
being in the first octant bounded by the coordinate planes. 

61. On the axis of the cone, midway between the vertex and the base. 

62. ^a8. 69. 3^. 66. Jira. 
68. 7ra^(k2-ki). 60. dir. 66. ^ttoM. 
64. f Tra&c. 61. J ttc* (5a + &). 67. fa^. 
66. 5J. gjj Sirg* 68. ^j^m^ 

66. ^(7r + 2)a*. * 826* ^^' ^ii5<^^' 

67. liraV). 63. ^va^ 70. ^^a8(37r-4). 

68. (jJ-log4)a8. 64. ^a8(37r-4). 

Page 257 

71. V^a*. 73. |7r2a8. 73. ^^ 7rpa6c (62 + c2). 74. ^wpa^h. 

76. ^ kirh^ taoi^a. (k is the constant ratio.) 
76. ^kiraP. {k is the coeflficient of variation.) 

78. ^ka^. (A: is the coeflficient of variation.) 
^g 6.M(l-cosQr) g^ 7rpa(2 6-ft) 

Aatan2a ' ' 6 ' 

81. (Jf is the mass of the hemisphere.) 

3a2 

88. ^^^^^ -. IM is the mass of the hemisphere.) 

/— 

83. IM is the mass of the ring.) 

12a2 ^ 

CHAPTER XIV 
Page 276 

1. ?7ra2. 2. ^(36-2a). 8. ^(2a + 36). 

8 6 6 

Page 277 

k 
6. 2. 6. 0. 7. -. {k is the constant ratio, r is the distance.) 

8. — A: logr (k and r as in Ex. 7). 14. x^ -\- y^ — zy -\- x — y = c. 

10- i; I; i; o. is. i + y2 + xv = cx2. 

11. I; I; -i- , 16- (aJ + y)8 + 2y8=:c. 

12 Jy>.i7 17. aj2 = 2cy + c2. 

18'. -I'o; 1 V; 0. ^"^ ^'^Six^ + V') " t^n-^^ = C. 
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Page 278 

19. «« + Sxy^ = cy\ 34. x^ - a;«y + x^^ = c. 

80. tan-iaj + xy = c 35^ 2« + 8in2« + 4y cosx = c. 

81. e~y + logy = c. 36. logcos2(a; + y) + ys =c. 

33. logx + ;^ = c. „- , 2 1 

ay 2aV 
38. xy + log- = c. 3^ 122,(x + 1) - 4x8 - 8x* = c. 



CHAPTER XV 
Page 302 

14. -l<x<l. 18. All values of X. 31. -l<x<l. 

15. — 1 < X < 1. 19. All values of x. »« _ * <r- ^ 

16. -l<x<l. 20. -l<x<l. b b' 

17. -l<x<l. 

„ • - . x^ 6x* .eix' . oo ^ . . «^ «* 

"• ' + [2 +ir + -l6- + --- '"• ^ + ^=+2 - 8-"- 

9 fr' X' x8 

24. 1 + « + «« + ^ + ---. 87. 1 + X + - + - + •••. 

«- x^ x* X* «« X* X* x8 17 x* 

36. X 1 }-•••• 88. 



2 6 12 2 12 46 2620 



AA 'T* ./co8X co8 2x . cos3x \ 

89. 4( h ). 

8 \ 12 22 32 / 

(C08X cos2x \ 

12 + a2 "" 22 + a2 "^ * '/ 



Q sinhav 2asinha7r/ cosx co8 2x 



aTT «• 



2 sinh air I sin X 2 sin 2x 3 sin 3 x \ 

"*" V \12 + o2 "" 22 + aa 32 + a^ /* 

-, ./sinx sin3x sin5x . \ 

^- TT 2 /cosx cos3x cos6x \ /sinx sin2x sin3x \ 

4 ttV 12 ^ 32 ^ 52 /^ / \ 1 2 3 / 

«o ^"^ 2 /cosx cos3x cos5x \ 

4 7r\ 12 ^ '32 ^ 62 ^ / 

(3 sin X sin 2 X 3 sin 3 x sin 4 x \ 

"1 2- + ~3 i~ + --7- 

.. 7r2 _rcosx cos2x cos3x 1 

34. 2 1 

6 L 1^ 22 ^ 32 J 

+ _ ( Ismx sin2x + ( |sin3x sin4x H . 

ttLVi W 2 \3 38/ 4 J 

Page 303 

36. -sin a. gg ^ a 40. -2. 43, 6. 46. 0. 

86. 1. * ^6* 41, -J. 44. 0. 47. 0. 

87. -2. 39. 0. 42. 2. 46. 0. 48. 0. 





ANSWEES 




58. 0. 


56. -1. 


60. 1. 


53. GO. 


67, 1. 


61. 1. 


54. - 1. 

55. J. 


68. 1. 
59. 1. 


68. -• 

e 
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^g oo 53. 0. 56. -1. 60. 1. 68. 1. 

' 1)q' 53. 00. 67, 1. 61. 1. 64. c. 

50. 2. 54. - 1. 68. 1. 88 ^ ^^' ^' 

61. _ J. 55. J. 59, 1. ®*- e' 66. 1. 



CHAPTER XVII 
Page 336 

I. y = ao + a^x + (aS - \)x^ + (a* - ^^x^ + (a<f - Aa2)x* + • • -. 

8. y = Oo + a; -f r — x* - T-Q^ + -r-i^^ • 

Soo ^a^f 5ao* 

8. y = Oo + ao^« + o^V + a^oi? 4- (Oq* + i)x* + • • •. 

4. (y - 6x + c) (y + 2x + c) = 0. 6. (x2y - c) (y - ex) = 0. 

5. {y - ex) (ys - x2— c2) = 0. 7. (y-c)(y-ce-«*)(3y-x«-c) = 0. 

8. [x — a — c (x + a) el'] [x — a — c (x + a) e- «'] = 0. 

9. y^sin^x + 2 cy + c^ = 0. 

10. cy2_2c2xy + c8a!2 = l. 18. c2(l + yS) _ 2c«xy + c*a^ =^1.. 

11. 2/2 _ 2ex — c^. 14. x = logp +PH-C, y = p+ ^p2. 

18. ya = 2 ex + c^. 16. y = c(c - x)a. 
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16. x2 = sin2(y + c). 

17. y = i? log Vcp, X = (l + log Vcp) log Vcp. 

18. y = cx2 + c2. 80. 9(x + 2y + c)2 = 4(x -f 1)*. 

19. x + y = ctn(e — y). 81. (y — xlogcx)(2x2y2_x4 — c)3t0. 
28 x = £JZZiJ2££ J>2c~j?8+p2logjp 

(P-1)2 '^ (p_l)2 

83. (l ± Vy + l)^ = ec-**2Vr+i. 

24. \cy - e^)(x^ - 3y + c) (xy + cy + 1) = 0. 

26. y = cpH^P, X = - (1 + 2p) e^P. 

86. (l-4y)2 + 4x2--2e[(l-4y)cos2x + 2xsin2x] + c2 = 0. 

27 (y2-cx)2 c2 + l = 0. 29. y2 = cx2 + l. 

30. y = ex ±Vl-e2, y2 - x2 = l. 

31. (2y - 3a;2 + c) (2y - x2 + c) = 0. 

32. x2 = 2ey + c2 + o2, x2 + y2 = a^, 

83 2/-^ + e2 1 + 4X22/-0 36. (x-e)2 + y2 = a2, y2 = a2. 

33. y-^ + c, l + 4xy_0. gg c2 + exy + a8x = 0,xy2_4a3=:0. 

84. (y + cx)« = c, 4xy - 1 = 0. 37. 27 y - 4x8 = 0. 
83. 62aj2 _j. a2y2 _ a262 = o, y = ex + V62 + a2c2. 

39. (x2 + l)(y2-l)22 = c. 40, (x + y)(y + 2)(z + x) = c. 

41. x8 + y^ + 2^ + logy22 = e. 

42, xy + y« + zx — (6 + e)x — (e 4- a) y — (a + &)2 = fc. 
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48. y(x+'^) + c(y + z) = 0. 46.? + ??-log. = c. 

44. ? + ^ + ? = c. ^ " 

.e f / *v *■'• log« = tan-i- + c. 
46. log (x + y) + X -f y + 2 = c. ^ ° X 

48. x2 ^ a2 = Jki{2/2 4- &2) 1 tan-i ^ - i tan-i- = Arg. 

6 c c 

49. X2 _ y2 = cj^ y2 _ 2;2 = C2. ^1 _\ _\ 

60. x = « + ci, y2 = 2x;g + ca. "' ^ "+^^ = ^1, e ^-e * = C2. 
62. y = (X + ci) Vx2 + 1, z = (ci tan-ix + C2) Vx^ + 1. 
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68. x2 + 22 = c2, y + C2 = ^log?-::^. 

2 z + Ci 

64. X2 — Xy = Ci, 2 + X2 — C2X + Ci = 0. 

66. X + y = cie-, 2y = 22 + C2. «*• x* + y* = c*. 

ea _22 66. 2X2/ =± C2. 

66. X - 2/ = Cie^, 2^ = Cqc" 2^. 66. 27p2/2 _ 4 (3. _ 2i))8. 

67. x — y = CiZ, x2 - 2^2 _ C22/. 67. 8 x2 — 4 X2/ = 0. 

68. x + 2/+« = Ci, x2 + 3/24.2;2_c2 Qg 2^2 = 4^3; + 4p2. 

69. X 4- 2^ + 2 2 = Ci, X — y = c^z^, 69. x^ + 2/^ = c^. 

60. 2/ = Ci2, x2 + 2/2 + 22 = C22. 70. x8 + (X + 2p) 2/2 = 0. 

61. I62/8 + 27x< = 0. 71. (X - vY - 2fc(x + 2^) + fc2 = q. 



. 4 X2/ = c2. 72. x2 - 4 a (a - 2/) = 0. 

68. x2- 4 2/2 = 0. 78. x^ + 2^^ = ai 

74. 2(x - c) = fc log(fc ± VA:2 -42/2) 4: VA;2 - 42/2. 
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76. r = fc. 77. 2x2 + 2/2 = c2. 79. 2/ = ex*. 

-Tfi _ '^ ifc ^ ''®- «*'^ + 2^2 = 2a21ogx + c. 80. 2/2 = 4ax + 4a2. 

81. A family of circles tangent to OX at O. 

82. x2 + 2/2 - ex + 1 = 0. 

84. A family of lemniscates having the line ^ = -7 for a common axis. 

4 

86. r = e (1 - cos e), 86. r = e^«'-^. 



CHAPTER XVIII 
Page 360 

_2x 

1. 2/ = ee 8. 

2. y-ce-^^^\x^-%x-\--^-\-^{^%\xix-'QXi^QS), 
%. y — ce^^ + ^^ + Jc*(sinx — cosx). 

4, 2/= (c + 3x)e-^ + J(2x -l)c*.^ 

^^6. y = ee-*^ + f — -^^(2cos2x + sin2x). 

'*6. 2/ = c^[e + 2x-log(e2*+ 1)]. 

7. y z=ce^x — yij (2 sin 5 X + 6 cos 6 x) + ^jg (2 sin x + cosx). 
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8. y = cie»* 4- Cje-**. 10. y = (ci + c%x) c-**. 

9. y = Cie**4-C2. 11. y = CisinSa; + C2C083x. 

13. y = e«^(ciC0s2x + Cj8in2a!). 

18. y = cie=« + C2e-«^ - i«* - S«' - V^* ~ W^ " W- 

14. y = 016^ + Cae-* — 2 + f cos2a;. 

16. y = CiC^x + cge- «* + ^J^j (9 sin 3 x - 19 cos 3 x), 

16. y = CiC^ + cjg-** — J. 

17. y = Ci + Cae- «* + ^ sc* + J x^ — J x* + J x. 

18. y = (ci + Jx8--«a- f x)e2*4-C2e-8a^. 
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19. y =:(ci + C2X-f ix2)e* + 4e2a?. 

80. y = (ci -f C2x)c-^ + x8 - 6x2 ^ igx - 25. 

81. y = [ci + C2X - log (X - 3)] e«^. 

88. y = (ci + C2X)c-2a: + ^(7sin3;B-24cos3x). 

125 

88. y = Ci sin 2 X + C2 cos 2 X H (sin 2 x — 2 cos 2 x). 

84. y = Cisinx+ C2C0SX — Jcos2x + g^^cosSx. 
25. y = CiC0s2x + (C2 + x)sin2x. 

86. y = Ci cos X V3 + C2 sin x V3 + ^ x + J x cos 2 x — 2 sin 2 x. 

87. y = e2* [ci sin 3 x + (C2 — ^ x) cos 3 x]. 

88. y=l+-e* + e ^/cjcos f- C2Sin j. 

89. y = e-*(ciCOs2x4- C2sin2x) + (Jx^- J)c-*+ ^V ^*- 
. y = e«(ciCOS |-C2sin j + 3x2 + 10x + 3. 

81. y = ci + C2X + Cz<^^. 

88. y = ci + C2 cosx + Ca sinx. 

-5/ «^^ • «^^\ 
88. y = CiC»^ + c 3IC2COS l-Cgsm j. 

84. y = (ci + Cax) cos x + (ca + C4X) sin x. 

85. y = x^ + CiX + C2 + cs cos x + C4 sin x. 

86. y = -(e»-e-*) + e^(CiCos-^ + C2sin-^) 

X 

+ e ^\cz cos — -r + C4 sin --=Y 
\ V2 V2/ 

87. y = cie-* + c" ( Ca cos h Cs sin I 

+ J e== (2 sin X — cosx) + -jJ^ e- ^ (2 sin x + 3 cosx). 



80 
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88. y = ef^^(ciC0B2x + Casin2,x) + e-^'^(c8COs2x+ C4sin2a;) 

89. y = ci + C2X+(Jx8_2xa + 7x + C8)6«^. 

40. y = (ci + C2X) cos 2 X + (ca + C4X — ^^ x^) sin 2 x. 

41. y = Ci + X + (ca + C8« + | x2)e2Jf. 

48. y = Cie-* + Ca + CgX — Sx^ + x^ — J x* + ^ «**• 

48. X = c^, y = ce^. 

44. x = cea + §e6*-2e2«, y = ce^ -^e^'- e^'. 

46. x = Cie8' + C2C-a< + j^c« + 5*^ (6cos2< + sin2 0, 

y = - 3 Cie8 « - J cac- 2 ' + J e' - 3^ (17 cos 2 1 + 1 9 sin 2 Q. 

46. X = cic« + cae*' + -^^, y = Cic' - 2 cae*' + J. 

47. X = cie«< + cae*< + 3, y = 2 Cic»* + Cae*< + 2. 

48. X = ci + cae^' + Cge-* + i^l t - |t2 + J«8, 

y = 2ci + f - 2cae2« + CjC"' + f « - i«2+ J«8. 

49. a; = Ci + Cafia' + C8e-« + |«-}«*'^+ i«8, 

y = ci - 5/- + 3c8C-« - |e-2« + 6t - 8<2 + «8. 

at a< 

50. X = e Wci cos — ^ + Ca sin — - J + e ^^^Z cg cos — = + C4 sin -?^ ) , 

\ V2 V2/ V V2 V2/ 

y = 6^2/ cg cos — - — c\ sm — ^ J + e ^2/ c, sm — — — C4 cos — — ) . 

\ V2 V2/ V V2 V2/ 
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61. y = ciX 4- CaX* + Jx*. 

1 X 

62. y = — [ci cos (log x2) + Ca sin (log x^)] + __ (6 logx - 2). 

x^ 100 

68. y = Ci cos (2 logx) + Ca sin (2 logx) + \ (logx)* — \. 
64. y = J x^ + Ci (logx)2 + Ca logx + Ca. 

66, y = Cix + Ca cos (logx) + Cz sin (logx) 



4x 



Ca 3 
66. y = Ci + CaX2 + -, - - (logx)2. 

X* O 



.^ «A . 2-3 22.3.4. 2'-.3.4.6-..(r + 2) ^ , \ 

67. y = Cix8 ( 1 H X + , x^ -\ h ^ ^^ — ■ — ' x*^ H ) 

. \ 1-7 2.7.8 r.7.8.9...(r + 6) / 



+ ^(16 + 18x + 9x2 + 2x8). 

X* 



58. y = ci(24 - 18x + Ox^ - x^) + c^x^ /l _ ?x + — 

\ 6 6 . 

r + 1 \ 

+ ... + (-1)'* x'-^- ...). 

^ ^6.7.8...(r+6) / 

69. y = ci(36 - 42x + 21x2 - 4x8) + f? (3 _ Hx + 21x2), 



3 

"7 6.7.8 



X2 X3 
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Page 140 

108. (Tra, Ja). -- / 256a 256 a\ 

109. (wa, fa). ' \3157r' 315 tt/ 

"'■ {!■ u^Ti^} "•■(ic^^-^o..). 

CHAPTER VIII 
Page 154 

1. 3x2^.2x8-3y2_2y8 = c. y 

S. e=^»siny = c. ^- « = cc*. 

X y 9. cosxsiny = c. 

Page 155 

-^ . y_ 26. y = ccosx — 2cos2x. 

10. xsin-_c. gg x2 + 3xy + 2y2 = cx. 

11. x(e^-6--) = c. 27, y = l(x2-l) + c'^ + ^ 



8a: 



2' X-1 

12. (X + y)6 = cy4e"f . »«• 2^' = " i (2a^' + 2x + 3) + ce^-. 

18. x2 + 4xy-2/2-6x-2y = c. 29. y2_?il±^. 
14. (y + 3) (X + y + 1) = c. * 2 + ex 

16. (x4y)2 + 22/ = c. 80. y^ ^^"" . 

16. 2y = sinx — cosx + ce-*. e**"* **+ c 

17. 2^ = (X + l)2(e=« + c). 81. x2(l _ y2) = c(l + x2). 

18. 2/ = i (X + 1)8 + c(x + 1). 82. x21ogx2 + (x3H- y^)* = cx2. 

_rin?? **• y (e* + 1) = e* + « + c. 

19. x = ce »'. 84. (secx + tanx)(l + y-8)=x + c. 

20. y=e-(l^-)-h-' ^^- 4y = ce2x_(2x2 + 2x + l). 

\ xj X 86. 2/ = (x + c) e««^. 

21. logX2^4-i(x2-y2)=:=c. g.^^ 

22. x2 = c2 4- 2C2/. ^^' y = ^ + ^1* + ^• 

28. y = 1 + x2 4. c V l + x2. 88. y = ^(x-2)-\- c^x + Cg. 

24. y = l + c(x-VlH-x2). 89. 2^= ^x«logx- /^x8 4- Cix + Cj. 

40. y = ±-(xVc^ _ x2 + c^sm-^^\+C2, 

41. 2/ = Cixa + C2. -^ ^, Ci(e<'i=»=-C2) 

42. 2/ = 17 log (X- a)- ^— — ^+C2. ^' +^2 

^ 4ci x-ci , 

48. {y + 1)2 = cix + C2. 47- y = « + ci log^^fT^ + ^' 

44. 2/ + Ci\og{y - ci) + X = Ca. 4c Vi(^+^«) 

x2 X _, 48. y = 

46. 2^ = -- — — - + Cix* + C2. (I- ePi<x+ct))2 

49. y = i IdX Vc 2x2 _ 1 _ log (ciX + Vc2x2 - l)] + C2. 

2ci 

60. y = Cisin[A:(x — C2)]. 61. 2/ = CiCOsh[fc(x + C2)]. 
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68. y(x-4)2 = 9. 56. y=-l + e*-a. 

58. tan- = e*-i. 57. y = ex". 
2 

y ^ 58. y = 0x2 + c. 

54. tan- = ce**^2. «o ^ . ^ 

2 59. r» = csmn^. 

55. 4y8 = 9(fcx + c)2. 60. X = n logy + c. 

62. y = - cosh[fc(x — c)]. (fc is the constant ratio.) 68. x* + y2 = ex. 

K 

X — C 

64. y = a cosh . (a is the constant length.) 

Jc^ 8 X — ifc2 1 J 

66. y = ±— sin- 1 i - Vfc^x — 4 x^ + c, (A; is the constant ratio.) 

jp g 

66. y =:k cosh (A; is the constant ratio.) 

k 

67. Ely = -w{^---y 68. Ely = - -{-^ - - + -^ 

69. ^Zy = -a^_?-\ 

^ 2\4 6/ 

70. (x — ci)2 + (y — C2)2 = c2. (c is the given constant.) 

71. Ciy2 — ^ (x + C2)2 = 1. (A: is the constant ratio.) 

K 

Page 157 

72. Harmonic motion. 

78. t = c -{■ \ / — ( Vax — x2 sin- 1 ) , where k is the constant ratio, 

\2fc\ 2a/ ' 

and X = a when « = 0. 
74. Same velocity as if the body fell freely. 76. About 7 miles per second. 

CHAPTER X 
Page 195 

1. (1,-2,2). 2, (-J^-, -i^-, _J^9.y 

8. x2 + y24.2;2_2x + 4y-22-43 = 0. 

6. I 4. I log 5. '^'^-l' 

8. TT V2 + 47r2 + log(7r V2 + V2 7r2 + l). 

11. cos-i ._, j3 2x-3y + 62±21 = 0. 

V2 + <2 

Page 196 

14. X + y + 2 - 6 = 0. 16. ay + A:2 = 0. 

17. 7rx-2y -2« + 2ir = 0. 

18. e'(x - e') - e-'(y - e-') + V2(2 - « V2) = 0. 

19. x + 2y + 32 -6 = 0. 26. x - 2y + 2 + 6 = 0. 
on 9 7 8 26. sin-i|i. 

Vl39 Vi39 Vl89 27. (1, 2, 1), (^, J, J). 

28. X- 2 + 2 = 0. 29. llx+ 13y-37 = 0, 3x + 132+ 10 = 0. 



388 
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Page 197 

80. (2, - 1, 2). 

81. x-l = -^ = -^ 



88 



2 2 



e< — C-' V2 

84, X — z = 0, y = 0. 
86. 2y + « = 0. 

86. cos-i— =-, _ cofl-i 



Vl3 2 



Vl3 



87. (1, - 1, 1). 

89. x + 16y + 72 + 8 = 0. 

40. 8x-2y-« + 4 = 0. 

41. a; + lly + 62 = 0. 
48. a; - 6 y + « - 2 = 0, 

3x + y + 3«-l = 0. 

48. x-z = 0. 

44. 93a; -46y + 13«- 179 = 0. 

46. (1, - 2, 4), (f , Y. ¥-)• 

47. (0, 1, 2), (3^0., j^y., . ^). 



CHAPTER XI 
Page 218 

10, LA ±= .396 sq, in., dA = .398 sq. in. 11. Ai = .067 in., dL = .057 in. 
18. AV= 6.11 cu. ft., dF= 6.09 cu. ft. 

sin/S „ A sin 3 cos (a + 3) , A sin a 



18. 



^^_Asin^^cos(a + ^)^^^ 



81 



sin(a + /3) sina(a + i3) sin2(a + ^) 

18. xia; + yiy - (zi — a)(z — a) = 0. 

(ad &d __ ^^ \ 

~a2 + 624.c2' ~a2 + &2 + c2* ""aa + ft^ + ca/ 
88. (a, a, a), {- a, — a, a), (— a, a, ~ a), (a, — a, — a). 
88. Point of intersection of the medians. 

8a6c ^, 2aK 2bK 



(2/3. 



3V3 



85. x = 



84. F = 

Page 219 

32. ^ + ?^ + ?i? = l. 
aa 62 c2 

Page 220 

41. ^l^^^^^^^ = o, 
dz dx dy dy dz dz 



a2 + 62 4. c2 



» y = 



88. 0°. 



2cg 

a2 + 62 + c2' ^ " a2 + 62 + c2' 



«o , a2 - 62 + ca 

89. cos-i 1 — . 

2ac 



44. 



X — X\ 



y 



nyi 
62 

46./- 



Tnzi 

~C2 






y\ _ z-zi 

nxi mx\ lyi 
62" 



46. 



aj - a;i y - yi z — zi 



yi2i 



— zixi xiyi 



OC' 



a2 



( 



a^cln 



■V(aH^ + 62m2) (a2i2 + l^m^ + c2n2) 



c ^aH^ + 62m2 



V(a2i2 + 62yyia) (^2^2 4. ft2^2 ^ c2|l2) Va2i2 + 62,^2 + c2tt2 

47. (_ 1, - 1, 1). 48. sin-i* " °^ 



) 



61 



. xyl 



ay2 



a2F \ 



rVa2 4-ife2 



49.90°. 



, 4- (x^ — y2\ y ^ X — 

ax2/ ^ ^'dxdy dx dy 
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Page 221 

68. ^ + 2 -^ FUx) + ^ [F'(x)y 4- — F'Ux). 
ox^ dydx ^ ^ cy^^ ^ ^^ dy ^ ' 

70. ylog ^"^ '^ ^ 71. log(a + l). 

. CHAPTER XII 
Page 234 

1. 41og2-lJ. 4. 3(log2-l). 7. J7ra2. 

S. 2. 5. jTra*. g ^ __ ^ 

3. |7ra + i7r + l. 6. 6. * e""2' 

Page 235 

9. iTrSaa. 11. ^Jya*. 18. T^^a*. 

10. log\^. 18. ^. 14. I a*. 

CHAPTER Xni 
Page 253 

l-i- /- 64a4V^ 

4. i^a*V3. 8. Jtto*. 1«. J| a*. 

5. ^V '*•«*• ®- i '*•«*• 18 ?i?i2^. 

6. ^^ira*. 10. fTTO*. * 846668 

7. Jira*. 11. !%'»"«*• ^*- A(8 + Sir)a4. 

Page 254 

16. fjira*. 31. ^(7r-2)a2. 34. 8a2. 

16. (IOtt- V^)a4. 23. ^a2(37r-8); 25. 2a2{w-2). 

17. ( Y -_ log 4) a2. ^\y a2 (3 TT - 8) ; 36. 2 V2 7ra2. 

18. (2w- J)a2. ia2(3ir + 8). 27. 8a2. 

19. 10 TT. V3 28. 2 a2 CSC 2 a. 
30. f (a + 6)V^. ^^' "T^*- 

39. x2 + (2/ + « tan a)2 = a^; 2 «« (ctn a + or csc^a). 

80. ^(20~37r). 81. §a2(7r-2). 83. Ja2(20-37r). 

Page 255 

88. 16a2[?r-V2-log(l+V2)]. 

84. (ia,ia). 3^ /32a 16a\ 33 /256a 256a\ 

\' 5(67r-4)/ 33 / 288a 288 a \ 

86. (I a, 0). ' \1757r' 175 tt/ 

40. On the axis of the sector, distant from the center of the circle. 

4a 

41. 1?^^. «• (f «' \ 44. (S a, i &, i c). 

106 IT 48. (Jira, 0). 



390 ANSWERS 

\4 ' 8 / \16 IStt 16w/ \' 3 9v/ 

48. On the axis of the cone, distant from its vertex. 

28 

49. On the axis of the cone, ^ of distance from vertex to base. 

Page 256 

^^- a ^» f ^» § ^)? *^® center of the sphere being at the origin, and the octant 
being in the first octant bounded by the coordinate planes. 
61. On the axis of the cone, midway between the vertex and the base. 

63. ^a8. 69. 3^. 66. ^ira. 
68. 7ra^(k2-ki). 60. Qtt. 66. ^ttoM. 

64. f Tra&c. 61. J ttc* (5 a + 6). 67. |a8. 
66. 5^. gg 3fl^ 68. j^ira^ 

66. ^(7r + 2)a*. * 326* ^^' ^h^^- 

67. Iva^b. 63. ^ira^. 70. ^^o8(37r-4). 

68. (jJ--log4)a8. 64. fa8(37r-4). 

Page 257 

71. V^a8. 72. |7r2a8. 78. ^vpabc{b^ + c^). 74. ^wpa^h. 

76. ^^ fcTT^® tan*a. (fc is the constant ratio. ) 
76. ^kircfi. (k is the coeflficient of variation.) 

78. ^ka^. (A: is the coefficient of variation.) 
^g 6Jf(l-cosa) g^ 7rpa(2 6-ft) 

A^tan^a * ' 6 * 

81. (Jf is the mass of the hemisphere.) 

82. ^— ^^^ -. {M is the mass of the hemisphere.) 

83. — (M is the mass of the ring.) 



CHAPTER XIV 



12 a2 



Page 276 

1. -7ra2. 2. ^(36-2a). 8. ^(2a + 36). 

Page 277 

k 
6. 2. 6. 0. 7. -. {k is the constant ratio, r is the distance.) 

S. — k logr (k and r as in Ex. 7). 14. x^ + y^ —zy -{- x — y = c. 

10. ^; «; J; 0. 16. 1 + ^^ + xV = Cx2. 

11. I; i; -^. 16. (aj + y)8 + 22/8 = c. 

12. v.; Y.. 17. x2= 2 cy + c2. ^ 

18. - 10; - V ; 0. ^®- ^^^^^^ + 2/^) ^ *^^' 'y = ^' 
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Page 278 

19. x8 + Szy^ = cy^, 34. sfi - z^ + xV = c. 

80. tan-iaj + xy = c 35 2a + sin2a; + 4y cosx = c. 

81. c~y + logy = c. 86. log cos2(x + y) + 2^ =c. 

88. logx + -^ = c. „- , 2 1 

^ 3x8 87. logx r-^ = <^- 

xy 2xV 

83. xy + log- = c. 3JJ ^^y (x + 1) - 4x» - 8x* = c. 



CHAPTER XV 
Page 302 

14. -l<x<l. 18. All values of X. 81. -l<x<l. 

15. — 1 < X < 1. 19. All values of x. 

16. - 1 < X < 1. 80. - 1 < X < 1. 

17. -l<x<l. 
28 1 . aja 5x* 61x« 

2x* 

84. 1 + X + X2 + — + .... 

^- X» X8 X4 , 

86. X h'*'- 

2 6 12 

^^ Tt^ ./cosx cos2x . C08 3X \ 

29. 41 ). 

3 \ 13 28 32 / 

a^ sinhav 2aslnhair/ cosx C08 2x \ 

air IT \12 + a2 2^ + a^ } 

2 sinh air / sin X 2 sin 2 x 3 sin 3 x \ 

^ V \12 + a2 "" 23 + a2 32 + a2 /* 

«« ./sinx sin3x sin5x \ 

.« TT 2 /cosx cos3x cos6x \ /sinx sin2x . sin3x \ 

4 ^\ 12 ^ 32 ^ 62 /^ / \ 1 2 3 / 
«« Stt 2 /cosx cos3x cos6x \ 

4 7r\ 12 ^ '32 ^ 62 ^ / 

/3sinx sin2x 3sin3x sin4x \ 

^\—i 2- + -^ 4- + --7" 

.^ 7r2 -fcosx cos2x cos3x "1 

84. 2 1 

6 L 1^ 22 32 J 

, ir/7r2 4\ . ^^2 , _ /7r2 4\ . _ ^» • . . 1 

+ - I ismx sin2x + I 1 sin 3 x sm4x + • • • . 

ttLvI W 2 \3 38/ 4 J 
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35. -sin a. jg , a 40. -2. 43. 6. 46. 0. 

36. 1. ' ^h' 41. -J. 44. 0. 47. 0. 

37. -2. 39. 0. 42. 2. 45. 0. 48. 0. 
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Soo 4ao^ 6ao* 
8. y = Oo + tto^x + a^fx2 + a^x^ 4- (S* + J)x* + • . .. 
4. (y - 6x + c) (y + 2x + c) = 0. 6. {jfiy -c)(y - ex) = 0. 

6. (V - cx)(y^ - X2— c2) = 0. 7. (V-c)(y-ce-«*)(3y-x»-c) = 0. 

8. [x — a — c (x + a) e«'] [x — a — c (x + a) e- «'] = 0. 

9. y2 sinSx + 2 cy + c» = 0. 

10. cy2_2c2xy + c«x2 = l. 18. c2(H- 2^) - 2c«xy + c^X^ =rl.. 

11. y2 =: 2 ex — C2. 14. X = logjp +P + C,y = P + ^p^. 

15. 2/2 = 2 ex + c2. 15. y = e(e - x)2. 
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16. x^ = 8\n^(y ±_c). _ 

17. y = i? log Vcjp, X = (1 + log Vcp) log V^, 

18. y = cx2 + c2. 20. 9(x + 2y + c)2 = 4(x + 1)'. 

19. x + y = ctn(e — y). 21. (y — xlogcx)(2x22^2_a;4_c)3s:0. 

22 x = £Jl^-±i2££ j)2c~j?8 + P^logp 

(P - 1)2 ' ^ (JP - 1)2 

28. (1 ± Vy + 1)^ = ce-**2Vr+i. 

24. (ey - e2")(x* - 3y + c) (xy + cy + 1) = 0. 

26. y = cp'^e^P, x = - (1 + 2p) e^P. 

it 

26. (1 - 4 y)2 + 4 x2 - 2 c [(1 - 4 y) cos 2 X + 2 X sin 2 x] + c2 = 0. 

28. ev = ce* + c^^^ ^ c 

80. y = ex i Vl - e2, y^-x^ = l. 

81. (2y - 3x2 + c) (2y - x2 + e) = 0. 

82. x2 = 2 ey + e2 + 02, x2 + y2 = a^, 

88 y-^ + e2 l + 4x2v-0 86. (x - e)2 + y2 = ^2, ^2 = ^2. 

33. y-gj + c, l + 4xy-u. gg e2 + exy + a8x = 0,xy2-4a3 = 0. 

84. (y + ex)2 = c, 4xy -1 = 0. 87. 27 y- 4x8 = 0. 

83. 62a;2 + a2y2 _ ^252 _ 0, y = ex +Vb^~+a^. 

89. (x2 + l)(y2~l)22 = c. 40. (x + y)(y + 2) (« + x) = c. 

41. x8 4- y2 + 22 + logy22 = c. 

42. xy + y2 + 2X — (6 + e)x — (e + a) y — (a + 6)2 = fc. 
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43. y(x + z) + c(y + ^) = 0. 46. ? + ^ ^ log^ = c. 

44. ?+?^+?=c. y ' 

., f / . ^ , , , 47. log2 = tan-i?? + c. 

46. log(x + y) + « + y + 2 = C' , ^ 

48. x2 + a2 = Jfci(y2 + 52)^ 1 tan-i^ - - tan-i? = Arg. 

6 c c 

49. 0:2 _ y2 = d, y^-z'^ = C2. _?: _i _\ 

60. x = 2 + ci, y2 = 2a;z + C2. ^^- ^ ^+e-i^ = Ci, e ^-e - = C2. 

62. y = (X + Ci) Vx2 + 1, 2; = (ci tan- ^x + c^) Vx2 + 1. 
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o 2 . Ci , 2 — Ci 



68. X2 + ^2 = c2 y + C2 = — log 

64. x^ — xy = Ci, 2 + x2 — C2X + Ci = 0. 

66. X + y = cies 2y = z2 4- C2. ®*- ^J* + y* = c*. 

zt _z2 66. 2xy =± c2. 

66. x-y = Cie^, y = C2e~ 2^. 66. 27py2 = 4 (x - 2p)8. 

67. x — y = ciz, x2 - y2 _ cgy^ $7. 3x2 — 4x2^ = 0. 

68. X + 2^ + 2 = Ci, x2 + 2/2 4. 2;2 = c2. 68. 2^2 = 4pa. + 4p2. 

59. X + y + 2 « = Ci, X —y = c^z^, 69. x^ + 2/^ = c^. 

60. 2/ = ciz, x^ + y^ + z^ = C2Z. 70. x^ + (x + 2p)y^ = 0. 

61. 162/3 + 27x* = 0. 71. (x - y)^ -2k(x + y) + k^ = 0. 

62. 4x2/ = c2. 72. x2 - 4a(a - 2/) = 0. 

63. x2 - 4 2/2 = 0. 73. x^ + 2^^ = ai 

74. 2(x - c) = & log(A; ±Vk^ - ^y^) T VA;2 - 42/2. 
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76. r = A;. 77. 2x2 + 2/2 = c2. 79. 2/ = cx^. 

7ft _ ^-^^^^^ ''®- x2 + 2/2 = 2a21ogx + c. 80. 2/2 = 4ax + 4a2. 

81. A family of circles tangent to OX at O. 

82. x2 + 2/2 - ex + 1 = 0. 

84. A family of lemniscates having the line = — for a common axis. 

4 

86. r = c (1 - cos ^). 86. r = eVcs-e*. 
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_2a; 

1. 2/ = ce 8. 

2. 2/ = ce-^"" +ix2-|x + |/V + 5V (3sinx - cosx). 

3. 2^ = ce2^ 4- e8^+ ^e*(sinx — cosx). 

4. 2^ = (c + 3x)c-^ + J(2x-l)c*.^ 

^^5. 2/ = ce-** + I — -^^{2cos2x + 8in2x). 
6. 2/ = c^[c + 2x-log(e2^+ 1)]. 
t, y = ce2^ — 3^ (2 sin 5 X + 5 cos 5 x) + -jJ^ (2 sin X + cosx). 
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8. y = Cie^* + Cjc-**. 10. y = (ci + c^) c-**. 

9. y = CicS* + C2. 11. y = CisinSx + C2Cos3«. 
12. y = e*^(ciC082x + Casin2x). 

18. y = cie* + C2C-«^ - ^x* - }«» - ^^^ " W^ " W* 

14. y = CiC + CaC-* — 2 + f cos2jr. 

16. y = cic«^ + CiC 6* + y^y (9 sin 3 a; - 19 cos 3 x). 

16. y = Ci€F + Cje-** — J. 

17. y = Ci + C2C-«^ + t1jX* + Jx8- Ja;« + 5x. 

18. y = (ci + Jx«-x2-f jr)c2*4-C2e-«^. 

Page 361 

19. y = (ci + C2X + i x*) e* + 4 ^', 

20. y = (ci + C2x)c-^ + x8 - 6x2 + 18x - 25. 

21. y = [ci + C2X - log (x - 3)] e«^. 

22. y = (ci + C2x)c-2x+ — (7 sin 3 yc- 24 cos 3 X). 

125 

88. y = Ci sin 2 X + C2 cos 2 X H (sin 2 x — 2 cos 2 x). 

84. y = Ci8inx+ C2COSX — Jcos2x + g^cosSx. 
86. y = Ci cos 2 X + (C2 + x) sin 2 x. 

86. y = Ci cos X V3 + C2 sin x Vs + J x + J x cos 2 x — 2 sin 2 x. 

87. y = e** [ci sin 3 x + (C2 — J x) cos 3 x]. 

88. y=l+-e* + c ^IciCOB f-C2Sin j. 

89. y = e-*(CjCos2x + C2sin2x) + (:|x2-- ^)e-* + 5V ^* 

80. y = c2/ciCOs5— ? + Casin^^W3x2+10x + 3. 

81. y = Ci + C2X + CsC**. 

88. y = ci + C2 cosx + Cg sin x. 

-5/ «^ . . «^\ 

83. y = cie^+c 2|c2cos f-Cssm )• 

84. y = (ci + C2X) cos X + (cg + C4X) sin x. 
86. y = x^ 4- cix + C2 4- Cg cos x + C4 sin x. 

86. y = -(c^ — c-*)+c^(CiCOS— - 4- C2 8in— - ) 

4 . V V2 V2/ 

+ e '^f Cgcos— - + C4sin--=Y 

V V2 V2/ 

87. y = cie-"' + e^ ( C2 cos + cg sin I 

+ J e* (2 sin X — cosx) + i^^ e~ * (2 sin x + 3 cosx). 
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88. y = c*"^ (ci cos 2 jc + Ca sin 2 pc) + e-^^ (cg cos 2 X 4- C4 sin 2 x) 

89. y = ci + C2X + (Jx8 - 2x2 + 7x 4- cji)e='. 

40. y = (ci + C2X) cos 2 X + (cg + C4X — ^\ x^) sin 2x. 

41. y = ci + X + (Ca + cgx + | x2)e2^. 

42. y = cic-* + Ca + CbX - 3x2 + x8 - :J X* + ^a;6. 

t t 

48. X = ce2, y = ce^, 

44. x = cea + §e6<-2c2', y = ce^ -f e^'-ea*. 

45. x = cie8« + C2e-a< + ^e«+ 5*^ (6cos2« + sin2<), 

y = -3cie8«- ic2e-2' + Je«-3^y{17cos2t + 19sin2Q. 

46. X = Cie« + cac*' + J^*^, y = Cie' - 2 CqC*' + J. 

47. X = cie«« + cae*' + 3, y = 2 cie«' + C2C*< + 2. 

. 48. x = Ci + C2e2' + C8e-« + V-*-|*^+ J**» 

y = 2Ci + j - 2C2C8« + CsC-' + f < - i«2 + 1 ^8. 

49. X = ci, + caea* H- Cge- ' + | « - fi* + i <», 

y = ci - 3^- + 3C8C-* - f e-2« + 6« - 3*2 + t\ 

60. X = e^lci cos — ^ + Ca sin -—J + e "^f Cs cos — n + C4 sin — - ) , 

V V2 V2/ \ V2 V2/ 

5^/ <** • «* \ . ""^/ • ^ «* \ 

y = 6^2/ cg cos — - — ci sin — - 1 4- e ^2/ c, sm — - — C4 cos — - 1 . 

\ V2 V2/ V V2 V^/ 
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61. y = CiX 4- C2X2 4- ^ x8. 

62. y = -i [ci cos (log x2) 4- Ca sin (log x2)] 4. ^ (6 log x - 2). 

X* lOU 

68. y = Ci cos (2 logx) 4- Ca sin (2 logx) 4- i (logx)2 — |. 
64. y = ^ x2 4- ci (log x)2 4- Ca log x 4- Cg. 

66. y = cix 4- C2 cos (logx) 4- Cg sin (logx) . 



4x 



66. y = Ci 4- C2X2 4- -^ - I (10gX)2. 

x2 8 



»A . 2-3 . 22.3.4 . . . 2'- .3.4.5 -..(r 4- 2) . \ 

67. y = Cix8 1 1 4- X 4- , x2 4- \- -, ^ ' x^- 4- • • • ) 

^ \l-7 ^.7.8 Lr.7.8.9...(r4-6) / 



+ ^ (^16 + I8x 4- 9x2 4- 2x8). 

X* 



58. y = Ci(24-.18x4-6x2-x8)4.c2X«fl--x4- — x2 — 

^ ' ^ \ 6 6.7 6.7.8 

4- ... 4- (~ l)*- ^^^ xr +"). 

^ '6- 7. 8. ..(r 4- 6) / 

59. y = ci(35 - 42x 4- 21x2 - 4x8) + ^ (3 - 14x 4- 21x2). 

X* 



x^ 
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[3.6.7.8 ^ ' [r.6.7'.8..(r + 6) / 

[1 1-4 1.4-7 

1 _ ' (nx8) + -^ (nx8)2 - -_i (nx8)8 

1 • 4 . 7 ... (3 r - 2^ 1 

t3r . J 

[2 2-5 2-6.8 

1 - ^ (nx8) + ^ (nx8)2 - 1^ (nx8)8 

2.6.8-. • (3 r — 1) « 1 

68. y = cx[l + gx» + "^^^ + "(^ - y - ''> »^ 



[8 [6 

] 



^ (n-.l)(n-9)(n-26)...[n-(2r-l)2] ^, 

|2r + 1 



68. a = Ci cos ^ + C2 sin At H cos fci. (h^ is the constant ratio.) 

s = Ci cos W -f Ca sin kt •{ sin kt. \th = lc. 

2k 



64. «=e"a\cie 2+^26 2 j 



8 



a (h^ — k^) cos kt + aA;Z sin fct . » , ^ . 

+ — ^^ » if l>2h: 

(^2 _ A;2)2 + (ZA;)2 -^ ' 

_»/ tV4h^-l^ . . *V4A2_M 

= c 2 1 cj COS f- C2 sin I 

V 2 ^ ' 2 / 

. a (^2 __ ^2\ cos kt + afcZ sin Art . - , 

H — ^^ ^ , if Z < 2 71 ; 

(h^ - k^f -\- {Ik)^ 

, . .. *, . a (^^ — ^^) cos fct + 2 akh sinkt ... _ . 

8 = (ci 4- C2O e~*' H — ^^ » if Z = 2 A. 

^ ' (^2 _ A:2)2 + (2 M)2 

(A2 and Z are the constant ratios.) 

65. h = k, I very small. 

CHAPTER XIX 
Page 370 

1.2 = My)e^ + H(y)e-'^. 8. 2 = 0i(y)e«« + 02(y). 

«. 2 = -— Tr0i{y) + 02(y). 4. 2 = 0i{y)e«^ + 02(y)c2^. 
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6. z= e-^y[<f>i (x) cos y + <f>t (x) sin y]. 

6. z = JxV ^ 0j(y) + 02(x). 13. 0[e-8^(2x-y), e-9*(4x+y)]=0. 

7. 2 = i(«8y + xy8)+0i{y)+02(«). 14. 0(??, ?) = 0. 

9. (x2 + y2^ z) = 0. Ifi- 0(«2^» 3- - ^y^) = 0. 

''•^(i4') = ^- 16. 0g,xy-^2)=O. 

11. 0(x + y + 2, a:2 + y2 _ 2-2) = 0. 17. 0(«2 _ ^2^ y2 _ ^2) = 0. 

12. 0/a;2 +y% z + tan-i^j = 0. 18. (x - 2, X2 - |-) = 0. 

21. u = -(rsin^+ -r^sinS^ + -r^smS^ + • • -V 
^\ 3 5 / 

\. u = — (e-«*'sina; + -c-^"''sin3x + -e-26as/gin5x + • ••). 
5\ 3 6 / 



22. 



INDEX 



(The Boman numerals refer to the volume, the Arabic to the page.) 



Abscissa, I, 36 

Absolute convergence, II, 283 

Absolute value of complex number, 

11,306 
Absolute value of real number, II, 283 
Acceleration, I, 202 
Adiabatic line, II, 267 
Algebraic equations (see Equations) 
Algebraic functions, classification, 1, 43 

graphs, I, 121 

differentiation, I, 178 

implicit, I, 188 

integration, II, 26, 113, 119 
Amplitude of complex number, II, 306 
Analytic function, II, 311 
Angle between normal and focal radii 
of ellipse, I, 191 

between plane curves, I, 211 

between planes, II, 186 

between space curves, II, 184 

between straight lines in plane, I, 
67 

between straight lines in space, 11, 
183 

between tangent and radius vector, 
1,346 

eccentric, of ellipse, I, 304 

vectorial, I, 329 
Arc, derivatives in plane polar coordi- 
nates, I, 347 

derivatives in plane rectangular 
coordinates, I, 196 

differential in plane polar coordi- 
nates, II, 79 

differential in plane rectangular 
coordinates, II, 78 



Arc, differential in space rectangular 
coordinates, II, 180 

length defined, I, 196 

length in plane polar coordinates, 
11,77 

length in plane rectangular coordi- 
nates, II, 76 

length in space rectangular coordi- 
nates, II, 179 

limit of ratio to chord, I, 196 
Archimedes, spiral of, I, 332 
Area, center of gravity by single in- 
tegration, II, 94, 96 

center of gravity by double inte- 
gration, II, 246 

derivative in polar coordinates, I, 
348 

derivative in rectangular coordi- 
nates, I, 204 ; II, 47 

determination by double integra- 
tion, II, 239, 240 

determination by line integral, II, 
260 

determination in oblique coOrdi- 
nates, II, 66 

determination in polar coordi- 
nates, II, 67 

determination in rectangular co- 
ordinates, II, 64 

moment of inertia, II, 236 

of any surface, II, 241 

of ellipse, I, 304; .II, 66, 66, 
261 

of lemniscate, I, 348 

of parabolic segment, I, 216 ; II, 
96 
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400 



INDEX 



Area of rose of three leaves, II, 69 

of sphere, II, 242 

of surface of revolution, II, 79 

projection of, II, 177 

representing definite integral, II, 
41 
Argument of complex number, II, 806 
Asymptote, defined and illustrated, I, 
128 

of hyperbola, I, 145 

of hyperbolic spiral, I, 338 
Attraction, by multiple integration, II, 
252 

by single integration, 11, 86 

of cylinder, II, 252 

of wire, II, 87 
Auxiliary circle of ellipse, I, 304 
Axes of coordinates (see Coordinates) 

of ellipse, I, 141 

of hyperbola, I, 145 
Axis of parabola, I, 147 

of revolution, II, 69 

of symmetry, I, 121 

radical, I, 175 

Beams, bending moment of, II, 149 
Bernouilli's equation, II, 148 . 
Bessel's equation, II, 359 
Bessel's functions, II, 860 
Binomial theorem, II, 59 
Bisection of straight line, I, 39 
Boyle-Mariotte's law, I, 43 

Cardioid, I, 337 

radius of curvature, I, 362 
Cassini, ovals of, I, 338 
Catenary, equation and graph, I, 281 

equation derived, II, 143 

property of, II, 152 
Center of circle, I, 134 

of conic, I, 238 

of curvature, I, 356 
Center of gravity, defined in plane, II, 
90 

defined in space, II, 245 

of elliptic segment, II, 96, 247 



Center of gravity, of parabolic seg- 
ment, II, 95 

of plane area by single integra- 
tion II, 94 

of plane area by double integra- 
tion, II, 246 

of plane curve, II, 92 

of quarter circumference, 11, 93 

of solid, II, 248 

of solid or surface of revolution, 
11,96 

of spherical segment, II, 97 
Center of pressure, II, 98 

of pressure of circle, 11,-98 
Change of coordinates (see Coordinates) 

of limits in definite integral, II, 49 
Chord of contact, I, 248 

supplemental, I, 264 
Circle, auxiliary of ellipse, I, 304 

center of gravity of quarter cir- 
cumference, II, 93 

definition and general equation, I, 
134 

involute of, I, 311 

of curvature, I, 354 

parametric equations, 1, 303 

polar equation, I, 342 

pressure on, II, 89, 98 

special case of conic, 1, 149 

special case of ellipse, 1, 142 

tangent to known line, 1, 136 

through known point, 1, 136 

through three known points, 1, 138 

with center on known line, I, 137 
Cissoid, 1, 151 

polar equation, I, 341 
Clairaut's equation, II, 321 
Coefficient, differential, II, 7 

of element of a determinant, I, 8 

undetermined, in differential equa- 
tions, II, 350 

undetermined, in partial fractions, 
II, 104 
CoUinear points in a plane, I, 38 

in space, II, 188 
Comparison test for convergence , 11 , 280 
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Complex numbers, argument, II, 306 

conjugate, I, 32 

defined, I, 31 ; II, 304 

functions of, II, 307 

graphical representation, II, 304 

modulus of, II, 805 

operations with, I, 32 ; II, 306 
Complementary function, II, 349 
Components of force, I, 34 

of velocity, I, 200 
Concavity of plane curve, 1, 112 
Conchoid, I, 334 
Cone, II, 166 
Conies, classification, I, 237 

definition, I, 148 

diameter, I, 252 

general equation, I, 229 

in oblique coordinates, I, 244 

limiting cases, I, 234 

polar, I, 247 

polar equation, I, 343 

tangent, I, 246 

through five points, I, 241 

treatment of numerical equations, 
I, 240 

See also Ellipse, Hyperbola, Pa- 
rabola 
Conjugate axis of hyperbola, I, 145 
Conjugate complex numbers, I, 32 
Conjugate diameters of conic, I, 258 
Conjugate functions, II, 313 
Conjugate hyperbolas, I, 262 
Conoid, II, 173 
Constant, defined, I, 40 

of integration, I, 206 ; II, 12 
Contact, chord of, I, 248 

point of, I, 106 
Continuity of function of one variable, 
I, 101 

of function of two variables, II, 
200 
Convergence, absolute, II, 283 

comparison test, II, 280 

definition, II, 279 

ratio test, II, 281 

region of, II, 286 



Coordinates, Cartesian, I, 224 

change from plane rectangular to 

oblique, I, 224 
change from plane rectangular to 

polar, I, 341 
change from space rectangular to 

cylindrical, II, 231 
change from space rectangular to 

polar, II, 231 
change in multiple integrals, II, 

234 
change in partial derivatives, II, 

208 
change of direction of plane axes, 

I, 221 

change of direction of space axes, 

II, 193 

change of plane origin, I, 217 

change of space origin, II, 193 

cylindrical, II, 231 

oblique in plane, I, 223 

oblique in space, II, 169 

polar in plane, I, 329 

polar in space, II, 231 

rectangular in plane, I, 36 

rectangular in space, II, 168 
Curvature, center of, I, 366 

circle of, I, 354 

definition, I, 353 

radius of, in parametric form, I, 
360 

radius of, in polar coordinates, I, 
361 

radius of, in rectangular coordi- 
nates, I, 354 
Curve, Cartesian equation of plane 
curve, I, 44 

center of gravity, II, 92 

degree, I, 166 

direction of space curve, II, 182 

equations of space curve, II, 170 

parametric equations of plane 
curve, I, 302 

polar equation of plane curve, I, 
330 

second-degree curves, I, 229 
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INDEX 



Curve, slope of plane curve, I, 99 
tangent to plane curve, 1, 104 
tangent to space curve, II, 189 
with given slope, I, 207 
See also Arc, Area, Curvature 

Curves, family of, II, 316 
intersection of, I, 161 
with common points of intersec- 
tion, I, 171 

Cycloid, I, 305 

radius of curvature, I, 361 
tangent to, I, 315 

Cylinders, II, 169 

Cylindroid, II, 173 

Definite integrals, applications to 
geometry, II, 64, 236 

applications to mechanics, II, 86, 
236 

change of codrdinates, 11, 234 

change of limits, II, 49 

defined, II, 39 

differentiation, II, 216 

double, II, 222 

element, II, 64 

evaluation, II, 47 

graphical representation, II, 41 

limits of, II, 40 

properties, II, 45 

triple, II, 230 

with infinite integrand, II, 53 

with infinite limits, II, 52 
Degree of plane curve, I, 166 
Derivative, applications, I, 202, 203 

application to velocity, I, 198 

defined, I, 102 

higher, I, 111, 187 

higher partial, II, 212, 214 

illustrations of, I, 203 

illustration of partial, II, 199 

of f(x, y) when x and y are func- 
tions of 8 and t, II, 206, 214 

of /{«, y) when x and y are func- 
tions of «, II, 202, 214 

of polar coordinates with respect 
to plane arc, I, 347 



Derivative of rectangular coordinates 
with respect to plane arc, 1, 196 

of rectangular coordinates with 
respect to space arc, II, 182 

partial, II, 198 

second, I, 110 

sign of first, I, 106 

sign of second, I, 111 

theorems on, 1, 179 

See also Differentiation 
Descartes' folium, I, 132 
Descartes' rule of signs, I, 87 
Determinants, defined, I, 4 

elements, I, 4 

expansion, I, 8 

minors, I, 4 

properties, I, 6 

solution of equations, I, 1, 12-23 
Diameters, conjugate, I, 258-262 

of conic, 1, 252 

of ellipse, I, 256 

of hyperbola, I, 257 

of parabola, I, 254 
Differential, defined for one independ- 
ent variable, II, 6 

defined for several independent 
variables, II, 201 

exact, n, 269 

formulas, II, 10 

graphical representation for one 
independent variable, II, 8 

graphical representation for two 
independent variables, II, 206 

higher order, II, 10 

of plane arc, II, 78 

of space arc, II, 180 

partial, II, 202 

total, II, 200 

when equal to zero, II, 209 
Differential equations, (aix + biy + Ci) 
dx + (02* + &2y + C2)dy = 0, II, 
146 

Bernoulli's, II, 148 

Bessel's, II, 369 ' 

Clairaut's, II, 321 

defined, II, 141 
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Differential equations, first order, ex- 
istence of solution, II, 316 

first order not of first degree, II, 
318 

Laplace's, in plane, 11, 366 

Laplace's, in three dimensions, II, 
368 

Legendre's, II, 357 

linear, II, 340 

linear, constant coefficients, any 
order, II, 348 

linear, constant coefficients, first 
order, II,' 341 

linear, constant coefficients, second 
order, II, 343 

linear, constant coefficients, solu- 
tion by partial fractions, II, 347 

linear, constant coefficients, solu- 
tion by undetermined coeffi- 
cients, II, 360 

linear, variable coefficients, II, 354 

Mdx + Ndy = 0, exact, II, 270 

Mdx+ Ndy = 0, homogeneous, II, 
145 

Mdz + Ndy = 0, linear, II, 146 

Mdx + Ndy = 0, r^sum^, II, 317 

Mdz + Ndy = 0, variables sepa- 
rable, II, 144 

order of, II, 143 

partial, II, 363 

partial, linear of first order, II, 364 

Pdx + Qdy + Rdz = 0, integrable 
case, II, 328 

Pete + Qdy + Rdz = 0, noninte- 
grable case, II, 335 

problems in geometry, II, 141, 
161, 327 

problems in mechanics, II, 142, 
149, 153, 846, 367, 370 

second order, special cases, II, 149 

singular solutions, II, 325 

simultaneous of first order, II, 
332 

simultaneous, linear, constant 
coefficients, II, 353 

solution by series, II, 318, 356 



Differentiation, collected formulas, II, 
10 

defined, I, 102 

general formulas, I, 184 

of algebraic functions, I, 178 

of definite integrals, II, 216 

of exponential functions, I, 284 

of hyperbolic functions, I, 290 

of implicit functions, I, 188 ; II, 
210 

of inverse hyperbolic functions, I, 
292 

of inverse trigonometric func- 
tions, I, 276 

of logarithmic functions, I, 284 

of polynomials, I, 103 

of trigonometric functions, I, 272 

of M», I, 185 

partial, II, 198 

partial, independent of order, II, 
213 

successive, I, 187 

use of logarithm, I, 288 

8ee also Derivative, Differential 
Direction, cosines defined, II, 180 

cosines found from two equations 
of line, II, 186 

of normal to plane, II, 184 

of plane curve in polar coordi- 
nates, I, 345 

of plane curve in rectangular co- 
ordinates, I, 197 

of space curve, II, 182 

of straight line in space, II, 180 
Directrix of circle, I, 149 

of conic, I, 148 

of ellipse, I, 149 

of hyperbola, I, 149 

of parabola, I, 146 
Discontinuity defined, I, 101 

examples of, I, 41, 128, 268, 282, 
283 ; II, 292, 294 

finite defined, II, 291 
Discriminant defined, I, 117 

of cubic equation, I, 114, 117 

of quadratic equation, I, 73, 117 
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DiscrimiDant of quadratic equation in 

two variables, I, 236 
Distance between two points in plane, 
1,86 
between two points in space, II, 178 
of point from plane, II, 191 
of point from straight line, I, 63 
Divergence, II, 279 

e, the number, I, 280 

Eccentric angle of ellipse, I, 804 

Eccentricity of conic, I, 148 

Elasticity, I, 204 

Element of definite integral, II, 64 
of determinant, I, 4 

Eliminant, I, 28 

Elimination, I, 1 

Ellipse, angle between normal and 
focal radii, I, 191 
area, I, 304 ; II, 66, 66, 261 
center of curvature, I, 367 
center of gravity of segment, II, 

96, 247 
definition and simplest equation, 

I, 139 
e volute, I, 358 
. expressed by general equation of 
second degree, I, 231, 236 
length, II, 77 

parametric equations, I, 303 
special case of conic, I, 148 
radius of curvature, I, 366 
referred to conjugate diameters, 
I, 269 

Ellipsoid, equation, 11, 166 
volume, II, 73, 249 

Energy, kinetic, I, 203 

Entropy, II, 272 

Envelopes, II, 322 

Epicycloid, I, 307 

Epitrochoid, I, 309 

Equations, complex roots, I, 82 
depression of, I, 79 
differential (see Differential equa- 
tions) 
discriminant, I, 117 



Equations, fractional roots, I, 90 

first degree in two variables, I, 62 
first degree in three variables, II, 

161 ; 
irrational roots, I, 92 
multiple roots, I, 116 
Newton's method of solution,!, 114 
number of roots, I, 80 
rational roots, I, 89 
second degree in two variables, I, 

229 
simultaneous, I, 161 
simultaneous linear, I, 12 
simultaneous linear homogeneous, 

1,21 
solution by factoring, I, 77 
sum and product of roots, I, 82 
transcendental, I, 293 
with given roots, I, 79 
Evolute, I, 367 

of ellipse, I, 368 
Exact differential in three variables, 

II, 276 
in two variables, II, 269 
Expansion, coeflBcient, I, 204 
Exponential equations, I, 295 
Exponential function, differentiation, 

1,284 
expansion, II, 68, 308 
integrals, II, 26 
of complex number, II, 307 
of real number, I, 279 

Factoring of quadratic polynomial, 1, 79 

solution of equations by, I, 77 
Factors, integrating, II, 271, 328 

list of integrating, II, 273 

of polynomial, I, 81, 83 
Families of curves, II, 316 

orthogonal, II, 314, 327 
Flow of liquid, II, 269, 266 
Focus of conic, I, 148 

of ellipse, I, 139 

of hyperbola, I, 142 

of parabola, I, 146 
Folium of Descartes, I, 132 
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Force, I, 202 

function, II, 266 
Forms, indeterminate, II, 296 
Fourier's series, II, 290 
Fractions, differentiation, I, 182 

integration, II, 113 

partial, II, 104 
Functions, analytic, II, 311 

BessePs, II, 860 

classes, I, 43 

complementary, II, 349* 

conjugate, II, 313 

continuous, one variable, I, 101 

continuous, several variables, II, 
200 

decreasing, I, 106 

defined, one variable, I, 40 

defined, several variables, II, 168 

defined by equation of second de- 
gree, I, 127 

graphical representation, one vari- 
able, I, 44 

graphical representation, two vari- 
ables, II, 169 

implicit, I, 188; 11,210 

increasing, I, 106 

increment, one variable, I, 100 

increment, several variables, II, 200 

involving fractions, I, 128 

mean value, II, 64 

notation, I, 44 

periodic, II, 290 

total differential, II, 200 

See also Algebraic, Exponential, 
Hyperbolic, Logarithmic,Trans- 
cendental, Trigonometric func- 
tions 

Gas, graph of Boyle-Mariotte's law, 
1,43 
illustrating differential, II, 8 
illustrating function, II, 168 
illustrating partial derivative, II, 

199 
temperature-pressure-volume sur- 
face, II, 168 



General solution, linear differential 

equation, II, 360 
Generators, rectilinear, 11, 172 
Graph, I, 40 
Gravity (see Center of gravity) 

Harmonic division of line, I, 260 
Harmonic motion, I, 276 
Harmonic property of polars, I, 249 
Heat, as line integral, II, 260 

dependent on path, II, 267 

derivatives, II, 269 

entropy, II, 272 
Helix, direction, II, 182 

equation, II, 172 

length, II, 180 
Homogeneous differential equation, II, 

146 
Homogeneous equations, I, 21 
Homogeneous functions, II, 145 
Homer's method referred to, I, 92 
Hyperbola, conjugate, I, 262 

definition and simplest equation, 
I, 142 

equilateral, I, 146 

expressed by general equation of 
second degree, I, 231, 236 

referred to asymptotes, I, 224 

referred to conjugate diameters, 
1,269 

special case of conic, I, 149 
Hyperbolic functions, defined, I, 288 

differentiation, I, 290 

differentiation of inverse, I, 292 

expansion, II, 63 

integrals leading to inverse, II, 24 

inverse, I, 291 
Hyperbolic spiral, I, 332 
Hyperboloid of one sheet, II, 163 

of two sheets, II, 166 
Hypocycloid, I, 309 

four-cusped, I, 132 

Imaginary numbers (see Complex num- 
Imaginary surfaces, II, 160 [bers) 
Imaginary unit, I, 31 
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Implieit functions, general discussion, 
II, 210 
special case, I, 188 
Increment of function of one variable, 
I, 100 
of functions of several variables, 
11,200 
Indefinite integral, defined, II, 41 

containing V g + &x, II, 2 9, 119 
containing Va -f 5a + x^ , II, 121 
containing Va + fee — a^, II, 122 
containing V a^ - g^ , II, 29 
containing Vg^ + g^ , II, 29 
containing Vx^ — a*, n, 29 
fundamental formulas, II, 26 

of — , II, 29 

(Ax + B)Vax^ + 6x + c 

. (2x (2x 
of _ , -^ — , 

a + ocosx g + osmx 
^ , II, 129 



g cos X + 6 sin X 
of c«* sin bxdx, e^ cos 6x dx, II, 

81 
of rational fractions, II, 113 
of sec»xdx, csc»xdx, II, 127 
of sin»x(ix, cos^xdx, II, 128 
of sin^xcosnxdx, II, 124, 135 
of tan»»xdx, ctn»xdx, II, 126 
of tan^xsec^xdx, ctn^x cscxcZx, 

II, 128 
of Vga-x^ dx, II, 28 
of Vg2 + x2dx, 11,32 
of u», II, 14 

of x"'(g + &x»)i>dx, II, 120, 130 
reduction formulas, II, 130, 135 
See also Integration 

Indeterminate forms, II, 295-301 

Indicator diagram, II, 43, 54 

Inertia (see Moment of inertia) 

Infinitesimal, defined, II, 1 

Infinitesimals, fundamental theorems 
on, II, 4 
order of, II, 1 

Infinity, I, 29 

Inflection, point of, II, 112, 194 

Integral, particular, II, 349 



See also Definite, Indefinite, and 
Line integrals 
Integrand, defined, II, 12 

infinite, II, 53 
Integrating factors, II, 273 
Integration, by parts, II, 30, 51 

by substitution (see Substitution) 

constant of, II, 12 

definition, II, 12 

elementary formulas, II, 26 

fundamental formulas, II, 13 

of rational fractions, II, 113 

of simple differential equations, 
n, 141 

possibility of, II, 32 

preliminary discussion, I, 205 

special methods of, II, 119 

See also Definite and Indefinite 
integrals 
Intercepts, I, 53 

Intersection, curves with common 
points, I, 171 

number of points, I, 169 

of plane curves, I, 161 
Involute, I, 357 

of circle, I, 311 
Isolated points, examples, 1, 126 ; 11,292 

Kinetic energy, I, 203 

Laplace*s equation, in plane, II, 366 

in three dimensions, II, 368 
Latus rectum, I, 211 
Legendre's coefficients, II, 359 
Legendre's equation, II, 357 
Lemniscate, I, 340 

area, I, 348 

Cartesian equation, I, 341 
Length (see Arc and Distance) 
Limagon, I, 336 

Limit, approached by variable, defined, 
1,97 

of ratio of arc to chord, I, 195 

_ . . . . sin /i , 1 — cos ^ -. ^ 

Limits of and , I, 270 

h a 

of (1 + A)* and ^-r-^, I, 283 
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Limits, theorems relating to, I, 178 
Limits of definite integral, change of, 
11,49 
defined, II, 40 
infinite, II, 52 
Line, adiabatic, II, 267 
Line integral, defined, II, 268 
dependent on path, II, 267 
independent of path, II, 263 
related to double integral, II, 261 
Line, straight, determined by two 
points in plane, I, 60 
determined by two points in space, 

II, 187 
determined by point and direction 

in plane, I, 58 
determined by point and direction . 

in space, II, 190 
direction cosines, II, 186 
direction in plane, I, 55 
direction in space, II, 180 
equation in plane, I, 50 
equations in space, II, 170 
intersection in plane, I, 61 
normal equation in plane, I, 64 
parallel lines in plane, I, 56 
parallel lines in space, II, 183 
parametric equations in plane, 1, 302 
perpendicular lines in plane, I, 57 
perpendicular lines in space, II, 

183 
polar equation in plane, I, 342 
satisfying two conditions in plane, 

I, 58 

tangent to plane curve, I, 104 
tangent to space curve, II, 189 
Linear algebraic equations, I, 1 
Linear differential equations,II, 146,340 
Linear partial differential equations, 

II, 364 

iS^ee a^so Equations and Differential 
equations 
Liquid, flow of, II, 259, 266 
Locus, I, 45 

problems, I, 316 
Logarithm, Naperian, I, 280 



Logarithmic function, differentiation 
of, I, 284 
expansion, II, 59 
of complex number, II, 310 
of real number, I, 279 

Maclaurin's series, II, 55, 287 
Maxima and minima defined, I, 108 
discussed by Taylor's theorem, II, 

60 
for functions of two variables, II, 

205 
problems, I, 192, 875 
test by first derivative, I, 108 
test by second derivative, I, 112 
Mean value of function, II, 54 
Mechanics and physics problems, ac- 
celeration, I, 202 
adiabatic lines, II, 267 
attraction of wire, II, 87 
attraction of cylinder, II, 252 
beams, bending moment, 11, 149 
Boyle-Mariotte's law, I, 43 
catenary, II, 142 
center of gravity, II, 90, 245 
center of pressure, II, 98 
coefficient of expansion, I, 204 
components of force, I, 34, 35 
components of velocity, I, 200 
damped vibrations, II, 346 
deflection of girder, I, 110 
elasticity, I, 204 
flow of liquid, II, 259, 266 
force, I, 202 
gas (see Gas) 
harmonic motion, I, 275 
heat (see Heat) 
height of atmosphere, I, 287 
indicator diagram, II, 43 
kinetic energy, I, 203 
lever, I, 192 
mean velocity, II, 54 
moment of inertia, II, 236, 251 
momentum, I, 203 
motion of particle (see Motion) 
pendulum, II, 153 



408 



INDEX 



Mechanics and physics problems, po- 
tential, II, 203 

potential due to ring, II, 370 

pressure, II, 88 

pressure-temperature-volume sur- 
face, II, 168 

projectile, I, 314 

refraction of light, I, 192 

saturated steam, I, 42 

temperature in long plate, II, 367 

uniform motion, I, 199 " 

velocity, I, 198 

work (see Work) 
Minima {see Maxima) 
Minors of determinant, I, 4 
Modulus of complex number, II, 305 
Moment, bending, II, 149 
Moment of inertia, defined, II, 236 

any plane area, II, 236 

rectangle, II, 224 

solid, II, 251 

sphere, II, 251 
Momentum, I, 203 

Motion of particle, falling in resisting 
medium, I, 292 

harmonic, I, 275 

in circle, I, 314 

in ellipse, I, 314 

path of, I, 313 

projected upwards, I, 203 

uniform, I, 199 

vibrating in resisting medium, II, 
346 

with given velocity and accelera- 
tion, I, 207 

Newton's solution of equations, I, 114 
Normal equation, of plane, II, 185 

of straight line, I, 64 
Normal, to plane, II, 184 

to plane curve, I, 191 

to straight line, I, 59 

to surface, II, 204, 211 
Numbers, classification, I, 28 

complex, I, 31 ; II, 304 

irrational, I, 28 



Numbers, rational, I, 28 
real, I, 29 
See also Complex numbers 

Operator, differential, II, 340 

formulas for , II, 342 

D-a 

Order of differential equation, II, 143 

of infinitesimal, II, 1 

Ordinate, I, 36 

Orthogonal trajectories, II, 327 

Ovals of Cassini, I, 338 

Parabola, area of segment, 1, 216; II, 95 

center of gravity of segment, II, 95 

cubical, I, 74 

definition and simplest equation, I, 
146 

expressed by general equation of 
second degree, I, 231, 235 

length, II, 77 

path of projectile, I, 314 

referred to diameter and tangent, 
I, 255 

referred to tangents at end of 
latus rectum, I, 132 

semicubical, I, 131 

special case of conic, I, 148- 
Paraboloid, elliptic, II, 162 . 

hyperbolic, II, 166 

tangent plane, II, 205 
Parametric equations, I, 302 

differentiation, I, 315 
Partial derivative, II, 198 
Partial differential, II, 202 
Partial differential equations, II, 363 
Partial fractions, II, 104 
Particular integral, II, 349 
Parts, integration by, II, 30, 51 
Pedal curves, I, 319 
Pendulum, II, 153 
Periodic function, II, 290 
Physics (see Mechanics) 
Plane determined by normal and point, 
n, 184 

determined by three points, II, 190 
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Plane, direction of normal, 11, 184 

distance of point from, II, 191 

equation, II, 161 

normal equation, II, 186 

parallel planes, II, 183 

perpendicular planes, II, 183 

tangent, II, 204, 211 

through given straight line, II, 192 
Polars, I, 247 

reciprocal, I, 261 
Pole of straight line, I, 247 

of system of codrdinates^ I, 829 
Polynomial, defined, I, 43 

derivative of, I, 97 

factors, I, 81, 83 

first degree, I, 50 

nth degree, I, 74 

second degree, I, 70 

square root of, I, 121 . 

Potential due to ring, 11, 370 

rate of change, II, 203 
Pressure, II, 88 

center of, II, 98 . 

on circle, II, 89, 98 
Prismoid, II, 76 
Prismoidal formula, II, 74, 173 
Products, graphs of, I, 83 
Projectile, path of, I, 314 
Projection in plane, I, 34 

in space, II, 176 

Radius of curvature in parametric 
form, I, 360 

of curvature in polar coordinates, 
1,361 - 

of curvature in rectangular co- 
ordinates, I, 354 

vector, I, 329 
Rate of change, I, 203 
Ratio test for convergence, II, 281 
Rationalization of integrals, II, 119 
Reduction formulas, algebraic, II, 130 

trigonometric, II, 134 
Region of convergence, II, 285 
Resultant, I, 23 
Revolution, area of surface, II, 79 



Revolution, center of gravity of sur- 
face or solid, II, 96 

equation of surface, II, 168 

volume of solid, II, 69 
Ring-surface, area, II, 80 

volume, II, 71 
Roots, complex, I, 82 

fractional, I, 90 

irrational, I, 92, 114 

location, I, 86 

multiple, I, 116 

number of, I, 80 

of unity, II, 307 

rational, I, 89 

relation to factors, I, 78 

sum and product, I, 82 
Rose of three leaves, I, 331 

area, II, 69 
Ruled surfaces, II, 172 

Segments of line, addition of, 1, 82 
Series, convergent, II, 279 

divergent, II, 279 

Fourier's, II, 290 

geometric, II, 279 

harmonic, II, 280 

Maclaurin's, II, 55, 287 

operations with, II, 69, 286 

power, II, 284 

solution of differential equations 
by, II, 318, 356 

Taylor's, II, 55, 287 
Sine, graphical construction, I, 267 
Singular points of curve, II, 324 
Singular solution of differential equa- 
tion, II, 325 
Slope of plane curve, I, 99 

of straight line, I, 54 
Solid (see Center of gravity. Moment 

of inertia, and Volume) 
Space coordinates {see Coordinates) 
Sphere, area, II, 242 

center of gravity of segment, II, 97 

equation, 11, 178 

moment of inertia, II, 251 
Spiral of Archimedes, I, 332 
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Spiral, hyperbolic, I, 332 

logarithmic, I, 333 
Statistics, graphs, I, 41 
Stokes^s theorem, II, 274 
Straight line {see Line) 
Strophoid, I, 152 
Subnormal, I, 210 

polar, I, 361 
Substitution, integration by, II, 27 

general discussion, II, 119 

in definite integrals, II, 49 

suggestions for, II, 29 
Subtangent, I, 210 

polar, I, 351 
Successive differentiation, I, 187 
Supplemental chords, I, 264 
Surface, normal line, II, 204, 211 

of second order, 11, 162-168 

of revolution, II, 168 

ruled, II, 172 

tangent plane to, II, 204, 211 

See cUao Area, Center of gravity. 
Moment of inertia. Volume 
Sylvester^s method of elimination, 1, 24 
Symmetry, axis of, I, 121 

Tangent to circle, I, 190 

to conies, simplest equations, 1, 190 
to conies, general equation, 1, 246 
to plane curve, I, 104 ; II, 210 
to space curves, II, 189, 212 
to surface, II, 204, 211 
with given slope, I, 163 

Taylor's series for one variable, II, 
55, 287 
for several variables, II, 288 

Temperature of long plate, II, 367 

Time as parameter, I, 313 

Total differential, 11, 200 

Tractrix, II, 142 

Trajectories, orthogonal, II, 327 

Transcendental equations, I, 293 

Transcendental functions of complex 
number, II, 307-311 

Transcendental functions of real num- 
ber, I, 266 



Transformation of coordinates {see Co- 
ordinates) 

Trigonometric equations, I, 293 

Trigonometric functions, differentia- 
tion, I, 272 
differentiation of inverse, I, 276 
expansion, II, 58, 62, 308 
integrals leading to inverse, II, 19 
integration, II, 123 
inverse, I, 269 

inverse, expansion, II, 59, 62 
of complex number, 11, 307 
of real number, I, 266 

Trochoid, I, 306 

Undetermined coefficients (see Co- 
efficients) 

Value (see Absolute and Mean value) 

Variable, defined, I, 40 

Variation of sign in polynomial, I, 87 

Vector, II, 304 
radius, I, 329 

Vectorial angle, I, 329 

Velocity, I, 198 

components, I, 200 

Vertex of ellipse, I, 141 
of hyperbola, I, 144 
of parabola, I, 147 

Volume, any solid, II, 249 

common to two cylinders, II, 74 
cylindrical co5rdinates, II, 232 
ellipsoid, II, 73, 249 
polar coordinates, II, 233 
prismoidal formula, II, 74 
solid of revolution, II, 69 
solid with parallel bases, II, 72 

Witch, I, 149 

points of inflection, I, 194 

Work, defined, II, 40 

dependent on path, II, 267 
expressed by indicator diagram, 

11,43 
expressed as line integral, II, 259 
independent of path, II, 266 

Zero, I, 29 
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